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Preface 

This is a book for people who want to solve problems formulated as 
differential equations in science and engineering. The subject area is limited 
to fluid mechanics, heat and mass transfer. While making no pretense 
at completely covering these subjects and their relationship to variational 
principles and approximate methods, the book is intended to give the novice 
an introduction to the subject, and lead him through the difficult research 
problems being treated in the current literature. The first four chapters give 
a relatively simple treatment of many classical problems in the field. The 
literature is full of simple, one-term approximations, but the method of 
weighted residuals (MWR) can be used to obtain answers of any  desired 
accuracy, and there are several methods specifically adapted to the computer. 
Tn many test cases MWR compares favorably to finite difference computa- 
tions in that the MWR results are either more accurate or require less com- 
putation time to generate or both. Chapter 4 discusses the developments by 
Professor D. E. Abbott and his students at Purdue University on laminar 
boundary layer flows. Orthogonal collocation is illustrated in Chapter 5. 
This method was advanced in 1967 by Professor W. E. Stewart at the Univer- 
sity of Wisconsin and J. V. Villadsen at  Danmarks Tekniske Hsjskole. 
It drastically reduces the drudgery of setting up the problem, and, when 

ix 
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applicable, is highly recommended. Chapter 6 studies the Galerkin 
method as applied to convective instability problems, where it proves effec- 
tive and accurate. Chapters 5 and 7 relate MWR to finite element methods, 
which is a promising technique, especially for linear problems with irregular 
boundaries. 

The ideas behind the method of weighted residuals are relatively simple 
and are easily applied. Variational principles are only slightly more compli- 
cated, but are often irrelevant to applications in engineering. Consequently 
this material takes a more appropriate back seat. Variational principles in 
fluid mechanics, heat and mass transfer are presented in Chapters 7-9. 
Chapter 10 is a short summary of my opinions on the attempt to derive 
'' variational " principles based on a principle of minimum (or maximum) 
rate of entropy production. The final chapter gives a summary of results on 
convergence and error bounds, subjects which are rapidly expanding. While 
numerical convergence often suffices, the theorems in Chapter 11 give the 
conditions necessary to ensure convergence in difficult nonlinear problems. 

The book is intended to be comprehensible to a graduate student with 
some knowledge of and interest in mathematics through differential equations. 
I hope it will find use as a reference book for graduate courses discussing 
approximate and numerical solutions, as well as a convenient reference for 
those working in the field. Problem sets are included to aid in self-study and 
course work. 

One of the pleasurable aspects of writing a book, I have discovered, is 
that while organizing the material new results are suggested. These are 
scattered throughout the book so that 1 highlight them here. In the varia- 
tional method the eigenvalue is stationary to small errors in the approximate 
eigenfunctions. I show that this is also true of the Galerkin method (Chapter 
6). While not a new result, Section 7.8 illustrates two very simple and practi- 
cal methods of obtaining lower bounds on eigenvalues. A variational prin- 
ciple is given for a collection of fluid drops suspended in another fluid in slow 
flow-extending the previous results for Newtonian fluids in both phases to 
allow non-Newtonian fluids in both phases. The nonexistence of a variational 
principle for the steady-state Navier-Stokes equations is shown in Section 
8.6 using Frechet differentials, making more concise the detailed arguments 
given in 1930 by C. B. Millikan. Indeed the Frechet derivative proves useful 
in organizing the many variational principles, or lack of them, in heat and 
mass transfer (see Chapter 9). The FrCchet derivative is also used to define 
a variational principle for any differential equation and its " adjoint "-even 
nonlinear equations-although there appears to be no advantage to do so. 
One of the difficulties with M WR or variational methods is that the error 
is often not known. Some of the methods discussed above are specifically 
designed to allow the results to be carried to numerical convergence. Even 



PREFACE x i  

so, it is of interest to have some rigorous definition of the error. The residual 
-the equation which is solved only approximately-provides such a criteria. 
Material in Section 11.6, largely developed by one of my students, Noble 
Ferguson, gives error bounds on the solution in terms of error bounds on the 
residual. Thus the error can be assessed when the exact solution is unknown. 
The residual also proves a useful guide in cases where the appropriate 
theorems have not yet been proved. 

The review of the literature is complete to October, 1970. 
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Chapter 

I 
Introduction 

Approximate solutions of differential equations satisfy only part of the con- 
ditions of the problem: for example the differential equation may be satisfied 
only at a few positions, rather than at each point. The approximate solution 
is expanded in a set of known functions with arbitrary parameters. This book 
covers two ways to determine the parameters: the Method of Weighted 
Residuals and the Variational Method. In the method of weighted residuals 
one works directly with the differential equation and boundary conditions 
whereas in the variational method one uses a functional related to the dif- 
ferential equation and boundary conditions. In both methods there are two 
strategies. (1)  A first approximation may be sufficient; its validity is assessed 
using our intuition and experience. Furthermore, insight is often gained from 
the analytical solution. (2) A sequence of approximations can be calculated 
to converge to the solution. In the second strategy the calculations must be 
amenable to a computer; successive approximations must be calculated with- 
out any reformulation or intervention by the analyst. Both strategies are 
discussed, in order of ascending difficulty. The first few chapters treat low- 
order approximations for a wide variety of heat transfer and flow problems. 
Then computer-oriented methods are discussed, with detailed applica- 
tions to nonlinear chemical engineering and convective instability problems. 

3 



4 1 INTRODUCTION 

Variational principles are described for fluid mechanics, heat and mass 
transfer. Finally, theorems on convergence and error bounds are summarized. 

The method of weighted residuals (often abbreviated MWR) actually 
encompasses several methods (collocation, Galerkin, integral, etc.) and pro- 
vides a framework to compare, contrast, and elucidate the features of individual 
methods. Variational methods are not applicable to all problems, and thus 
suffer a lack of generality. Sometimes they provide powerful results, such as 
upper and lower bounds on quantities of interest. MWR is easy to apply, 
whereas variational methods require more mathematical manipulation. For 
this reason the first six chapters contains a complete treatment of MWR. 
This is followed by a discussion of variational principles and their application. 

Several conventions are used. An ordinary derivative is denoted by 
u’ = ciu(x)/dx, whereas a partial derivative is denoted by u, = du(x, y)/dx. 
The symbol u, may also denote the x component of the velocity vector u, but 
the usage is clear from the context. Equations are numbered successively in 
each chapter. Summation signs are sometimes omitted, in which case sum- 
mation over repeated indices is understood, i.e., the Einstein convention is used. 
Both vector and tensor notation is used, and boldface symbols denote vectors. 
Theorems on convergence and error bounds are given in Chapter 11. They 
are cross referenced throughout the book as Theorem 11.16, for example, 
for Theorem 16 in Chapter 1 1. 

The next section summarizes the equations governing problems in 
Chapters 2-4, so that the reader can relate the problems to each other. Then 
the method of weighted residuals is reviewed from a historical perspective. 

1.1 Basic Eqiiations and Their Classification 

Heat transfer is governed by the energy balance for an incompressible 
fluid in local equilibrium (Bird et al., 1960): 

p c ” ( g + u . v T ) =  - V . q + @ , ,  (1.1) 

where p is the density, C, is the heat capacity, T is the temperature, t is time, 
u is the fluid velocity, q is the heat flux, and @ is the viscous dissipation. The 
symbol V is the gradient operator, V * is the divergence operator, and V2 is 
the Laplacian operator. In Cartesian coordinates typical uses are 

dT aT dT 
VT = ex? -t- ey - + e, -, 

ox ay az (1.2a) 

(1.2b) 
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a2T a2T a2T 

ax2 ay2 a Z  
V2T  = - + ~ + 2. (1.3) 

The equation of change (1.1) is valid for any material. When modeling 
heat transfer we must relate the heat flux to the temperature field, and this 
constitutive relation is a property of the material. The most common assump- 
tion is Fourier’s law, 

q = -k  VT, (1.4) 

but other choices are possible. For instance, a nonlinear relation may be 
necessary or the material may be anisotropic. If Fourier’s law is used and 
viscous dissipation is neglected we obtain the transport equation, 

pC, g+ u - V T )  = V - (k VT). 

Similar to Eq. (1.5) but applied to diffusion in a dilute binary system with 
constant density and a rate of reaction R is the equation (Bird et al., 1960) 

ac 
- + u * VC = V - (9 VC) + R, 
at 

(1.6) 

where c is the concentration and 9 is the diffusivity. 

time derivatives are zero. For constant diffusivity and no chemical reaction, 

u * v c  = 9 v2c.  

The concentration must also satisfy certain boundary conditions, leading to 
a boundary value problem. When the flow is along a cylindrical duct, the 
velocity u = (0, 0, u,) is known, and axial diffusion is negligible compared to 
convection in the z direction. Equation ( I  .6) reduces to 

Special cases of these equations are needed below. In the steady state all 

(1.7) 

When the velocity is zero, the simplification of Eq. (1.7) for heat transfer is 

V * (k  V T )  = 0 ,  (1.9a) 

V Z T  = 0. (1.9b) 

Equation (1.9b) holds when the thermal conductivity is constant. An equiva- 
lent mass transfer problem involves the rate of reaction as well, giving 

(1.10) 9 V2c + R = 0. 
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The one-dimensional unsteady-state diffusion equation is 

ac a 
at ax - = - (9 El, (I . l la)  

c, = 9 c x x  7 (1.llb) 

where ( I .  1 1 b) applies when the diffusivity is constant. The concentration 
field evolves from some initial distribution as time proceeds. These problems 
are called initial-value problems. Equation ( I  .8) is also an initial-value 
problem, in which the variable z replaces time. 

The technique of separation of variables applied to a special case of (1.8) 
leads to an eigenvalue problem, 

y” + A(1 - x’)y = 0. (1.12) 

Usually this equation (and the accompanying boundary conditions) can be 
satisfied only for particular values of the parameter A, called the eigenvalues. 

The basic equation in fluid mechanics is the balance of linear momentum, 
called the Cauchy momentum equation (Aris, 1962), 

(1.13) 

Here u is the vector velocity, fi is the body force per unit mass, and T is the 
stress tensor. Throughout the book both dyadic and tensor notation are used. 
The Cartesian components are related by 

T = e . e . T . .  I J ‘ I ’  T . . = e . * T . e .  I J  I J ’  (1.14) 

where ei  and e j  are unit basis vectors. The equation of continuity is 

a P  - + + * v p =  - 
at 

p v - u .  (1.15) 

These equations must be augmented by a constitutive relation for the stress 
tensor. For example, a Newtonian fluid is one satisfying 

(1.16) 

where p is the pressure, p is the viscosity, 1- is the bulk viscosity, h i j  = 1 if 
i = j or 0 if i # J ,  and , denotes differentiation. [See Aris (1962) for additional 
information on tensor notation.] More general relations for non-Newtonian 
fluids are considered in Chapter 8. If a fluid is incompressible its density 
cannot change, and Eq. (1.15) reduces to 

T j i  = - ( p  + Auk, k M i j  + P @ i .  j + U j J ,  

T = - ( p  + /2 V * u)U + P[VU + (VU)~],  

v - u = o .  (1.17) 
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An incompressible, Newtonian fluid with constant viscosity is governed by 
the Navier-Stokes equation, with v the kinematic viscosity v = p / p :  

au 1 
- + U '  vu  = P - - vp + v v2u. 
at P 

(1.18) 

Consider two special cases of the Navier-Stokes equations. In the first 
case a fluid is flowing in steady laminar, rectilinear flow down a cylinder 
(with arbitrary cross section), whose generators are in the z direction. The 
velocity does not change with distance down the cylinder and can be repre- 
sented as u = (0, 0, u(x, y)). The Navier-Stokes equation then simplifies as 
follows. The first term vanishes in steady state, the second term is zero for 
rectilinear flow (the velocity derivatives are only in the x and y directions, 
and the velocity is only in the z direction), the pressure drop is a given 
constant, ( V p ) / p  = -ezA, and it is assumed that there are no body forces 
(or else they are absorbed into the pressure gradient): 

u,, + uyy = -A. (1.19) 

This equation resembles Eqs. (1.9) and (1.10) for heat and mass transfer, 
and similar methods are applicable to solve it. The other special case arises 
in boundary layer theory. We do not derive the equations here (see Schlichting, 
1960), but record them for two dimensions, u = (u(x, y), r(x,  y), 0): 

u, + uy = 0,  

1 
uu, + uuy = - - p x  + vuyy,  

P (1.20) 

The first two equations are applicable near the presence of a solid body, 
around which the fluid is flowing, and the outer-stream velocity, U(x),  is a 
given function of x, the distance down the body. The pressure distribution is 
thus specified as 

uu, + uuy = UU' + vuyy,  (1.21) 

1.2 Method of Weighted Residuals 

The method of weighted residuals (henceforth abbreviated as MWR) is a 
general method of obtaining solutions to the above equations of change. The 
unknown solution is expanded in a set of trial functions, which are specified, 
but with adjustable constants (or functions), which are chosen to give the 
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best solution to the differential equation. The first approximation gives use- 
ful qualitative answers (perhaps within 10-20 %), but higher approximations 
can be calculated (usually on a computer) to give as precise an answer as 
desired. MWR is illustrated by application to heat conduction in a solid. 

The elliptic, boundary-value problem is Eq. (1.9b) 

V2T = T,, + T,,,, = 0 in V(x ,  y) (1.22a) 
T = To on S,  the boundary of I/. (1.22b) 

A trial solution is taken in the form 
w 

T = T o +  c CiTi, 
i = l  

(1.23) 

where the functions Ti are specified to satisfy the homogeneous boundary 
condition Ti = 0. Then the trial function (1.23) satisfies the boundary con- 
ditions for all choices of the constant c i .  This trial function is substituted 
into the differential equation to form the residual 

N 

R(ci, X, y )  = V2To + 1 ci V2Ti. (1.24) 

If the trial function were the exact solution the residual would be zero. In 
MWR the constants c i  are chosen in such a way that the residual is forced 
to be zero in an average sense. The weighted integrals of the residual are set 
to zero: 

i = l  

( w j , R ) = O ,  j = l , 2  )..., N ,  (1.25) 

where the inner product (u, w) is defined by 

(u, w) = s, uw dV. (1.26) 

If (u, w) = 0 the functions are orthogonal. Combining (1.24) and (1.25) gives 

c C i ( W j ,  V2Ti) = -(w. J ,  VZT0), (1.27) 
N 

i = l  

or simply 

(1.28) 

where Bj i  =  MI^, V2Ti), d j  = -(wj,  V2To). Since the functions To and Ti are 
known and wj is specified below, Bji  and dj  can be calculated. The matrix 
Bji is inverted to obtain the c i ,  which thus gives the approximate solution in 
Eq. (1.23). 
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The weighting functions can be chosen in many ways and each choice 
corresponds to a different criterion of MWR. We could divide the domain 
V into N smaller subdomains, Vj , and choose 

1, x i n  V j ,  
x not in Vi. W1.i = (0, ( I  .29) 

The differential equation, integrated over the subdomain, is then zero, hence 
the name subdomain method. As N increases, the differential equation is 
satisfied on the average in smaller and smaller subdomains, and presumably 
approaches zero everywhere. This method was first advanced in 1923 by the 
Dutch engineers, Biezeno and Koch, for solution to problems arising in the 
stability of beams, rods, and plates (Biezeno and Koch, 1923; Biezeno, 1923, 
1924; Biezeno and Grammel, 1955). A modern extension to the field of 
boundary layer flow is known as the method of integral relations (see 
Section 4.3). 

In the collocation method, the weighting functions are chosen to be the 
displaced Dirac delta function 

wj = 6(x - Xi ) ,  (1.30) 

which has the property that 

J v w j R d V = R  1x1 . (1.31) 

Thus the residual is zero at N specified collocation points xi. As N increases 
the residual is zero at more and more points and presumably approaches zero 
everywhere. The method was applied to solve differential equations by Slater 
(1934, electronic energy bands in metals) and Barta (1937, torsion of a square 
prism). It was later developed as a general method for solving ordinary dif- 
ferential equations. Frazer et al. (1937) used many different trial functions, 
and placed the collocation points arbitrarily. Lanczos (1938) expanded the 
solution in terms of Tchebychev polynomials, and used the roots to a Tcheby- 
chev polynomial as the collocation points. The work by Frazer et al. was more 
widely noticed ; since for low-order approximations the results often depend 
greatly on the choice of collocation points, the method has not been widely 
used despite its easy application. Lanczos’ method has been revived as the 
orthogonal collocation method (see Chapter 5) which has proved to be very 
suitable for nonlinear problems arising in chemical engineering. 

The least squares method was originated by Gauss in 1795 for least 
squares estimation. The work was not published until 1809 however, leading 
to a controversy with Legendre, who published the same ideas in 1806 
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(see, e.g., Hall, 1970; Sorenson, 1970). More recently it has been applied as a 
method of solving differential equations by Picone (1928). The weighting 
function is dR/dcj so that 

I ( C J  = J R2(C,,  x) dV (1.32) 
V 

is minimized with respect to the constants c,. This method often leads to 
cumbersome equations, but i t  has been applied to complicated problems 
arising in nuclear reactor engineering (Becker, 1964). The mean square 
residual (1.32) has theoretical significance since error bounds can be derived 
in terms of it (see Section 11.6). Thus, minimization of (1.32) gives the best 
possible bounds for the error. 

One of the best known approximate methods was developed by the 
Russian engineer Galerkin (19 13.7 In this method the weighting functions 
are chosen to be the trial functions, M ' ~  = Ti. The trial functions must be 
chosen as members of a complete set of functions. A set of functions { w i }  is 
complete if any function of a given class can be expanded in terms of the set, 
f =  C a ,  M'~. Then the series of Eq. (1.23) is inherently capable of representing 
the exact solution, provided enough terms are used. A continuous function is 
zero if it is orthogonal to every member of a complete set. Thus the Galerkin 
method forces the residual to be zero by making it orthogonal to each member 
of a complete set of functions (in the limit as N + m). The Galerkin method is 
closely related to variational methods (see Chapter 7) and is highly developed 
for eigenvalue problems (Chapter 6). It was widely advocated in a number of 
papers by Duncan (1937, 1938a, b, c, 1939) as well as by Kantorovich and 
Krylov (1958). 

The method of moments was developed by Yamada (1947,1948,1950) and 
Fujita (195 I )  for application to laminar boundary layer problems and non- 
linear transient diffusion. For the ordinary differential equations governing 
these phenomena the weighting functions are 1 ,  x, x2, x3, . . . . Thus suc- 
cessively higher moments of the residual are required to be zero. For the 
f is t  approximation, the method of moments is identical to the subdomain 
method and is usually called the integral method. The integral method was 
f is t  developed in 1921 by two German engineers, von K i r m h  (1921) and 

t Bubnov (1913) apparently applied a similar method (see Mikhlin, 1964, Chapter 6 
reference list) and Russian authors often refer to it as the Bubnov-Galerkin method. 
Galerkin had a rather interesting start to his career. While he was imprisoned by the Tsar 
in 1906 for his political views he published his first technical paper on the buckling of bars, 
columns, and systems of bars. For a summary of his career see Anonymous (1941). 
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Pohlhausen (1921), for application to boundary layer problems. It is just a 
first approximation and successive approximations are discussed in Section 
4.3. The integral method is also widely used in transient heat transfer studies 
(Chapter 3). 

If the weighting functions are a set of complete functions, not necessarily 
the trial functions, the method is just a general MWR. Krawchuk (1932, 
1936) chose the weighting functions wi = L’T,, where L’ is a differential 
operator of the same order as in the problem, but otherwise arbitrary. 

These several criteria (each developed in a different country) were unified 
by Crandall (1956) as the Method of Weighted Residuals. Collatz (1960) 
called them error distribution principles.7 Clymer and Braun (1 963) reviewed 
their application to structural problems, Finlayson and Scriven (1966) re- 
viewed their application to the equations of change, and Vichnevetsky (1969) 
reviewed their application to initial value problems. Summaries of their 
application in nuclear engineering axe in Becker (1964), Kaplan (1966), 
Stacey (1967), and Fuller and Meneley (1970). The choice of criterion is not 
crucial, since all comparisons of different methods indicate that similar 
results are achieved, especially for higher approximations. See comparisons 
listed in Finlayson and Scriven (1 966), Pomraning (1 966) for nuclear engineer- 
ing problems, and Shuleshko (1961) for boundary methods. One possible 
exception is for problems with variational principles (see Chapters 6 and 7). 
Then the Galerkin method is preferred because of its equivalence to the 
variational method, which gives more accurate values of an eigenvalue, for 
example. However, in most cases the criterion can be chosen based on 
convenience. 

In interior methods the trial functions satisfy the boundary conditions, 
but not the differential equation. In mixed methods neither the differential 
equation nor the boundary conditions are satisfied (Shuleshko, 1959). In 
boundary methods the trial functions satisfy the differential equations but not 
the boundary conditions. The trial functions are specialized to the problem, 
but therein lies their power: many conditions of the problem can be auto- 
matically satisfied. Low-order approximations may depend on the choice of 
trial function but high-order oces usually do not. More recent applications 
are designed for solution by computer, where MWR competes directly-and 
usually favorably-with finite difference methods. Countless possibilities 
exist, as is illustrated by examples in Section 2.6 and the remainder of the 
book. 

?The similarity of the methods was recognized early by Biezeno (1923-1924; see 
Biezeno and Grammel, 1955, p. 180) and Courant (1924). Crandall and Collatz each intro- 
duced a different name for the unified methods. 
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Error bounds are desirable and sometimes possible (see Chapter 11). One 
possible criterion for a good solution is a small mean square residual (1.32). 
This was apparently first suggested by Yang (1962). In some cases this cri- 
terion can be turned into a rigorous bound on the solution 

1 (T  - T)2  dV 5 K S  R(T)’ dV, (1.33) 

where T and T are the exact and approximate solutions and K is a constant 
(see Section 11.6). 
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Chapter 

2 
Boundary- Value Problems in Heat and Mass Transfer 

The method of weighted residuals is applied to several simple examples 
governing steady-state heat and mass transfer. In this way the mechanics of 
the method can be illustrated without undue complexity. We treat heat con- 
duction in one dimension with a temperature-dependent thermal conductivity 
-leading to a nonlinear ordinary differential equation-and follow this 
with a two-dimensional example-leading to a partial differential equation. 
Boundary methods are illustrated and lead to error bounds for the approx- 
imate solution. The general steady-state heat conduction problem is treated 
for three-dimensional, nonlinear cases with a variety of boundary conditions 
in arbitrary domains. Mass transfer from a fluid or solid sphere to a fluid in 
Stokes flow is considered next to illustrate the judicious use of perturbation 
methods to test the accuracy of MWR approximate solutions. In the applica- 
tions of MWR there are three important steps: choice of a trial function, 
choice of a criterion, and calculation of successive approximations. We shall 
see in some of these examples that the choice of a criterion is not too crucial, 
especially for higher approximations. The choice of trial functions is more 
important, and the various possibilities are discussed in the final section. 

15 
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2.1 One-Dimensional Heat Conduction 

Consider steady-state heat conduction across a slab with a temperature- 
dependent thermal conductivity. Each face of the slab is maintained at a 
different temperature, To and TI, and we wish to calculate the temperature 
distribution throughout the slab as well as the heat flux. The differential 
equation (1.9a) and boundary conditions are 

The temperature dependence of the thermal conductivity is taken in the linear 
form 

k = ko + u(T - To), (2.2) 

where k, and u are constants. The equations are made dimensionless by 
choosing a standard for each variable. For distance the logical choice is the 
thickness of the slab, d. For the temperature we have several choices, T o ,  TI, 
TI - To,  etc. If possible it  is desirable to subtract a constant term, so that 
we consider T - To.  This has the dimensions of temperature, so we consider 
its value relative to TI - To.  The nondimensional variable is then chosen 
0 = ( T  - To)/(T, - To). We substitute this into (2.1), define x = x‘/d,  sub- 
stitute for x’, and divide the result by the constant ko /d2  to obtain the non- 
dimensional form of the problem, with a = a(T1 - T , ) / k o ,  8‘ = d8/dx: 

[(l + a0)8’]’ = 0, O(0) = 0, O(1) = 1. (2.3) 

In other problems we merely start with the nondimensional form of the 
equations and skip these steps. 

We first choose a trial solution in the form of a polynomial in x because 
of its simplicity : 

N + l  , 

i=O 
0, = 1 C i X ‘  (2.4) 

This function can be made to satisfy the boundary conditions by requiring 
N +  1 

co =o ,  c ci = 1 .  (2.5) 
i =  1 

Equation (2.4) can then be written as 
N 

0,  = x + c A j ( X j + l  - x). 
j = 1  
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Notice that the first trial function x ,  satisfies the boundary conditions of the 
problem and each of the expansion functions satisfies the homogeneous 
boundary conditions (zero temperature at the walls). Thus we started with a 
series representation of the solution and, by application of the boundary 
conditions, were able to deduce reasonable trial functions. 

The trial solution is substituted into Eq. (2.3) to form the residual 

R(X, e,) = (1 + ae,)e,” + a(e,’)z. (2.7) 

The weighted residual becomes 
1 

jo w,R(x, 0,) dx = 0, k = 1,2 , .  . ., N .  (2.8) 

We next apply several criteria for comparison. For the first approximation 

8, = x + A , ( x ~  - x) ,  8,’ = 1 + A , ( ~ x  - I), 8,” = 2 4 .  (2.9) 
Apply the collocation method using the collocation point x = 4 because it is 
the midpoint of the interval. Another point could be chosen, but low-order 
approximations are likely to be better if the collocation points are distributed 
somewhat evenly throughout the region. Then the weighted residual (or the 
residual evaluated at the point x = +) becomes 

[l + ta(1 - 3A,)]2AI + a = 0,  (2.10) 

which determines A , .  We choose to calculate numerical results only for the 
case a = 1 ,  in which case 

- j A I Z  + 3A, + 1 = 0 or A ,  = -0.317. (2.1 1) 

The other solution to the quadratic is rejected as being physically unrealistic, 
since it gives the heat flux in the wrong direction at x = 1 .  The approximate 
solution is then 

0, = x - 0.317(x2 - x). (2.12) 

Compare this solution to that obtained with the subdomain method. For 
the first approximation the domain is taken from zero to one, whereas for 
higher approximations the interval 0 --t 1 could be split into segments of equal 
length. The weighted residual is thus 

1 

Jo R(x, 0,) dx = 0 (2.13) 

and the differential equation is satisfied on the average. For a = I this is 

Jo[l + x + A,(x2 - x)]2A, dx + J1[l + A,(2x - l)]’ dx = 0, (2.14) 
0 
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which yields the solution A ,  = -0.333. The approximate solution is then 

0, = x - 0.333(x2 - x) ,  (2.15) 

which differs only slightly from the collocation solution. The method of 
moments gives the same solution, (2.19, for the first approximation. 

In the Galerkin method the weighting function is w, = x(l  - x). Then 
1 

j o x ( l  - x)R(x ,  0,) dx = 0 (2.16) 

yields the approximate solution 

8, = - o.326(x2 - x). (2.17) 

How good are the results? For the first approximation precise answers are 
not expected, but comparisons to the exact solution 0 = - 1 + (1 + 3 ~ ) ” ~  
in Table 2.1 indicate the solution is accurate to 8 %. Of course, when there is no 

TABLE 2.1 

TEMPERATURE FOR ONE-DIMENSIONAL NONLINEAR HEAT CONDUCTION 

Method of moments 
Collocation Galerkin Exact 

X Eq. (2.12) Eq. (2.17) Eq. (2.15) Eq. (2.19) solution 

0.10 0.129 0.129 0.130 0.143 0.140 
0.25 0.309 0.31 I 0.313 0.332 0.323 
0.50 0.579 0.582 0.583 0.594 0.581 
0.75 0.809 0.81 1 0.813 0.809 0.803 
0.90 0.929 0.929 0.930 0.925 0.924 

exact solution with which to compare, we must compute successive approxima- 
tions. Convergence of these lends assurance that we have an accurate solution. 

We compute the second approximation using the method of moments 
1 

JolR(x, 0 2 )  dx = 0, I0 xR(x, 0,) dx  = 0. (2.18) 

The algebra now becomes more lengthy (due to the nonlinear nature of the 
problem) and for more difficult problems the solution for A ,  could be found 
on a computer. The approximation satisfying (2.18) is 

0, = t x  - sx’ + i x3 .  (2.19) 
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This solution differs only slightly from the first approximation (see Table 2.1) 
so that we stop with the second approximation. It is within 3% of the exact 
solution. 

In the first approximation the flux at the boundary is 

(1 + &I) - dB1 = 1 - A ,  = 1.333 at x = 0, 
dx 

(2.20) 
4 (1 + a0,) - = 2(1 + A , )  = 1.333 at x = 1. 
dX 

The fluxes at each boundary do not have to agree since the solution is only 
approximate ; they are identical only for the moments solution (2.15). The 
true answer is 1.5, so that the error is 1 1 %. For the second approximation the 
flux is 1.5, which is the exact result. Thus we obtain macroscopic or average 
information which is more accurate than the detailed solution for tempera- 
ture. First approximations are particularly useful when this macroscopic 
information is the only part of the solution that is desired. Another feature of 
the results is that the different criteria gave about the same results, particularly 
for the higher approximations. The criterion chosen does not seem to be too 
crucial. Thus the decision can be made on a basis of convenience or other 
factors. 

When very precise results are required, higher approximations must be 
calculated. These are easily done using the orthogonal collocation method 
presented in Chapter 5. As N increases we expect the residual to become smaller. 
This is illustrated in Fig. 2.1, which shows the residual for three orthogonal 
collocation solutions. For N = 6 the residual is very small. This suggests that 
the residual can be used as an error criteria, and this is rigorously established 
for many problems ':ee Sections 2.3, 4.1, 11.6). In problems for which the 
theorem has not yet been proved, the size of the residual gives a qualitative 
guide to the accuracy of the approximation. Comparing the residuals in Fig. 
2.1, we would conclude that the apprc cimate solution corresponding to the 
case N = 6 would be the L A  solution. In fact, that solution corresponds to 
the exact solution to five decimal places. Furthermore, error bounds can often 
be derived in terms of the residual, so that the error bounds are improved as 
the residual is decreased. For all problems we can use the residual as a guide 
to the success of the approximation, and in many problems this guide can be 
made precise, with a numerical value for the error. Establishing error bounds 
is a more difficult subject than finding the solution, so that we defer error 
bounds to Chapter 11. 
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I 1 I I 
0.0 0.2 0.4 0.6 0.8 

X 

Fig. 2.1. Residual as a function of position (0 N = 1, 0 N = 2, x N = 6). 

2.2 Reduction to Ordinary Differential Equations 

MWR can be used to reduce the dimensionality of a problem. If the solu- 
tion depends on x and y ,  for example, trial functions can be taken with the y 
dependence specified. The partial differential equation (with respect to x and 
y )  is then reduced to an ordinary differential equation (with respect to x), 
which determines the approximate solution. This approach was first tried by 
Kantorovich (1933, 1942) and Poritsky (1938). More recently, an adaptation 
was proposed by Kerr ( I  968) to eliminate the dependence on the initial choice 
of trial functions. In Kerr's scheme, they dependence is assumed, for example, 
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and MWR is used to find the x dependence. This x dependence is then used 
as a trial function, with unspecified y dependence, which is determined using 
MWR. The procedure is repeated until further iterations make no change (or 
until the calculations become unwieldy). 

Let us illustrate the reduction to ordinary differential equations by applica- 
tion to heat conduction in a slab which extends from zero to infinity in the 
y direction and from zero to one in the x direction. On both sides and at 
infinity the temperature is To while on the face y = 0 it takes the value 
To + T , x ( l  - x) .  The dimensionless temperature is taken as 8 = (T - TJT,  
and the problem is summarized: 

( k  g) + $ ( k  $) = 0,  
(2.21) 

When k is constant the technique of separation of variables gives the exact 
solution in the form of an infinite series. MWR can be applied when k is 
constant as well as when k depends on temperature, and both cases are treated 
below. In either case the objective is to estimate the average heat flux along 
the boundary y = 0, which in dimensionless form is the Nusselt number: 

N u = - /  1 - 1  ae d x .  

0 aY y = o  
(2.22) 

The problem is symmetric about x = 3, and the solution vanishes at x = 0, 
1 so that we want to choose trial functions which satisfy these properties. The 
y dependence of the approximate solution is not specified in advance. Apply- 
ing these conditions to the second-degree polynomial a, + a l x  + a z x Z  gives 
x(1 - x) .  The set of functions x’(1 - x ) ~  then provides a complete set of 
functions satisfying these three properties. The trial solution is then taken as 

N 

8, = C xi ( i  - x)’c,(Y). 
i =  1 

(2.23) 

This conveniently satisfies the boundary conditions if cl(0) = 1, c,(O) = 0, 
i 2 2;  ci(m) = 0, i 2 1. For the linear case in the first approximation the 
residual is 

(2.24) ~ ( 8 )  = ex, + eyy = -2c, + x(i - +,”. 
Applying the Galerkin method first, 

/:x(l - x)R(8) dx = 0,  -2c1(+) + cl”(&) = 0. (2.25) 
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The solution is then c1 = exp(-J10 y )  and the first approximation is 

~ ( x ,  y )  = X(I - x) exp(-JIO y).  (2.26) 
Using the point x = 1 in the collocation method gives the solution c1 = 

exp(-J8 y ) ,  while the point x = t (and hence 2, too, by symmetry) gives 
c1 = exp( - \/32/3 y).  The subdomain method uses 

JoiR(T) dx = 0 to obtain c1 = exp(-J12y). (2.27) 

In the least squares method the trial solution is taken as T = x( I - x)e", and 
the residual is minimized with respect to 1.: 

a x 1  

an - lo Jo R 2  dx d y  = 0 or c 1  = exp(-Jl0.48 y ) .  (2.28) 

All methods give similar results with slight differences in the numerical 
values. 

Next, apply the Galerkin method to obtain a second approximation. The 
weighted residuals are 

1 

x2(1 - x)'R(T) dx = 0, (2.29) 
Jo 

JO1.x( I - x ) R ( T )  dx = 0, 

which lead to the set of equations 

0.03333 0.007143 0.3333 0.06667 

0.007143 0.001587 0.06667 0.01905 
to solve for cI and c2 .t Standard techniques are used to solve this system of 
linear equations:: 

c I  = 0.8035 exp(-3.1416y) + 0.1965 exp(-10.1059y), 

c2 = 0.9104 [exp(-3.1416y) - exp(-10.1059y)]. (2.31) 

t The integrals can be evaluated conveniently using the formula 

~ ( m ,  n) = J ' x m ( l -  xy dx = m!n!/ (m + n + I ) !  

This function is tabulated in Table 6.4. 
1 In this case the dependence c,(y) = a, exp(-hy) can be tried, leading to two simul- 

taneous, homogeneous equations for the constants ai . A solution exists only for certain 
values of A Z  which are roots of a quadratic. The general solution is then 

The ratio &)/a'<' is determined from the equations (with A,), the value ofzj= a?) from the 
initial conditions. For matrix methods see Amundson (1966). 
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With T = x( 1 - x)ePAy for the first approximation, the heat flux (2.22) is 
Nu = 216. The results of the various methods are shown in Table 2.2. The 

TABLE 2.2 

AVERAGE HEAT FLUX FOR LINEAR PROBLEM 

Method N u  CD" 
~ 

Exact 0.542 0.105040 

Galerkin, N = 1 0.527 0.105409 
N =  2 0.540 O.IO5O48 

Collocation, x = 4 0.471 0.106066 
x =  f 0.544 0.105464 

Subdomain 0.577 0.105848 

Least squares 0.540 0.105438 

a Defined in Eq. (7.48). 

first and second approximation for the Galerkin method differ by only 2.4%, 
so that we stop with the second approximation. It differs from the exact value 

(2.32) 

derived by separation of variables (see Section 2.3) by only + %. 
If the thermal conductivity depends on temperature, the separation of 

variables technique cannot be applied, but MWR is applied in the same 
fashion. Take the thermal conductivity function as k = k ,  + k,(T -To) and 
the residual is, in place of (2.24), 

R = ( I  + @(ex, + eyv) + ~ ( 8 , ~  + ey2). (2.33) 

The Galerkin method in the first approximation (2.25) gives 

- 2 ~ 9 ( 1 ,  1) + ~ " 9 ( 2 ,  2) = a[c2(29(2, 2) - 49(3 ,  1) - 9 ( 1 ,  1) + 49(2 ,  1)) 
- F(3,  3)(cc" + C'Z)], (2.34) 

where F ( m ,  n) is listed in Table 6.4. Since the residual is nonlinear, so are the 
ordinary differential equations (2.34). Since a is usually small we solve 
(2.34) using the perturbation method. 

The function c(y) is expanded in powers of a and substituted into (2.34): 

(2.35) c(y) = co(y> + ac,(y) + a 2 c 2 m  + . . . . 
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We collect like powers of a and require that each coefficient of a” be zero. 
Such a procedure leads to a set of linear equations, which can be solved 
sequentially, but the set becomes rapidly more complex with higher powers of 
a. The first two such equations are 

ao : -2co Fl1 + 9 2 2  con = 0, Frn” = 9 ( m ,  n), 

a ‘ :  -2c,p1, + 9 2 2  C1’’ 1 [co2(29z2 - 49-31 - 9 1 1  + 4921) (2.36) 
- 933(COcO’’ + Cb’)] 

The solution to the first equation is co = exp( - JE y) .  This must be substi- 
tuted into the next equation to solve for 

c,(y> = +o.ll(exp(-JEy) - exp(-2fiOy)). (2.37) 

To first order in a then the solution is 

0 = x( 1 - x)[exp( - J i o  y )  + ao. 1 l(exp( - Jlo y )  - exp( - 2JO y ) ) ] .  

(2.38) 

Thus MWR can be applied to both linear and nonlinear problems when 
standard methods are not applicable. 

2.3 Boundary Methods 

A problem consists of the differential equation and boundary conditions. 
It may be easier to choose trial functions satisfying the differential equations 
than the boundary conditions, possibly due to complicated or irregular 
boundaries. In these cases a boundary method is used: MWR is applied on 
the boundary. The same two-dimensional example (with constant thermal 
conductivity) is used to illustrate the method, but first the exact solution is 
derived using separation of variables. 

A separated trial solution 8 ( x , y )  = X ( x ) Y ( y )  is substituted into the dif- 
ferential equation (2.21). The result is divided by X Y  and rearranged to give 

Y”/ y = - X ” / X  = A. (2.39) 

Since a function of x is equal to a function of y ,  for all x and y, both functions 
must be constant A. Equation (2.39) can then be separated into two problems, 
recognizing that the three homogeneous boundary conditions also separate 
into X ( 0 )  = X(1) = Y ( m )  = 0: 

X ”  + AX = 0, 
X(0)  = X(1) = 0, 

Y” - AY = 0, 
Y(c0) = 0. 

(2.40) 
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The solutions are X = sin nnx and Y = exp(-nny). The trial solution 

8, = exp( - m y )  sin n7cx (2.41) 

then satisfies the differential equation, and three of the boundary conditions. 
To fit the other boundary condition at y = 0 we add up all the solutions 
(2.41), with 8 = Z Anon, giving 

x(1- x) - 2 A ,  sin nnx, at y = 0. (2.42) 
n =  1 

The constants A ,  are chosen by multiplying both sides by sin mxx, integrating 
from 0 to 1 to obtain A,  = 8/(nn)j, n odd, A,  = 0 for n even. This procedure 
is reminiscent of the Galerkin method: the residual (2.42) is made orthogonal 
to the trial functions. It can be shown that this scheme also minimizes the 
mean square error 

W 

(2.43) 

A least squares boundary method is applied next. We need trial functions 
satisfying the differential equations. To obtain them in this problem we would 
apply separation of variables, resulting in (2.41). The trial solution (symmetric 
about x = +) is thus 

N 

8, = 1 ~ ~ ~ - ( Z i - l ) n y  sin(2i - 1)nx. (2.44) 
i= 1 

This trial solution satisfies the differential equation and boundary conditions, 
except for those along y = 0. The boundary residual is (for N -+ co) 

m 

B = x(1 - x )  - A i  sin(2i - 1)nx. (2.45) 

In the least squares method this residual is squared and integrated along x = 0, 
1, giving just (2.43). Thus the least squares method minimizes I ,  and results 
in the same solution as derived by separation of variables (or Galerkin’s 
method). 

Next apply the collocation method. For the first approximation the 
boundary residual is set to zero at the midpoint of the interval, x = 9, giving 
A l  = 4. Then 

n =  1 

O1 = sin 7cx. (2.46) 

Table 2.3 lists values of the average flux, Nu. 
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TABLE 2.3 

HEAT TRANSFER ANALYSIS BY THE BOUNDARY METHOD 

Method Nu a) I X  104 & 

Least squares, Galerkin 0.516 0.104568 0.485 0.0107 

Least squaresxollocation 
M =  1 0.500 0.098175 0.806 0.0141 
M = ?  0.513 0.103427 0.495 0.0112 
M = 3  0.515 0.104220 0.486 0.0109 
M = 4  0.516 0.104428 0.485 0.0108 

Exact 0.542 0.105040 - - 

If the collocation method is applied at other collocation points we find 
that the solution depends on the choice of collocation points, with A ,  taking 
values from 0.25 to 0.318 as the collocation point ranges from 0 to 1. In 
order to reduce this dependence on the choice of the collocation point we can 
apply the least squares-collocation method. In this method the residual is 
evaluated at more points than there are adjustable constants. The residuals 
at each of these points are squared and added; the result is minimized with 
respect to the parameters. If the number of evaluation points equals the 
number of parameters, the method is called the collocation method. As the 
number of evaluation points increases above the number of parameters, the 
method approaches the least squares method. In this example evaluate (2.45) 
at the M evaluation points, xi; square the results, add, and minimize with 
respect to A .  The result is 

xE x,(l - x i>  sin nx,  A ,  = CE , sin2 nxi 
(2.47) 

Calculations for various M are shown in Table 2.3. Even for M = 4 the 
results approach the least squares method, giving the first term in the exact 
solution. Note that the numerical value of N u  is not as good as the other 
methods in MWR (Table 2.2), because the first term in the exact solution is 
not a good approximation. In the regular MWR the approximate solution 
attempts to account for all the terms in the exact solution, in an average way. 
Obviously the least squares-collocation method can be applied when the dif- 
ferential equation is not satisfied but the boundary conditions are, or when 
neither condition is satisfied. 

For this problem it is easy to establish error bounds using Theorem 
11.32. Consider the error E = 0, - 0, where 0 is the exact solution and 0, is 
defined by (2.44). The function E satisfies the differential equation because 
both 0 and 0, do, and the three boundary conditions on x = 0, 1 and y -+ 00 
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are satisfied, too. Theorem 11.32 says that under these conditions the func- 
tion E must take its maximum and minimum values on the boundary y = 0. 
The maximum of E on the boundary is thus an upper bound for the error 
for all x and y ,  i.e., for the whole domain. The maximum error is thus 
E = maxo5xsl Ix(1 - x) - A ,  sin 7~x1, and is tabulated in Table 2.3. The 
approximate solution then satisfies I d(x, y )  - d,(x, y )  I < E .  

A boundary collocation method was first applied by Sparrow and Loeffler 
(1959) to determine the laminar flow between cylinders arranged in regular 
arrays. Many applications have been made since to heat transfer: Sparrow 
el al. (1961) used the predicted velocity field to determine the heat transfer 
to the laminar flow. Balcerzak and Raynor (1961) solved for the steady-state 
temperature distribution in several geometries : n-sided polygons, with from 
3 to 10 sides; rectangles with a hole, for various aspect ratios; elliptical cross 
sections with confocal elliptical holes and confocal slits. In this case the 
authors used a conformal mapping to transform the differential equation, 
which was then solved by collocation on the boundary. Altmann (1958) 
apparently originated the idea of least squares-collocation on the boundary, 
and applied it to calculations in crystallography. Hulbert (1965) and Hulbert 
and Niedenfuhr (1965) applied it to elasticity problems in irregular geometries, 
such as plates with elliptical holes, star-shaped holes, etc. Ojalvo and Linzer 
(1 965) compared the boundary collocation with the least squares-collocation 
on the boundary and found the latter generally gave better results in two- 
dimensional steady-state heat conduction and one-dimension transient heat 
conduction problems. Several combined flow and heat transfer problems are 
discussed using boundary collocation in Sections 4.1 and 4.5. Sparrow and 
Haji-Sheikh (1 968) described applications of least squares-collocation on the 
boundary to both steady-state and transient heat conduction in arbitrary 
bodies. In that case it is necessary to choose solutions to Laplace's equation 
(1.9b), as trial functions, before applying least squares-collocation on the 
boundary. These are readily available, since both the real and imaginary 
parts of 2" = (x + iy)" satisfy the equation. Thus the first few functions are 
1, x, y ,  x2 - y 2 ,  x3 - 3xy2, y 3  - 3yx2. Shih (1970) used the boundary col- 
location method to solve for the temperature distribution in a square column 
surrounding a heating cylinder. Details of a computer code useful in these 
problems is in Davis (1962). 

Many solutions in two-dimensional heat transfer problems can be deduced 
from solutions for the velocity in ducts [Eq. (1.19), see also Section 4.11 or 
from solutions to the torsion problem [Eq. (1.19) with A = 21. A number of 
these solutions, as well as other references to boundary collocation in the 
field of elasticity (where it is called point matching) are contained in Sattinger 
and Conway (1965) and Leissa and Neidenfuhr (1966) and the references 
cited by them. For the torsion problem Higgins (1949) and Sherwood (1962) 
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expanded the solution in terms of a Fourier series which was required to 
satisfy the boundary conditions using least squares (Higgins) and collocation 
(Sherwood). Warren (1964) compares some boundary least squares to bound- 
a r y  collocation for an example in the bending of rhombic plates and concludes 
that the boundary collocation is considerably easier to apply. Sparrow and 
Haji-Sheikh (1 970) apply the least squares method to the integral equations 
governing radiative heat transfer. Leissa et al. (1969) compare several methods 
for plate bending problems including singularities : collocation (interior and 
boundary), least squares-collocation (interior and boundary), subdomain, 
Galerkin, and Rayleigh-Ritz (a variational method; see Chapter 7). The 
methods are compared using several criteria. The boundary collocation and 
boundary least squares-collocation are favored when the differential equations 
are easy to solve but the boundary conditions are not (irregular shape). The 
interior methods are preferable when the differential equation is complicated 
(variable coefficients or nonlinear). The collocation and least squares-collo- 
cation are straightforward to program and easy to understand and apply. 
The calculations done by Leissa er al. (1969) used a large number of terms 
(3 to 10 for simple problems, 20 to 40 for complicated ones). Langhaer 
(1969) has shown for problems with residuals which are linear functions of 
the parameters that the least squares, collocation, and subdomain methods 
are the same as N .-+ co, provided the collocation points and subdomains are 
arranged uniformly in the domain. 

2.4 General Treatment of Steady-State Heat Conduction 

MWR is applied to a general heat transfer problem including heat 
generation (depending on position and temperature) and several different 
boundary conditions. For example, 

(2.48a) 
T = TI on S , ,  (2.48 b) 

- kn VT = q2 on S 2 ,  (2.48~) 
-kn-VT=h(T-T,)  OIIS,. (2.48d) 

The physical properties and heat transfer coefficient h can be functions of 
temperature, while the velocity is a known function of position. The three 
boundary conditions : temperature specified, flux specified, and the radiation 
condition, are called boundary conditions of the first, second, and third kind. 

The first step is to try the following transformation to reduce the problem 
to linear form: 

V - (k VT) = f(x, T) + pC,u * VT in V, 

q5 = C T  k(T') dT',  Vq5 = k VT. (2.49) 
J To  
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Under this transformation the problem reduces to 

V 2 4  = f ' ( x ,  4)  + - u * V 4  PC" 
k 

in V, 

4 =41 on&,  (2.50) 
-n  - V 4  = q2 on S,, 

- n  - Vd, = h[T(+)  - T3] on S,. 

This is linear provided the heat generation does not depend on temperature, 
either u = 0 or pC,/k is constant, and there are no boundary conditions of 
the third kind. If this transformation fails to give a linear problem it is per- 
haps simpler to treat Eqs. (2.48) directly. 

It is commonly thought that in MWR the trial functions must satisfy all 
boundary conditions. This is not true. In variational methods the boundary 
conditions are divided into two classes: natural and essential conditions. The 
trial functions need not satisfy the natural boundary conditions, since the 
variational principle forces them to be satisfied, whereas i t  is essential that the 
trial functions satisfy the essential boundary conditions, since the variational 
principle does not force them to be satisfied. The same approach can be 
used in MWR. This is advantageous because it is sometimes cumbersome to 
require each trial function to satisfy all the boundary conditions. Here (2.48b) 
is an essential boundary condition and the trial function is taken as 

N 

(2.51) 

where the Ti = 0 on S,. Weighting functions are chosen which vanish on 
S,, the weighted residual is integrated by parts and the divergence theorem is 
applied,? giving 

w j v -  k V T N  d V  = v*  ( w j  k V T N )  dV - k VTN - v w j  dV 
V 

= - ( k  VTN * V w j )  + J w j  kn - VTN d S ,  (2.52a) 
S 

( R ,  ~ 3 ~ )  = - ( k  VTN - V w j )  - (f+ pC,u - VT,,  w j )  + J wjkn * VTN dS. 
S 

(2.52b) 

t The divergence theorem is 

l V . A d V =  s n . A d S ,  

where n is the outward pointing normal. Then Eq. (2.52a) follows. 
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Weighted boundary residuals are also formed using the same weighting 
functions : 

( B 2  9 w j ) s 2  Lkn ' vTN + 4 2 I w j  d S ,  

(2.53) 
J s l  

( B 3 ,  W j ) s 3  = js3[kll ' VTN + h(TN - T,)]Wj d s .  

Comparison of Eqs. (2.52) and (2.53) shows that they include similar terms. 
The results are combined and set to zero to give the equations governing the 
approximate solution: 

j [ k  VTN' v w j  + Wj(f+PCuu' VTN)] dv 

q2 w j  d S  - 1 h(TN - T3)wj dS .  (2.54) 
s3 

Convergence theorems have been proved for a variety of special cases of 
Eq. (2.48), including nonlinear problems (see Chapter 11). Pointwise error 
bounds result from use of the maximum principle and mean square residual. 
Jf the problem is linear, error bounds are easy to derive (see Chapter 11). 

The two-dimensional problem has been discussed in the literature for a 
variety of shapes of domains. Higgins (1942, 1943) discusses hundreds of 
exact and approximate solutions to the problem 

u,, + uyy  = -2  i n s ,  u = O  on C (2.55) 
in domains which are rectangular, triangular, are bounded by polygons, curves 
and arcs, and flanges and webs. The same methods (and trial functions) can 
be used in the heat transfer problem because of the equivalence of the follow- 
ing two problems, with u = T - To: 

T,, + Tyy =fk  Y )  in s, 
u,, + u y y  = f - V2T 0 - - dx, Y )  in s, (2.56) 

T = To(x, y )  on C,  u = 0 on C.  

The same problem of Eq. (2.55) arises in laminar flow in ducts, which is 
solved in Section 4.1. 

2.5 Mass Transfer from a Sphere 

The steady-state transport equation with convection, (1.7), is an interesting 
and difficult problem because the solution depends crucially on the size of a 
parameter, such as the velocity. As an example we study mass transfer from 
a fluid or solid sphere to a fluid in Stokes flow. The important variable is the 
dimensionless mass transfer coefficient, called the Sherwood number. 
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The flow field around the sphere must first be determined. We assume the 
fluid sphere retains its shape, the flow is slow, Re = ( d U / v )  1, where d is 
the sphere diameter, and U is the constant velocity at infinity. The viscosities 
of the fluid inside and outside the sphere are pl and p. The flow field is given 
by the Hadamard solution (Levich, 1962, p. 399, which reduces to the Stokes 
solution for flow around a solid sphere when p l / p  + 00 (Levich, 1962, p. 81 ; 
Bird et al., 1960, p. 132). The stream function is (in dimensionless form) 

outside the sphere and the velocity components are given by 

The fluid thus flows past the sphere, inducing a circulation 

e (2.57) 

(2.58) 

inside the fluid 
sphere due to the traction exerted on the boundary. The fluid mechanics is 
thus determined, and applicable for Re 

In the mass transfer problem we assume the concentration in the sphere 
maintains the value co.  Thus the mass depleted from the sphere is small 
compared to the total amount available. The circulation inside helps insure 
that the concentration is uniform. Mass is transferred to the external fluid, 
which has concentration c1 far upstream of the sphere. The transport equation 
is then [in dimensionless form with c = (c‘ - cl)/(co - cl)] 

1. 

c(1, e)=  1, c(r, e ) = O  as r - +  00, 0 = O .  

The Peclet number, U d / 9 ,  is the product of the Reynolds number and 
Schmidt number Pe = Re Sc, Sc = v / 9 .  The quantity of interest is the 
Sherwood number 

S h = J  IT ( - - I  ac ) s inode .  
o ar ,=1  

(2.60) 

The Schmidt number can take very large values, so that it is necessary to 
examine the solution for the full range of Peclet numbers, even though Re < 1. 

For small Pe - 0, the situation corresponds to diffusion into a stagnant 
fluid. The solution to (2.59) for Pe = 0 is 

, r z l ,  S h = 2 .  
1 
r 

c = -  
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This applies to both fluid and solid spheres, since in the limit of Pe = 0 there 
is no motion inside the sphere either. For nonzero but small Peclet numbers, 
solutions have been derived for a solid sphere using the perturbation method, 
but the procedure is complicated, because the convection and diffusion terms 
are of comparable magnitudes far from the sphere. Thus an inner and outer 
expansion technique is used (Acrivos and Taylor, 1962). Instead we derive the 
solution using MWR. 

For Pe ---* 03 solutions are also known. Levich (1962) obtained the follow- 
ing solutions for both fluid and solid spheres: 

(2.61a) 
Sh = 0.991 Pe0.33 
Sh = 0.923(U,/U)o.5 Pe0.5 

where 

In these cases the concentration profiles exhibit a boundary layer phenomena, 
with the boundary layer thickness being smallest at the stagnation point. 
Acrivos and Goddard (1965) have calculated the next term in the perturbation 
series for the solid sphere. The several asymptotic solutions provide a test of 
the approximate solution derived below. Griffith (I  960) compares several 
solutions to experiment and Brian and Hales (1969) recently obtained a 
finite difference solution for the solid sphere but including transpiration and 
a changing diameter. 

Bowman et al. (1961) and Ruckenstein (1964) have solved for intermediate 
Peclet numbers using the integral method. Using Levich's analysis for 
Pe + or: as a guide, we ignore the last term in (2.59) on the grounds that dif- 
fusion in the 0 direction is negligible compared to convection in that direction. 
This is assumed to be true even though the steamlines do not exactly coincide 
with lines of constant 0. Furthermore, a boundary layer is developed whose 
thickness depends on 0 and the Peclet number. For Pe -+ 0 the boundary 
layer becomes 
pressible fluid. 
constant 0,  

very thick. Rewrite (2.59) in vector notation for an incom- 
lntegrate over the boundary layer, 1 2 r I S ( O ) ,  along lines of 

The last term results from integration and requiring a c p r  = 0 at r = 6. The 
first term can be rewritten using the expression for the divergence operator 
in spherical coordinates, giving 

(u, sin Oc). V -  (uc) = - - (A, c) + - - 
r sin 8 a O  

i a  i a  
r2 ar 

(2.63) 
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The first term can be integrated directly and the boundary terms vanish since 
u, = 0 at r = 1 and c = 0 at r = 6. The second term can be rearranged using 
the stream function (2.58) and integration by parts: 

The final term vanishes because c(6, 0) = 0. The final equation is then 

Pe --/lc-dr=sinirCIC/ d 6 a$ . 
2 d e  ar ar r = l  

(2.65) 

This is an ordinary differential equation for 6(0) once a profile has been 
assumed for c. 

Bowman et al. made calculations using two different polynomial trial 
functions : 

(2.66a) 

(2.66b) 
c1 = a + (b/r),  

c2 = a + (b /r )  + cr + dr2.  

The constants were chosen to satisfy 

C ( i ,  e) = I ,  C ( 6 , e )  = 0,  (2.67) 

whereas the two addition constants in the second trial function were deter- 
mined from 

ac 

ar 
- = 0  at r = 6 .  

(2.68a) 

(2.68b) 

Notice that the first trial function does not satisfy the restriction dc/dr = 0 at 
r = 6 which was used to derive (2.65). Bowman derived (2.65) in a different 
way and apparently did not realize the error. Equation (2.68a) is a derived 
condition? obtained by evaluating the differential equation (2.59) on the 
boundary and noting that u, = &/a0 = 0 there. 

For intermediate Pe Eq. (2.65) is integrated numerically. For large Peclet 
numbers an asymptotic formula can be obtained for the solid sphere. The 
result is (2.61a) with the constant 0.978 when using trial function (2.66b) and 

t Derived boundary conditions were first used by Duncan (1937). See Section 4.2 for 
an examination of their utility in boundary layer flow. 
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0.89 when using (2.66a). For small Peclet number Bowman et al. obtained 
Sh = 2 + 0.56 Pe using (2.66b). They were unable to obtain asymptotic 
formula for the fluid sphere case, although the numerical results confirm the 
form of Eqs. (2.61). 

The analysis by Ruckenstein (1964) is similar except that he restricted 
attention to large Schmidt numbers. The concentration boundary layer is 
thin and the curvature effects can be ignored: 

Ruckenstein used a trial function of the form 
4 

= 1 - 2(;) + 2(;)’ - (5) , 

which satisfies the restrictions 

c = 1 ,  cyy = 0 at y = 0, 
c = c, = cyy  = 0 at y = 6. 

(2.69) 

(2.70) 

(2.71) 

He obtained asymptotic formulas similar to Eqs. (2.61) with a constant of 
1.037 for the solid and 0.895 for the fluid sphere. 

Using these solutions it is possible to predict the mass transfer from a 
fluid sphere to another fluid for a variety of viscosity ratios. Bowman et al. 
do this for a solid in a gas or liquid, a liquid drop in a liquid, and a gas bubble 
in a liquid. The integral method provides a means for interpolating between 
regions where asymptotic results are valid, and the asymptotic results them- 
selves provide insight into the problem and a check on the approximate 
solution. Higher approximations have apparently not been calculated for this 
problem. Wasserman and Slattery ( I  969) have used the Galerkin method to 
solve for creeping flow past a fluid globule when a trace of surfactant is 
present. The Galerkin method is used to solve the mass transfer problem, 
which influences the shape of the globule through the surface tension, which 
in turn influences the flow problem, making the problem exceedingly difficult 
to treat by anything but MWR or finite difference solutions. 

2.6 Choice of Trial Functions 

When applying MWR one important choice is the trial function. This 
choice provides the power of the method, in that known information can be 
incorporated into the trial solution. Tn low-order approximations the choice 
may influence the results, but higher approximations are less affected since 
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numerical convergence is desired. The main influence then is the rate of con- 
vergence rather than the eventual solution. The first step in tackling any 
problem is to try several exact methods-often they suggest trial functions 
which satisfy some, but not all, of the conditions. Perhaps the full problem 
cannot be solved exactly but special cases can. The special cases provide a 
test of the approximate solution. The mass transfer problems in Section 2.5 
provide an example, as do problems involving non-Newtonian fluids in 
Section 8.5. At the same time, we must be careful not to overspecify the trial 
function. In Section 4.3 is a case in which the solution becomes flat as one of 
the parameters becomes small, but the same parabolic trial function is used 
in all cases, leading to poor results. Such a difficulty is revealed when suc- 
cessive approximations are calculated. 

The trial functions must be complete (see p. 10) and linearly independent. 
The polynomials are complete, for example, so that any continuous function 
can be expanded in terms of them. Several other examples are given in Chapter 
1 1 .  The completeness property of a set of functions insures that we can 
represent the exact solution provided enough terms are used. Otherwise the 
successive approximations might converge to something which was not the 
solution. 

There are two other guidelines to the choice of trial functions : examine the 
symmetry of the problem and apply the boundary conditions. If the boundary 
conditions are y(x, z )  = f ( x ,  z )  a convenient form of the trial functions is 

N 

where the y i  = 0 on the boundary. The functions themselves can sometimes 
be found by starting with a general polynomial and applying the boundary 
conditions and symmetry conditions (see Sections 2.1 and 2.5). Derived 
boundary conditions can be used (i.e., requiring the differential equation to 
be satisfied on the boundary, as in Sections 2.5 and 4.2). Finally, the choice 
should not unduly complicate the analysis. 

If the boundary conditions are of the second and third kind it is often 
convenient to combine the differential equation and boundary residual, as in 
(2.54), rather than making each term satisfy the boundary condition. Orthog- 
onal polynomials are very useful trial functions, and can be constructed to 
satisfy some of the boundary conditions and made to fit others by combina- 
tions of the polynomials. The orthogonal collocation method discussed in 
Chapter 5 uses this approach and is useful for boundary conditions of the 
first, second, or third kind. The orthogonality of the polynomials gives com- 
putational advantages, although the same approximation can be expressed 
in terms of powers of x, if the computations could be done accurately enough. 

Transcendental trial functions have been used (see Sections 4.2, 4.5, 9.5, 
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Schetz, 1963; and Richardson, 1968), although usually for only a first or 
second approximation due to the added difficulty of performing the computa- 
tions. The solutions to simpler, but related, problems often provide a source 
of trial functions, particularly for eigenvalue problems (see Section 3.1). 
Specialized sets of trial functions have been developed for convective in- 
stability problems (Chapter 6) and the solutions of linear problems are used 
as trial functions for the nonlinear problems (Section 6.5). Trial functions for 
three-dimensional velocity vectors have been constructed (Section 6.2). 

In time-dependent problems it is convenient to expand the solution in 
terms of spatial modes which satisfy the boundary conditions : 

(2.73) 

The functions A i ( t )  are then determined by the approximate method and the 
initial conditions are fit approximately too (Chapter 3). Solutions may be 
spliced together. For example, if the solution at z = 0 is T,(x,  y )  and at z = co 
it is T2(x, y ) ,  the trial function can be taken as 

w, Y >  z> = Z,(Z)T,(X, Y )  + Z,(Z)T,(X, Y )  (2.74) 

and MWR is used to determine the splicing functions Z i .  The solutions TI 
and T2 can be exact solutions, finite difference solutions, or MWR solutions. 
Discontinuous trial functions can be used (see Section 7.4). If the differential 
equation is easy to satisfy but the boundary conditions are not, then boundary 
methods are in order, as listed for a wide variety of geometries, with holes, 
etc., in Sections 2.3 and 4.1. Spline functions and finite element functions 
(Section 5.6) are completely general trial functions and provide a means to 
compare MWR to finite difference methods. Thus the examples in this book 
provide a number of case studies in the choice of trial functions. 

EXERCISES 

2.1. Verify Eq. (2.17). 
2.2. Apply one of MWR to 8" = x in 0 < x < 1 under the boundary con- 

ditions 

e(o) = 1, v ( i )  + NU e(i) = 0. 

Deduce a trial function by assuming a polynomial (2.4) and applying the 
boundary conditions. 
Answer: Collocation at x = 0.5, 8, = 1 - f x  + A,(x2 - tx) gives 
A ,  = 0.25 when Nu = 1. 
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2.3. Deduce a general form for a trial function satisfying the boundary 
conditions of Exercise 2.2. 

. i + N u  
NU + 1  i = l  1 + N u  

N N u  
Answer: ON = 1 - ~ x +  C A i O i ;  o i = x l - - - -  X .  

2.4. For N = 2 apply any of MWR and show that the result is the exact 

2.5. Apply a one-term collocation method at x = 0.5 to solve u” = exp(u) in 
solution. 

0 < x < 1 ,  u(0) = u( 1) = 0. Compare to the exact answer: 

x 0.1 0.2 0.3 0.4 0.5 
U ( X )  -0.0414 -0.0733 -0.0958 -0.1092 -0.1 I37 

Answer: With u1 = Ax(1 - x) ,  A = -0.4471. 
2.6. Solve u,, + uyy = 0 in 0 < x, y < 1 ,  

u(x, 0) = x(1 - x), 

u(0, y )  = u(1, y) = u(x, 1) = 0, 

using a trial function of the form u1 = cl(y)x(l - x ) .  Apply one of MWR 
to derive an ordinary differential equation for c,(y) and solve for c,(y). 
Answer: Using Galerkin’s method, cl(y) = {exp( - J i O  y )  - exp[,,h 
(v - 2)11/{1 - exP( - 2 J m .  

2.7. Solve Exercise 2.6 using the trial function 

u1 = (1 - y)x(l - x) + A,y(l - y)x( 1 - x). 

Why is this a feasible trial function? Would you expect this trial solution 
to give a better or worse answer than that obtained in Exercise 2.6? 
Answer: Using collocation method at x = y = 0.5, A ,  = - 1. 

2.8. Check the energy balance for the solutions in Exercises 2.6 and 2.7 to 
test which is the better solution. The flux entering along y = 0 should 
equal the flux leaving along y = 1, x = 0, and x = 1 ,  although the equality 
holds only for the exact solution. 
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Chapter 

3 
Eigencalue ancl Initial-Vulue Problems in 
Heat ancl Mass Transfer 

One of the two most prolific areas of MWR application is transient heat 
transfer problems (the other prolific area being boundary layer flows). A 
great many of these applications are for one- or two-term approximations. 
There is no room to discuss all the results, which differ in the criterion used 
or the trial function, corresponding to different boundary conditions. We 
apply MWR to a few examples to illustrate the major ideas. 

Transient heat and mass transfer problems can be solved either as eigen- 
value problems or initial-value problems, and MWR is applied to both 
types of problems in Sections 3.1 and 3.2. The general entry-length and 
initial-value problem is discussed next, followed by an application : diffusion 
to a moving fluid. This chapter concludes with an application to  heat transfer 
involving a phase change. 

3.1 Eigenvalue Problems 

Consider the linear eigenvalue problem 
LU + ?.NU = 0, (3.la) 

Bku = 0, k = 1, ..., rn, on boundary, (3.1 b) 

40 
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where L and N are general differential operators (oftentimes Nu = u). 
Usually the problem has a solution only for discrete (and infinitely many) 
values of the eigenvalue 1. The objective is to approximate the eigenvalues 
and eigenfunctions. We expand the trial function in a series of functions, 
each of which satisfies the homogeneous boundary conditions of (3.lb), 
giving 

N 

u = ci ui, Bk ui = 0 on boundary. (3.2) 
i =  1 

The trial function is substituted into the differential equation to form the 
residuals, which are made orthogonal to the weighting functions, wj  : 

N 

C [ ( w j ,  hi) + A(wj,  Nui)]ci = 0. (3.3) 
i =  1 

This set of equations can be conveniently written in the form 
N 

1 ( A j i  + lB j i ) c i  = 0, (3.4) 
i =  1 

which is a set of N homogeneous linear equations for the constants ci . The 
set has a nontrivial solution if and only if the determinant vanishes: 

det(Aji + A l l j i )  = 0. (3.5) 
This equation is a polynomial in 1 of degree N and has N roots, which are 
the approximations to the eigenvalues. Usually these roots are distinct and 
real, although this need not be the case. The Galerkin method is often 
preferred because of its equivalence to variational methods, when applicable 
(Section 7.4), and because under certain conditions the eigenvalue is stationary 
or insensitive to small errors in the eigenfunction approximation (Section 6.4). 
In addition convergence theorems are applicable (Chapter 11). Consider 
the example problem 

X” + A( 1 - x2)X = 0, X(0) = X’( 1) = 0 (3.6) 
and apply several criteria of MWR. This problem is complicated by the 
factor (1 - x2); without it the exact solution is known: 

xi = sin[$@ - I)nx], Ai = f(2i - 1)2n2. (3.7) 
Since these functions satisfy the boundary conditions they provide a 
convenient source of trial functions. Polynomials can also be used : 

X = c1 sin(nx/2) 
R(X) = - ( ~ / 2 ) ~ c ~  sin(nx/2) + A(1 - x2)c1 sin(nx/2). 

- ( i  + 1)x satisfies the boundary conditions: xi + 1 

(3.8) 
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In the Galerkin method the residual is made orthogonal to the trial function 
sin(nx/2), which gives a value of 

(n/2)’ j; sin2(nx/2) dx 
J;( 1 - x2) sin2(nx/2) dx 

A =  = 5.317. 

We find a second approximation using (3.5) with 

(3.9) 

A j i  = - (2j  - 1)2(n/2)2 s’ sin [(2i - 1)(nx/2)] sin [(2j - 1)(zx/2)] dx 
0 (3.10a) 

= -(2j  - l)’(n2/8) a,,, 
1 

B j i  = jo (1 - x2) sin [(2i - 1)(nx/2)] sin [(2j - l)(zx/2)] Ax 

1 
i=j, (3.10b) 

( -  ~ ) “ j + ’ [ l / ( i  - j ) 2  + 1 /( i  + j  - 
i#j. =1 n2 

The roots are ,I1 = 5.126, A 2  = 45. 54. 
The exact values, obtained by numerical integration (Emmert and Pigford 

1954), are listed i n  Table 3.1. The A1 is close because it represents a second 

TABLE 3.1 

EIGENVALUES FOR EQ. (3.6) 

Galerkin or 
variational, 
satisfying all BC 

Exact 

Collocation 
Subdomain 

Galerkin or 
variational, 
satisfying only 
essential BC 

N =  I 5.317 
N =  2 5.126 45.54 
N =  3 5.122 39.68 136.7 

5.122 39.66 106.3 

N =  1 3.29 
N =  1 4.59 

N =  1 7.50 
N = 2  5.14 

approximation. The A 2  is only a first approximation to the second eigenvalue 
and is not so close. The approximate eigenvalues are also above the exact 
solution, due to the equivalence of the Galerkin method and the Rayleigh- 
Ritz method, which gives upper bounds (Section 7.5). 
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Other criteria of MWR can also be applied. The collocation method 
gives 

(3.11) 

The approximation ranges from ( ~ / 2 ) ~  to infinity depending on the choice of 
collocation point. The value x1 = +, chosen as the midpoint of the interval, 
gives the value A = 3.29. The subdomain method requires 

1 

Jo R ( X )  dx = 0, 

’ j; sin(~x/2) dx 
A = (2) = 4.59. 

2 JA(1 - x’) sin(nx/2) dx 
(3.12) 

Consider the approximation when the trial functions do not satisfy the 
boundary condition X’(1) = 0. For a 2nth-order differential equation, all 
boundary conditions involving at least nth-order derivatives can be treated 
in the manner outlined below (natural boundary conditions for variational 
methods, Section 7.1). The weighted residual (3.3) must be augmented by a 
boundary residual 

N c [(Wi, uj? + qwi,  ( I  - X’)Uj)]Cj = 0, 

c Wi(1)Uj’(l)Cj = 0. 

j=  1 
N (3.13) 

j=  1 

The first term of the differential equation residual is integrated by parts and 
the boundary residual is applied: 

N 

1 [-(wi’, ~ j ‘ )  - wi(O)uj’(O) + A(wi, (1 - x’)u~>]c~ 1 0 .  (3.14) 
j=  1 

The trial functions must satisfy only the condition u(0) = 0. Apply the 
Galerkin method [wi  = u i ,  hence wi(0) = 01 using the trial functions uj = xj  
(see Table 3.1). The results are not as good as before since one boundary 
condition is satisfied only approximately. The trial functions are easier to 
use however, and in computer calculations it is often preferable to sacrifice 
some accuracy (for low N )  in order to facilitate the calculations; more terms 
are then needed. 
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3.2 Transient Heat and Mass Transfer 

As a simple example consider a slab of thickness d which is initially at 
uniform concentration co . At time zero the side at z = 0 is exposed to.a fluid 
of constant concentration cl, while the side at z = d is impervious to mass 
flux. The dimensionless equations are 

with dimensionless variables c = (c’ - co)/(cl - co), x = z/d, t = 9 f ’ / d 2 ,  
where c’ and t‘ are the dimensional concentration and time, respectively. 

We apply MWR in a manner first suggested by Bickley (1941). The solu- 
tion is expanded in a series which satisfies the boundary conditions with 
unknown functions of time: 

N 

c,(x, t> = 1 + i =  1 1 Ai(t)Xi(X), (3.16) 

where Xi(0) = Xi’(l) = 0. Possible trial functions are the sine functions 
(3.7) and the polynomials of the previous section. If the sine functions and 
Galerkin’s method are used, the result is the exact solution obtained using 
separation of variables. Here we use the polynomials X i  = xi+’ - (i + 1)x. 
Consider only the first approximation, and use the integral method. Higher 
approximations can be derived as a special case of the formulas derived in 
the next section. 

The first approximation and residual are 

c1 = 1 + A(t)(x2 - 2 ~ ) ,  R = A’(x’ - 2 ~ )  - 2A. (3.17) 

The residual is integrated from 0 5 x 5 1 to give A = exp(-3t). To fit the 
initial conditions, the initial residual is satisfied in an integral sense: 

[l + A(0)(x2 - 2x)] dx = 0, A(0)  = +. (3.18) 

The first approximation, 

c1 = 1 + + exp( - 3t)(x2 - 2x), (3.19) 

is compared to the exact solution in Table 3.2. The approximation is accept- 
able only for times greater than 0.1. To improve the results higher approxi- 
mations can be calculated, and convergence is assured by Theorem 11.16. 
Error bounds can be calculated using Theorem 1 1.34. Here we derive another 
approximate solution, valid for small times. 
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TABLE 3.2 

SOLUTION TO UNSTEADY MASS TRANSFER PROBLEM 

40.2, t )  4 1 ,  t )  

CI CZ 

t Exact Eq. (3.19) Eqs. (3.24), (3.26) Exact CI  c2 

0.01 0.15 0.48 0.18 0 -0.46 0 
0.04 0.48 0.52 0.51 O.OOO8 -0.33 0 
0.10 0.66 0.60 0.66 0.05 -0.1 1 0.05 
0.20 0.75 0.70 0.75 0.23 0.18 0.30 
0.40 0.85 0.84 0.86 0.53 0.55 0.61 
0.60 0.91 0.91 0.92 0.71 0.75 0.78 
1.00 0.97 0.97 0.98 0.89 0.93 0.93 

At small time the concentration changes occur very near the boundary, 
x = 0. Further away the concentration is nearly zero. Think of a penetration 
depth, q(t), which defines the distance near the wall where the concentration 
has risen appreciably above zero. As time proceeds this penetration depth 
advances out into the slab until it reaches the opposite wall. At any given 
time the concentration field varies smoothly from the value one at the 
boundary x = 0 to the value zero at x = q(t). The goal of the approximate 
solution is to predict q(t). 

Represent the concentration c(x, t) by a similar profile 

c = 4(rl), rl = x/q(t). (3.20) 

The functions are required to satisfy the conditions 

4(0) = 1 ,  4(1) = b'(1) = q(0) = 0. (3.21) 

The first two conditions make the concentration one at the wall, x = 0, and 
zero at the edge of the penetration depth. The third condition is applied in 
order that mass not diffuse past the penetration depth, x = q(t), and the 
fourth condition makes the penetration depth zero initially. The residual is 
then 

(3.22) 

A trial function is chosen for 4(v]): the simplest polynomial satisfying (3.21) 
is &(q) = (1 - 11)'. The integral method gives 

+qqr = 2, q = J12t. (3.23) 

c, = -rl4'q'/q, c, = b'h, c,, = 4"/q2, 

4' = d4/drl, q' = dq/dt q 2 R  = -94'44' - 4". 
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The approximate solution is then 

This solution is valid until the penetration depth reaches the opposite bound- 
ary, q = 1, or for t < 0.0833. 

For larger times it is convenient to match this solution with (3.17). The 
constant A ( 0 )  in Eqs. (3.18) is chosen not to satisfy the initial residual, but 
to match with Eqs. (3.24) at time t = 0.0833, when q = 1, giving 

(3.25) 

The result is 

c2 = 1 + 1 . 2 8 4 ~ - ~ ' ( x ~  - 2x), t 2 A. (3.26) 

Equations (3.24) and (3.26) provide simple approximations for the concen- 
tration over the entire time interval, as tabulated in Table 3.2. The penetra- 
tion-depth solution provides an improved approximation at small times. 
These approximations can be improved by computing higher approximations, 
but these are best done after treating the general entry length and initial- 
value problem. 

The penetration-depth type of solution is applied in the literature to simple 
one-dimensional problems in a first approximation. Many of the papers deal 
with comparisons to exact solutions and try to adjust the trial function to  
obtain the best agreement. Then the choice of trial function becomes little 
more than curve fitting. In realistic situations when no exact solution is 
available one must assess the error either by computing successive approxi- 
mations or by examining the residual. Error bounds in terms of the residual 
are discussed in Section 11.6 and Theorem 11.34 applies to many of the 
problems treated here (including some of the nonlinear ones). Since the 
integral methods are widely used, however, we review their important 
features here. Goodman (1964) gives many applications of integral methods 
to nonlinear heat transfer problems. 

The first step is the choice of trial function. It is written in terms of the 
variable x /q ( t ) ,  where q is the penetration depth. Polynomials are often used 
and suitable trial functions can be deduced as follows. The boundary con- 
ditions provide two conditions-one at each boundary, or in semi-infinite 
domains one at infinity. There is usually some other reasonable condition 
that can be imposed, such as the temperature and the flux must be zero at the 
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edge of the penetration region. Finally, the differential equation is often 
applied at one or the other boundary (this is a derived boundary condition). 
These were the considerations leading to (3.21). There we did not use a 
derived condition, and Goodman suggests evaluating the differential equation 
at the edge of the penetration depth. This would add the condition 6” = 0 
to (3.21) and would require a third-degree polynomial to satisfy all four 
conditions. The reader can easily verify that the result is 6 = (1 - v ) ~ .  If 
this trial function is used, the penetration depth is q = JY4t and, for example, 
40.2, 0.01) = 0.21. This is a worse approximation than (3.24). Thus the 
addition of a constraint is not guaranteed to improve the results. Solutions 
for larger times are also possible: after the thermal wave reaches the insulating 
boundary, the temperature there begins to rise. Then a suitable profile is a 
polynomial which takes the value 1 at x = 0, q2(t)  (unknown) at x = 1 and 
has zero slope at x = 1. The trial form, 

c = A + BX + CX’, (3.27) 

is easily reduced to c = 1 + (1 - q2)(x2 - 2x) under these conditions. The 
unknown q2(t)  is then determined by the integral method. Here too, derived 
conditions can be employed by invoking the differential equation at the 
boundaries. 

Lardner and Pohle (1961) consider problems in cylindrical geometry 
(outside a cylinder) and show that best results are achieved for the first 
approximation if the trial function is taken as c = (polynomial in r )  In r.  
Richardson (1  968) uses exponential trial functions, which complicate the 
analysis but improve the first approximation. When the initial conditions 
are not uniform, it is not possible to transform them to be zero. Then a 
penetration depth solution is not feasible, except possibly for solving the 
adjoint equation (Goodman, 1962). The trial function can still be taken in 
the form of Eq. (3.16), as was done by Thorsen and Landis (1965) and 
Bengston and Kreith (1970). Rozenshtok (1965) and Kumar and Narang 
(1967) apply similar ideas to the combined flow of heat and mass, using a 
penetration depth for each. Laura and Faulstich (1968) solve unsteady heat 
conduction in plates of polygonal shape by applying a conformal transfor- 
mation (to change the domain to a circle) and then using Bessel trial functions 
and the collocation and Galerkin methods. Sparrow and Haji-Skeikh (1968) 
treat linear, transient heat conduction in arbitrary bodies using the least 
squares-collocation method on the boundary. 

Another complication is a boundary condition of the third kind or non- 
linear boundary conditions. In heat transfer problems, in place of the bound- 
ary conditions in Eq. (3.15) we might have 

- k aepx = h,  [ e n  - e o n ]  + h2 [e - e,], (3.28) 
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where h ,  refers to radiant transfer and h,  applies to convective transport. 
In this case the temperature at x = 0 is not known. Polynomials can still be 
used. but with a variable ql( t )  as the wall temperature. Then 

(3.29) 

To determine the two unknown functions the trial function can be made to 
satisfy the boundary condition (3.28) and the integral condition used before. 
This leads to nonlinear differential equations which are difficult to  solve. 
Sometimes a perturbation solution is possible for small and large times and 
i n  between the equations are integrated numerically. Examples of such 
computations are reported by Richardson (1964), Rafalski and Zyszkowski 
(1968), and Zyszkowski (1969) using polynomial trial functions and Koh 
(1961) using exponential trial functions. Some of these authors used Biot’s 
Lagrangian approach, which is shown in Chapter 10 to be equivalent to the 
Galerkin method. 

A trial solution of the type (3.16) can also be used for a boundary con- 
dition of the third kind. For example, if -c, = Nu(c - co) is to be satisfied 
at x = 0 we can try a polynomial (3.27). Application of this boundary 
condition and cJ1, t )  = 0 gives the trial function 

(3.30) 

The same technique is used when the flux is specified. Applications of this 
type are discussed by Tsoi (1967) for a variety of transient heat transfer 
problems. 

These same techniques are applicable, of course, to the nonlinear problem 
when the physical properties depend on temperature. Indeed this is their 
primary application. The earliest application to such problems is by Fujita 
(1951) who used a two-term trial function to study diffusion with concentra- 
tion-dependent diffusivity. The problem in Eq. (1 .I la) was solved by Finlayson 
(1969) for diffusivity dependent on concentration in an exponential manner. 
The nonlinear problem of transient evaporation was solved by Bethel (1967) 
using the moments method and computing up to the fifth approximations. 

c = CO + B(t)[-(l/Nu) + x - f x 2 ] .  

3.3 Entry-Length and Initial-Value Problems 

The preceding section considered first approximations to  initial-value 
problems, in which we wished to predict the evolution in time of temperature 
or concentration. Another very similar problem is an entry-length problem 
in a duct. In this case a fluid is flowing in the z direction in rectilinear flow. 
At position z = 0 the boundary conditions on the temperature or concen- 
tration change. We then wish to predict the evolution of temperature or 
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concentration profiles, and the related heat or mass transfer, as the fluid 
moves down the duct. The governing differential equations are Eq. (1.8) or 
Eqs. (1.11) or the corresponding equation for heat transfer. We treat the 
entry-length heat transfer problem and the initial-value problem follows as a 
special case. The two common types of boundary conditions are either 
temperature or heat flux fixed at the wall: 

I T =  TI 

kn* V T  = q 
at wall, z > 0. 

(3.31a) 

(3.31b) 
The eigenfunction expansions follow the classical treatment of this problem 
as discussed by Sellars et al. (1956), Sparrow et al. (1957), and Siege1 et al. 
(1958). The initial-value problem with a boundary condition of the third 
kind can be treated using the equations in Section 2.4, augmented by the 
time-dependent terms as illustrated in Section 3.2. 

Constant Temperature Case 

Consider the problem in a general cylindrical region with axis (and 
generator) z and cross section A(x, y), which is bounded by a closed curve C .  
The equations then represent, for example, flow in a circular cylinder, a 
rectangular or polygonal duct. As derived in Chapter I ,  Eq. (1.8) has no 
second derivative in the z direction; thus axial conduction is neglected. This is 
known to be a good approximation provided the Peclet number is above 100 
(Hsu, 1967; LeCroy and Eraslan, 1969). Turbulent flow is included provided 
we have empirical laws for the velocity and thermal conductivity variations 
with position. The dimensionless equations are 

(3.32a) 

y =g( r )  at z = 0, (3.32 b) 

y = o  on C ,  z > 0, (3.32~) 
where the dimensionless variables are y = ( T -  TJT, - TI), To is the inlet 
temperature which takes the form T' = T,g(r),  z = 2z'/Pe D, r = r'/R, 
u(r)  = u'(r)/ui,, Pe = pC,ui,D/k,, the thermal conductivity takes the form 
k' = k, f ( r ) ,  r represents (x ,  y),, and R is a characteristic dimension in the 
cross section A, D = 2R and ui,, = f u' dA/ f dA. The gradient operator is 
made dimensionless using the standard R. Clearly if u(r) = 1 this is an initial- 
value problem. We apply separation of variables by writing the solution in 
the form y(z, r )  = Z(z)R(r). Following the treatment of (2.39) the problem is 
reduced to  an eigenvalue problem : 

V. ( f ( r )  VR,) + *A2u(r)R, = 0 in A, R, = 0 on C.  (3.33) 

a Y  
aZ u(r) - = 2V * ( f ( r )  Vy) in A ,  z > 0, 
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Once we have solved for the eigenfunctions and eigenvalues the complete 
solution is 

0) 

Y(Z, r )  = c A, R,(r) exp{ - A,’Z), 
n = O  

A,  =Jg(r)u(r )R,  dA/ /u(r )R, ’  dA. (3.34) 

The u(v) in the definition of A ,  is required because the eigenfunctions R, 
are orthogonal with that weighting function. We are interested in several 
additional properties of the solution. The mixing-cup temperature is defined 
as 

(3.35) 

and represents the average temperature if the fluid were discharged into a cup 
and mixed completely. The Nusselt number is a dimensionless heat transfer 
coefficient N u  = hD/k ,  with the heat transfer coefficient given by the empirical 
definition 

- k’n * VT = h[T,(z) - 7’J, - [fn - V y ] ,  = (Nu/2)y,. (3.36) 

The Nusselt number depends on z (as well as possibly on x and y )  and a 
suitable average is 

lc 
(Nu)  = 1 N u ( z )  dz. (3.37) 

L J-0 

For simple geometries, such as circular cylinders or planar geometries the 
problem simplifies to  

1 d  
- - (.f(r)ra-’ 5) + ~A,’u(r)R,  = 0, 
ra- l  d r  d r  

0 < r < 1, (3.38a) 

R( l )  = 0, R’(0) = 0, (3.38 b) 

with a = 1 or 2 for planar or cylindrical geometry. The solution is then 
simpler: 

ai 

y ,  = 1 2B, exp( -A,’z)/(A,’ J-’ u(r)ra- l  dr), 
f l =  1 0 

(3.39a) 

a, 

Nu = 2 1 B, exp( - A,’z)/y,, 
n= 1 

(3.39c) 

Nu, = Al’ J 1  ura-’ dv (3.39d) 

= 2, ’12 (cylindrical geometry). (3.39e) 
0 
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The last quantity is the asymptotic Nusselt number when the temperature 
is fully developed. This completes the formal solution of the entry-length 
problems. The difficult part of the solution is of course the solution of the 
eigenvalue problem, which is often solved approximately using MWR or 
finite difference methods. 

In the weighted-residual methods we expand the solution 
N 

(3.40) 

where the Si are known functions which satisfy the boundary conditions and 
the ci are undetermined constants. The approximate solution is determined 
by the weighted residuals 

c ( A j i  + +PBji)Ci = 0, (3.41a) 
i 

A j i  = wj V. ( f ( r )  VS,) dA = -5  f ( r )  Vwj. VS, dA, (3.41b) 
A A 

B~~ = S, wju(r)si d ~ .  (3.4 1 c) 

The last term in (3.41b) holds for weighting functions which vanish on C. 
We have integrated by parts and used the divergence theorem (see p. 29). 
The approximate kth eigenfunction is 

N 

Rk = c Ci(,)Si(r), k = 1, . . . , N ,  (3.42) 
i =  1 

where the elk) satisfy 
N 

1 ( A j i  + +Ak2Bji)~$k)  = 0, k = 1, . . . , N .  (3.43) 
i =  1 

The solution then takes the form 

= 1 A ,  c lk)Si(r)  exp( - lkzz ) .  
k , i = l  

The A ,  are chosen to satisfy the weighted initial residual 
N 

wju(r)  g ( r )  - c A 
JA [ k = l  

(3.44) 

(3.45) 
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We next show that in the Galerkin method (w j  = Sj )  the approximate 
eigenfunctions are orthogonal. When w j  = S j  the matrices A and B in 
Eqs. (3.41b) and (3.41~) are symmetric in i andj .  Consider (3.43) for the kth 
eigenfunction and a similar equation for the Ith eigenfunction: 

N 

1 (A,, + f A r 2 B j i ) C y )  = 0. (3.46) 

Multiply (3.43) by cy) and sum overj; multiply (3.46) by c y )  and sum overj. 
Subtract the two equations, using A , ,  = A j i ,  Bi, = Bj i  to obtain 

i =  1 

(3.47) 

When k # I ,  and assuming the eigenvahes are distinct (& # A l  when k # I ) ,  
the only solution is 

(3.48) 

and the eigenfunctions are orthogonal with weighting function u(r). The 
orthogonality holds only when the matrices A and B are symmetric and thus 
is not valid for all MWR. The solution for A, can be simplified by multiplying 
(3.45) by cy) ,  summing over j ,  and using the orthogonality condition: 

A ,  S, u(r)R? d~ = 1 g(r)u(r)R, d ~ .  (3.49) 
A 

The mixing-cup temperature and Nusselt numbers are 
N 

y ,  = 2Ak eXp( -iLk2Z) /u(r)Rk d A / J U ( r )  dA, (3.50a) 
k =  1 

(3.50b) 

(3.50~) 

NU, = a12 j u ( r )  d ~ .  

Equations (3.50a)-(3.50d) apply to 

(3.50d) 

the simpler problem (3.38a). Equation 
(3.50d) does not follow from Eqs. (3.50a)-(3.50~) since the approximate 
eigenfunctions do not necessady satisfy (3.38a) integrated over the region. 
Instead it follows from the definition (3.39d). Equations (3.47)-(3.49) apply 
only to the Galerkin method, or an equivalent method (such as the varia- 
tional method introduced in Chapter 7). This completes the formal solution 
to the problem, and computations in specific cases are treated in the next 
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section as well as in Section 7.5. Convergence of the Galerkin method is 
assured by Theorems 1 1.15 through 1 1.18 and error bounds can be calculated 
using Theorem 11.34. 

Constant Flux Case 

Consider the similar eigenvalue problem when the boundary condition 
is constant heat flux. The dimensionless equation is the same (3.32a) but with 
different boundary conditions (3.31 b). The nondimensional temperature is 
defined as y = k,(T - T,)/qR, and the dimensionless boundary conditions are 

y(r, 0) = 0, n - V y  = 1, on C. (3.51) 

In this case, it is assumed that the inlet temperature is a constant. In the fully 
developed region (large z )  the temperature increases linearly with distance. 
Separate this asymptotic solution by writing y = y ,  + y , .  The function y1 
satisfies the equations 

aY1 
u(r) - = 2 V -  ( f ( r )  V y J  in A ,  z > 0, az (3.52) 

n - V y = l ,  on C. 

A solution is 
y ,  = A ,  z + w-), (3.53) 

where A ,  is a constant. The function Y(r)  satisfies 

2 V -  ( f ( r )  VY) = A ,  u(r), in A ,  

dY/& = 1, on C. (3.54) 

The constant A ,  is determined such that the average energy of the stream 
equals the total energy input: 

22 n -  V y  dC = 22 SdC = !y,u(r) dA, s 
2 / d C  = A ,  f u  dA, (3.55) 

S Y u d A  = 0. 

The function y ,  satisfies the same differential equation (3.32a), but 
different boundary and initial conditions: 

(3.56a) 

(3.56 b) 
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To solve this eigenvalue problem we expand the solution in the form (3.40) 
but now the trial functions satisfy the zero normal derivative condition on the 
wall. The equations governing the approximate eigenfunctions.are the same 
[Eqs. (3.41)-(3.44)] and the constants A, are chosen to satisfy the initial 
conditions: 

A, = - jA y(r )u(r )Rl  d ~ /  j u ( r ) ~ , 2  d ~ .  (3.57) 
A 

Equation (3.57) assumes the weighting function w i  = Si, corresponding to 
the Galerkin method, and the fact that the 
orthogonal. The complete solution is then 

y = A ,  z + " ( r )  + c AIRl  exp(-X,'z), 
N 

1 -  I 

approximate eigenfunctions are 

(3.58a) 

Y n , ( i )  = A,= + [?;Y(r)u(r)  d A  + 5 2, exp(-A;z) ju (r )R ,  dA] / ju(r)  d A ,  

(3.58 b) 
I =  I 

1 - - -- I 
NU, = 

16 I:=, B,/?./ "(1)' 
(3.58d) 

where B, and 1, refer to the solution of the eigenvalue problem with boundary 
conditions (3.56) and the Bn and ?., refer to the solution to Eqs. (3.38). 
Equation (3 .58~)  is derived by Sellars et al. (1956) and Sparrow et al. (1957). 
Spatially varying wall temperature and wall flux can be expressed in terms of 
the solutions for the constant wall temperature or flux, but it is probably 
5impler either to integrate the equations numerically or to derive the approxi- 
mate solution for the case of interest. Applications of these results are dis- 
cussed in Section 3.4 and Section 7.5. In  particular for small distances an 
asymptotic solution may be more convenient (see Sections 3.4, 5.2). 

Relation between Eigenfunction Expansion and Initial- Value Treatment 

The above treatment uses separation of variables to reduce the problem 
to an eigenvalue problem, and the solution is expressed in terms of an 
expansion of the eigenfunctions. The initial-value problem in Section 3.2 is 
solved using an expansion which leads to simple first-order ordinary differen- 
tial equations. Such a treatment can also be applied to nonlinear problems, 
whereas the eigenfunction expansion is limited to linear problems. It is of 
interest, therefore, to show that the two methods are identical for linear 
problems, provided the same expansion trial functions are used. 
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Consider the problem of Eqs. (3.32), which can be thought of as an entry- 
length problem or as a transient heat or mass transfer problem. The case of 
a constant flux or other boundary condition can be treated similarly. Expand 
the solution 

N 

Y ( Z ,  r )  = c Zi(z)Si(r). (3.59) 
i =  1 

We show that the solution derived using (3.59) is just (3.44). Application of 
MWR to Eqs. (3.32) gives 

N N 

i =  1 i =  1 
(3.60) 

where the matrices A and B are defined in (3.41b) and (3.41~). MWR applied 
to the initial residual gives? 

N 

BjiZi(0)  = s w j  u(r)g(r) dA = 6,. (3.61) 
i =  1 

We wish to establish the following equivalence : 
N 

di(z) E 1 A ,  cIk) exp( - Ak2z) = Z,(Z). 
k =  1 

Equation (3.45) for the eigenfunction expansion can be rewritten as 

Interchanging the order of summation gives 
N N N 

1 B~~ 1 A ,  elk) = 2 Bji di(0) = b j  , 
i = l  k = l  i =  1 

(3.62) 

(3.63) 

(3.64) 

which verifies that di(0) = Zi(0). We can evaluate +El?,, di‘ - C A , ,  d, to show 
that it is zero: 

N N 

i =  1 i =  1 
+ c Bji di’ - 1 A j i  di 

N 
- - 1 { - f B j i  A k 2 A k  C!kf  - A j i  A ,  C!k’}  eXp( - A k 2 Z )  

i ,k= 1 

N N 

by Eq. (3.46). Thus di(z) and Zi(z) satisfy identical equations and are therefore 
the same, so that the two methods give identical results. 

t Here the use of the weighting function u(r) is not so obvious but is motivated by the 
eigenfunction expansion. If i t  is omitted the two methods give different results. 
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Laplace Transform Method 

Another way to solve Eqs. (3.32) is to  take the Laplace transform, solve 
the resulting equation approximately, and take the inverse Laplace transform. 
We show that this gives the same result as derived above. Take the Laplace 
transform of Eqs. (3.32), 

t u (sY  - g) = V -  (SVY'),  in A ,  (3.66a) 

Y = 0, on C, (3.66b) 

where the transform is defined as 

Y { y }  = Y(s, r )  = e*'y(z, r )  dz, 

Equation (3.66a) is solved by the trial function 
N 

Y = 2 Di  S i ( r ) .  
i =  1 

The weighted residual is [(3.41), (3.63)] 
N N 

& s C B j i D i - + b j =  C A j i D i .  
i =  1 i =  1 

The Laplace transform of Eq. (3.60) is 
N N N 

4 s  1 Bj, 9 ( Z J  - 3 2 Bji  Zi(0) = c A j i  qz,} 
i =  1 i =  1 i =  1 

(3.67) 

(3.68) 

(3.69) 

(3.70) 

and through use of (3.64) this is just (3.69). Thus the solutions are the same. 
The use of the Laplace transform and the Galerkin method was apparently 

initiated by Weiner (1955). Later Dicker and Friedman (1963a, b) applied 
the same ideas to  transient heat transfer problems in nonseparable domains, 
such as trapezoids, and ellipses with circular holes in them, and they recog- 
nized that the solution was the same as that obtained with an eigenfunction 
expansion. Erdogan (1963)t applied the Laplace transform and Galerkin 
methods to  transient heat transfer in a cylinder. In the discussion following, 
Goodman solved the same problem using the Galerkin method as in (3.59). 

t The author has a sentimental attachment to this article since it was through it that he 
was introduced tc Crandall's book and the Method of Weighted Residuals. The article was 
discovered during a casual perusal of the literature! 
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The results were different, and the authors argued over whose method was 
best, without realizing that the difference was due to the fact that Erdogan 
used the integral 1 ( ) dr whereas Goodman used the integral S (  )r dr. 

The entry-length problem is more complicated when axial conduction is 
included. LeCroy and Eraslan (1969) apply the Galerkin method to the 
entrance region of a magnetohydrodynamic channel, including viscous 
dissipation, Joule heating, and a nonzero net current. Eraslan and Eraslan 
(1969) add the Hall effect. They consider both constant temperature and 
constant heat flux. The equations for the former are 

where y ,  is the known solution to 

(3.71) 

(3.72) 

The viscous dissipation and Joule heating are represented by Y(y) ,  which is 
a known function since the velocity profile is given. The solution is constructed 
in the form 

which leads to the eigenvalue problem 

(3.73) 

(3.74) 

It is clear that for large Peclet numbers this problem reduces to the one solved 
above. The same trial functions can be used to solve Eqs. (3.33) and (3.74) 
since the boundary conditions are the same. In this case the authors use 
Si = cos(2i - 1)ny/2. The eigenfunctions are constructed in a manner similar 
to that used above. In this case, however, they are not orthogonal due to the 
presence of the term Pn2/PeZ in the equation. The results compared well to 
the numerical calculations reported by Hsu (1967) for the special case with no 
magnetic effects. 



58 3 EIGENVALUE AND INITIAL-VALUE PROBLEMS 

3.4 Mass Transfer to a Moving Fluid 

To illustrate an entry-length problem we consider absorption of a gas by 
a liquid flowing down a flat inclined plate (Fig. 3.1). At z = 0 the liquid is 

Fig. 3.1. Diffusion into a falling liquid film (Finlayson, 1969; reprinted from 
British Chenzical Engineering with permission of the copyright owner). 

exposed to  a gas which contains a chemical species which is absorbed into 
the liquid. The equilibrium concentration of the liquid is el. The governing 
equationsare formsof Eqs. (3.32)withy = (c’ - cl)/(co - c,), co = 0,x = x‘/d,  
u(r)  = u’(r) /AY, Pe = u,, d i g ,  z = z‘/Pe d, and slightly different boundary 
conditions: 

(3.75a) 

y = O  at x=O, -- - 0 at x = 1, (3.75b) 
ax 

y = 1  at z = O .  (3.75c) 

The Sherwood number is 

(3.76) 

The positive sign is used here since -n * V y  = +(dy/dx)  because n = -ex .  
The trial functions are chosen to satisfy the boundary conditions, and one 
choice is : 

Si = sin 4(2i - 1)nx. (3.77) 
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The eigenfunctions are given by (3.42) and (3.43), with A and B evaluated 
in Eqs. (3.10). Furthermore, we normalize the eigenfunctions so that 

- 1  N 

(3.78) 

The formula (3.49) for is then simpler: 

- 1  N 

A,  = 

1 3 

uR,  d x  = c C!’)bi, 
J O  i =  1 

(2i - I)lr 
2 

24 (1 - bi = $ I (1 - xz)Si dx  = + 
0 (2i - i lX (2i - 1 ) 3 2  

(3.79) 

The mean concentration and flux are then 

Calculations are done for N = 3, 6, and 10 and are shown on Fig. 3.2. The 

Fig. 3.2. Sherwood number dependence on position (a exact, N = 20; approximate 
ON= 3, A N =  6, x N =  10; 0 penetration depth). 
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comparison solution is a numerical one (Rotem and Neilson, 1969).t Using 
only a few terms gives a poor approximation near the entrance, as was the 
case with initial-value problems (Section 3.2). The number of terms needed 
for a good approximation then depends on z. 

The penetration depth concept can be applied to this problem to obtain 
results valid for small z. It is simpler to solve the problem in terms of c = c'/c, 
rather than y :  

3 ac azc - ( l - x ) - = -  
2 aZ ax2' 

ac (3.81) 
c = l  at x = O ,  - = 0  at x = l ,  ax 

c = O  at z = O .  

The trial function is taken as c = 4(q), with 4 a second degree polynomial in 
= x/q. The boundary conditions (3.21) are applied to give 4 = (1 - v ) ~ .  

The residual is then 

+q2R = -q#'qq' + q34'q34' - 4. (3.82) 

The integral method is applied to give q(z): 

q 2  = y[l - (1  - 4 . 8 ~ ) " ~ ] ,  z I 17/160. (3.83) 

The mean concentration c,, and Sherwood number are then 

c, = q Jol(l - q2qz)(1 - q)2  dq/J1(l - x 2 )  dx = q(l - q2/10)/2, 

Sh = 

0 

(3.84) 
2/q 

1 - q(l - q2/10)/2' 

This result is plotted on Fig. 3.2 and is a good approximation for small z. 
It is clear that an eigenfunction expansion for large z and a penetration-depth 
for solution for small z gives results valid over the full range of z. Other 
penetration-depth type solutions have been derived for heat transfer problems 
(Sparrow and Siegel, 1958; Yang, 1962; Novotny and Eckert, 1965; Lyman, 
1964; Schechter, 1967, p. 205) as well as for developing flow problems 
discussed in Section 4.1. See also Section 5.2 for the use of asymptotic 
solutions. 

7 Professor Z. Rotem kindly provided tabular values of the data plotted in the paper, 
which also includes axial diffusion. The results for no axial diffusion were reported earlier 
by Emmert and Pigford (1954). 
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3.5 Heat Transfer Involving a Phase Change 

Another transport problem of interest is heat transfer when there is a 
phase change. We illustrate the integral method with a simple example from 
Goodman (1958, 1964). It involves melting a semi-infinite solid when the 
surface is changed from the melting temperature to some higher temperature 
at time zero. The liquid-solid interface propagates into the semi-infinite 
region as time proceeds, and is one of the features of interest. Assume the 
interface is sharp and the physical properties are constant. We study the 
simple case when the temperature in the solid remains constant (until it 
melts). 

The differential equations are 

T* = aT,, 9 0 I x I s ( t ) ,  (3.85a) 

x = s(t), 
T, = - (pA /k )  ds/dt 

T = O  
(3.8 5 b) 

T = T ,  at x = O ,  (3.85~) 

where Iz  is the latent heat, s(t)  is the position of the interface, and the melting 
temperature is taken as zero whereas the surface temperature is T,.  We 
derive an integral heat balance by integrating (3.85a) with respect to x over 
the regiun from 0 to s ( t ) :  

A temperature profile must be assumed for T(x, t) .  It is convenient to make 
the trial function satisfy the boundary conditions, but in  a slightly different 
form. Differentiate (3.85~) with respect to time: 

a T d s  aT -_ +--0 ,  a t x = s .  
ax dt at 

Combining this with (3.85a) and (3.85b), we get 

at x = s(t) .  

(3.87) 

(3.88) 

This provides one condition on the temperature profile. Two other conditions 
are that the temperature take the prescribed values at x = 0 and s(t). A suitable 
polynomial is 

T = CZ(X - S )  + b(x - s ) ~ .  (3.89) 
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The quantities u and b are then 

2Tsk PL@ ~ = - [ 1  - ( 1  +/L)’”], b S 2 = a s + T , ,  p=- 
ks P L X  

. (3.90) 

The integral equation and its solution are 

ds 2 2 s - - = K ,  
dt 

I - ( 1  + p) l iZ  + p ‘ I 2  1 ’  K =  1 2 ~ ~  [ 5 + ( l + p ) “ ’ + p  

s = Ktli2. 

(3.91) 

This solution compares favorably with the exact solution (Carslaw and 
Jaeger, 1959, Goodman, 1958): the largest error is 7 for p = 2.8, and the 
error is less for smaller p .  Other variations of the problem can be handled 
using integral methods, and several of these are summarized in Goodman 
(1964). Altman (1961) considers pulselike energy inputs. Poots (1962) has 
treated a two-dimensional problem and Hrycak (1967) treated a stratified 
medium and found results which compared favorably with the experiments. 
Libby and Chen (1965) study the growth of a deposited layer on cold sur- 
faces, and Muehlbauer and Sunderland (1965) review several approximate 
methods applied to freezing or melting problems. Horvay (1965) studies 
the freezing of a spherical nucleus in an undercooled melt, Tien and Yen 
(1966) study melting with known free convection. These authors used either 
the integral method or the method of moments. Goldfarb and Ereskovskii 
(1966) and Lardner (1967) used Biot’s method, which is equivalent to 
Galerkin’s method (Chapter 10). Theofanous, Isbin and Fauske (1970) 
used the integral method to study convective diffusion and bubble dissolution. 

EXERCISES 

3.1. Solve Eq. (3.6) using X i  = x i + ’  - ( i  + I)x and the Galerkin method 
for N = 1 and 2. 
Answer: N = 1 :  1, = 5.185; 

3.2. Consider the eigenvalue problem 
N = 2: A = 5.161, 42.81. 

y” + I.( 1 - x2)y = 0,  y(0)  = y( 1) = 0. 

Obtain an approximation for the first eigenvalue using the Galerkin 
method for N = 1 and 2. Use as trial functions the exact eigenfunctions 
for J”’ + i.y = 0 under the same boundary conditions. 
Answer: N = 1 :  i = 13.76; N = 2: 1. = 13.49, 63.5. 
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3.3. Apply the Galerkin method to 

y” + Ay = 0, y(0) = y(1) = 0 

y = C,X( 1 - x) + c2 x2( 1 - x)’. 

using the trial function 

Table 6.4, p. 156, may be useful in calculating the integrals. The 
approximate eigenvalue is an approximation to JT’ and the approxi- 
mate eigenfunction is an approximation to sin JTX. 

Answer: 
3.4. Solve Exercise 3.3 using a finite difference method, i.e., 

N = 2: A1 = 9.86975. 

- (y i+ l  - 2yi + yi -l)/(Ax)’. 

For N = 1, Ax = 0.5 and the equation is 

Thus A, = 8. For N = 2, Ax = 0.333 and an equation is written at 
x = 0.333 and at x = 0.667. Calculate 1 for N = 2 and 3 and compare 
the accuracy to that found in Exercise 3.3. 
Answer: N = 2: 1, = 9; N = 3: 1, = 9.37. 

3.5. Solve the problem 

for small times using a trial function of the form c = 4(q), q = x/q(r). 
What boundary conditions must 4 satisfy? 
Answer: Integral method, with 4 = (1 - q)’, gives 

q(r) = {10[1 - exp(-6kt/5)]/k}. 

What does a collocation method give? 
3.6. Consider unsteady diffusion of methemoglobin in a layer of water. 

Initially the concentration is 10 gm/100 ml. For r > 0, one side (x = 0) 
is maintained at a concentration of 30 gm/100 ml while the other side 
(x = d = 1 mm) is kept at 100 gm/100 ml. The diffusity of methe- 
moglobin in water is approximately linear over this range, taking the 
value of 5 x cm’lsec at 10 gm/100 ml and 1.5 x cm2/sec at 
30 gm/100 ml (see Keller, 1968). Deduce the importance of taking 
into account the concentration dependence of the diffusivity. 

To do this, solve the problem approximately using a one-term MWR 
for two cases: actual 9 ( c ) ,  and an average 9. Even though the exact 
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solution is known when using an average 9, the best strategy is to  
compare the two approximate solutions, one for 9 ( c )  and one for 
9,". If the approximate solution for 9 (c )  is compared to  the exact 
solution for gaV, any disagreement can be ascribed to two causes: 
errors in the approximate solution and the effect of the nonlinearity. 
If two approximate solutions are compared, the difference is more 
likely due to the nonlinearity. A solution valid for small time can be 
easily derived using a trial solution as in Exercise 3.5. For large time 
the steady-state results can be used (see Section 2.1). 
Answer: With c = (1 - v ) ~ ,  r]  = x/q(t), applying the collocation 
method at q = f gives q = 2.1Jt for 9(c) and q = 2.3Jt for 9,,, 
where c = (c' - 0.1)/0.2, x = x'/d, t = t'(5 x 10-')/d2. 

3.7. Consider the problem 

p C , ( g + u * V 7 ' )  = V - ( k V T ) - f ( x , T )  

subject to the interpretation of variables as in Section 2.4 and boundary 
conditions Eqs. (2.48b)-(2.48d). Derive the general formula for the 
weighted residual when the trial functions do not satisfy the radiation 
boundary condition (2.48d). To do this combine the boundary and 
differential equation residuals as done in Section 2.4. 
Answer: Add the term w j p C ,  aT,/at dV to the left-hand side of 
Eq. (2.54). 

3.8. Consider the entry-length problem in a cylinder with a fluid in laminar 
flow [Eqs. (3.38) with a = 21. The velocity profile is u(r)  = 2(1 - r 2 ) .  
Oftentimes plug flow is assumed: u(r)  = 1. Estimate the effect of this 
assumption on the asymptotic Nusselt number of Eq. (3.39e) by solving 
the eigenvalue problem using a one-term MWR. 
Answer: Applying the Galerkin method, R = 1 - r 2 ,  gives Nu, = 4 
when u = 2(1 - r 2 )  and Nu, = 6 when u = 1. 

3.9. Rework the example in Section 3.4 when 3(1 - xz) is replaced by 1. 
Calculate a first approximation to the asymptotic Sherwood number 
and a solution valid for small z. How significant is the approximation 
of a uniform flow rate? 
Answer: Integral method gives q2 = 122. The approximate eigenvalue 
for Eqs. (3.75)comesfrom Section 3.1, N = 1, Sh, = 2,' N 3 x 5.317 = 

3.54; when u = I .  Sh, = 2.47. 
3.10. Consider the eigenvalue problem of Eqs. (3.38) for plane geometry 

(a  = 1) and a velocity profile corresponding to a power law fluid. 
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Calculate the asymptotic Nusselt number when n = 0.5. How does this 
compare to the asymptotic Nusselt number when n = 1 (Newtonian 
fluid)? 
Answer: Nu, = 4.1 for the power law fluid and Nu, = 3.9 for the 
Newtonian fluid, using the Galerkin method, N = 1 ,  and R = 1 - r 2 .  
Note that these Nusselt numbers are in terms of the channel width, 
2h, whereas the equivalent diameter is 4h. 
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CImp te r 

4 
Appl iccc t ioiis to Flu it1 /\lech(iit ics 

MWR can be used to predict flow phenomena as well as heat and mass 
transfer. This chapter begins with a discussion of laminar flow through ducts, 
possibly the simplest fluid mechanical problem, and one for which the method 
of collocation (point matching) and least squares-collocation have been 
developed. The integral method was developed for boundary layer flow past 
flat plates, and is discussed in Section 4.2. Successive approximations are 
considered in Section 4.3 ; while the last two sections consider entry-length 
problems in which the velocity and the temperature field are developing. 
Finally natural convection is studied: the flow and energy equations are 
strongly coupled. 

4.1 Laminar Flow in Ducts 

Consider a fluid in rectilinear flow in the z direction in a duct with cross 
section A ,  bounded by curve C. The governing equation is (1.19), giving 

p V2u‘ = - A p / L  in A ,  

11’ = 0 on C. 

68 
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We first consider the flow through a rectangular duct, and then discuss some 
applications of point matching to polygonal ducts. The nondimensional form 
of Eq. (4.1) is 

2 u,,+ E u,,,,= -1, E =  alb, 
(4.2) 

u = O  on x =  + I  andon  y =  k l ,  

where x = x‘/a, y = y’/b, u = u’/uo; uo = Apa2/pL, where a and b are the 
half-width in the x and y directions. The trial functions must vanish on 
x = 1, y = f 1 and be symmetric about x = 0 and about y = 0. Begin with 
the most general polynomial of degree 2 in both x and y (including cross 
products) and apply these conditions: 

u(x, y )  = c( I - xZ)( 1 - y2). (4.3) 
We apply the collocation method here and anticipate the results of the next 
chapter somewhat to guide the choice of collocation points. The reader may 
have become aware by now that the calculation of the integrals needed in 
higher approximations is a tedious task. The orthogonal collocation method 
simplifies that task considerably without losing the accuracy usually associated 
with the Galerkin and integral methods. The formalism of the orthogonal 
collocation method is not needed in the first approximation, except for the 
collocation points. Thus we judiciously choose the collocation points to 
correspond to the first approximation using the orthogonal collocation 
method, and leave higher approximations to later. 

The residual is evaluated at the point x 1  = 0.447, y ,  = 0.447: 

- 2 4 1  - y,2) + E Z ( 1  - x12)] = - 1. (4.4) 
The velocity and flow rate are then 

u = ( 1  - x2)(1 - yz)/(l .6(1 + E ’ ) ) ,  (4.5a) 
b 1 1  

u’ (x ’ ,  y’) dx‘ dy‘ = 4abU0 i 1 u d x  d y  ’ = J:, 1 - b  0 0  

10 a3b3 Ap 
9 ( a 2  + b2)pL’ 

- _  - (4.5b) 

Compared to the exact solution (derived using separation of variables) for a 
square duct the flow rate is 1.4% low and the velocity at the center is 6 % 
high. It is shown in Section 5.6 that this solution is the same one derived 
using the Galerkin method with the same trial functions. This results from 
the choice of collocation points. Furthermore, in Section 7.4 it is shown that 
for this problem the Galerkin method is equivalent to the Rayleigh-Ritz 
method (a variational method), and the variational method is known to give 
lower bounds on the flow rate (Section 7.3). Thus the solution for flow rate 
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(4.5b) is a lower bound on the exact answer. After reading Section 5.1 
the reader can easily compute higher approximations using the orthogonal 
collocation method. This has been done by Villadsen and Stewart (1967), who 
report that the third approximation agrees with the exact result to five 
significant figures. 

Boundary Collocation 

The same problem can be solved using the boundary methods introduced 
in Section 2.3. Here we apply the collocation method to flow through a 
square duct. As trial functions we must find solutions to Eq. (4.2) with E = 1. 
The trial functions must be symmetric: (x, y )  +-+ (- x, y ) ,  (x, y )  ++ (x, -y),  
(x, y )  ++ ( y ,  x). The inhomogeneous solution to (4.2) can be found by taking 
a polynomial in x and y ,  substituting it into (4.2) and determining what 
relation the constants must have. Trying a second-order polynomial in x and y 
(with the symmetry properties) gives uo = - ( x 2  + y2)/4. We next need a 
series of functions satisfying the homogeneous equation [- 1 in Eq. (4.2) 
replaced by 01. These solutions to Laplace’s equation are provided by the 
real and imaginary parts of (x + iy)”. The terms with the appropriate sym- 
metry properties are (see p. 27) 

1 and x4 - 6x2y2 + y4. (4.6) 

The trial function is then 

u = ~1 - +(x2 + y 2 )  + c2(x4 - 6x2y2 + y“). (4.7) 

We apply the collocation method using the roots to the polynomials 
in Section 5.1 with w =  1. For the first approximation the boundary collo- 
cation points are then ( I ,  0.577) and (0.577, l), but only one pair is needed 
because of the symmetry. Evaluating the boundary residual gives 

0 = c1 - +(l + f), c1 = 4. (4.8) 

For the second approximation the boundary residual is evaluated at the 
points (1,0.861) and (1,0.340), giving the solution c1 = 0.2944, c2 = -0.0486. 
The corresponding flow rates and center velocity are in Table 4.1. 

Error bounds can be calculated for these solutions using Theorem 11.32. 
The error E = uN - u satisfies the homogeneous differential equation so that 
Theorem 1 1.32 applies. The maximum and minimum values of E throughout 
the region occur on the boundary. Since u = 0 there, the maximum and 
minimum can be calculated and these bounds apply to the interior region. 
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TABLE 4.1 

FLOW RATE AND CENTERLINE VELOCITY FOR SQUARE DUCT 

Method QL/Apu4 u(0,O) E 

Orthogonal collocation 
N= 1 0.5556 0.3125 - 
N = 2  0.5622 0.2949 - 

Boundary collocation 
N=l 0.6667 0.3333 0.083 
N = 2  0.5630 0.2944 0.012 

Exact 0.5623 0.2947 - 

Thus 
IuN-uI < E  inA, 

& E m a x  luNl = max IuN(l,y)I. 

The error bounds, listed in Table 4.1, are quite conservative compared to the 
actual error at the center, but they can be improved with higher approxima- 
tions. Error bounds can also be calculated using the mean square residual, 
Eq. (1 1.72). 

A quantity of frequent interest for engineering systems is the friction 
factor. It is dimensionless and is defined as 

(4.9) 

C 05YSl  

F 
f = LC0.5p(u')2 ' 

(4.10) 

where F is the force exerted on the conduit of length L, circumference C.  
In terms of the Reynolds number, Re' = p d'(u')/p,  it can be written 
( F  = A Ap, u = u'/u,, u0 = Ap d"/(pL)) 

2A 1 
Cd' ( u )  ' 

fRe '=K '=- -  (4.1 1) 

where A is the area, d' is the dimension used to make the equations dimension- 
less and ( u )  is the average velocity for the solution to (4.2). The Reynolds 
number can be defined in terms of an equivalent diameter, Re = pd(u')/p,  
d = 4A/C = 4 x hydraulic radius : 

f Re = K = K'd/d'. (4.12) 

The constant K depends less on geometry than does K'.  Sparrow (1962) has 
applied boundary collocation to flow in an isosceles triangular duct. Shih 
(1967) used the same method for star-shaped conduits and regular polygons. 
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Ratkowsky and Epstein (1968) and Hagen and Ratkowsky (1968) use least 
squares-collocation to compute values for flow through a duct with a regular 
polygon boundary and a circular core as well as in the inverse case of a 
polygon inside a circle. From 5 to 16 expansion functions were necessary and 
from 2 to 3 times as many collocation points were used as there were expan- 
sion fu.!,ctions. Values of K are listed in Table 4.2 for various geometries. 

TABLE 4.2 

FRICTION FACTOR-REYNOLDS NUMBER PRODUCT FOR LAMINAR 
FLOW THROUGH DUCTS 

Shape parameter 

Regular polygon 
with n sides" 

n = 3  
n = 4  
n = 6  
n=8  
n =  18 
n = a3 (circle) 

Rectangle with 
aspect ratio K~ 

K = 0.0 (flat plates) 

K = 0.4 
K = 0.6 

K = 0.2 

K = 0.8 
K =  1.0 

f R e  = K Shape parameter f R e  = K 

Ellipse with 
K = ratio of semiaxes' 

13.3 K = 0.2 18.6 
14.2 K = 0.4 17.3 
15.0 K = 0.6 16.5 
15.4 K = 0.8 16.1 
15.9 K = 1 .O (circle) 16.0 
16.0 

Star conduit formed 
with n circlesd 

24.0 n = 3  6.50 
19.0 n = 4  6.61 
16.3 
15.0 
14.4 
14.2 

' Ratkowsky and Epstein (1968). Used by permission of the copy- 
right owner, the Chemical Institute of Canada. 

Shih (1967). Used by permission of the copyright owner, the 
Chemical Institute of Canada. 

From "FluidDynamics and Heat Transfer" by Knudsenand Katz. 
Copyright 1958, McCraw-Hill Book Co. Used with permission of 
McCraw-Hill Book Co. 

'Shih (1967). Conduit formed by placing n circles tangent to 
adjacent circles in a symmetrical array about the origin. 

Ramacharyulu (1967) has employed the Galerkin method to solve for the 
laminar flow of an Oldroyd, non-Newtonian fluid through a triangular duct. 
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Nonlinear Problems 

Consider heat transfer to a fluid in laminar flow in regular polygonal ducts. 
Cheng (1967) predicts the velocity profile and temperature distribution, includ- 
ing heat generation and viscous dissipation, which make the problem non- 
linear. The governing equations are 

(4.13a) 

u = 0 = 0 on boundary, (4.13c) 

where the pressure gradient and temperature gradient are constants in fully 
developed flow. 

To solve (4.13a) using boundary collocation, the velocity is expanded in 
terms of functions automatically satisfying the differential equation (found 
by separation of variables), 

a' Ap N 

(4.14) 

To satisfy the boundary conditions, the velocity is set equal to zero at N 
collocation points, which are located on the boundary of the regular polygon 
at equal angular intervals for 0 I 4 I n/n. The velocity vanishes at other 
points on the boundary by symmetry. This velocity is then substituted into 
(4.13b) which is solved for 8. The solution takes the form 

N 

(4.15) Q 0 = - - - + C D~ - cos i n 4  + f ( ~ ~ ,  r, +), 4k (3' i = o  (3'" 
where the function f is a nonlinear function of the A j ,  powers of r, and 
trigonometric functions of 4. Thus the f is a known function of position. For 
arbitrary heat generation, rather than the constant generation assumed here, 
the heat generation function is expanded in the same trigonometric series 
appearing in the velocity expression. The thermal boundary condition is 
satisfied by applying boundary collocation at the same N points used for 
the velocity. Cheng reports solutions for N = 3, 5,  and 10 which differed by 
less than 0.5 %. The error in temperature on the boundary was less than 
times the centerline temperature. Viscous dissipation increases the Nusselt 
number. The effect is more pronounced as the number of sides of the ducts 
increases. Cheng (1969) has solved the same problem with uniform peripheral 
heat flux, since the boundary collocation method is easily extended to all 
types of boundary conditions. Casarella et al. (1967) treat a similar problem 
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without the heat generation or viscous dissipation. They use conformal 
mapping techniques, followed by collocation in radius and subdomain in 
arcs, and study various shapes : cardioid, corrugated, square, and hexagons. 

4.2 Boundary Layer Flow past a Flat Plate 

We study the flow of a fluid past a flat plate. Due to the viscous drag 
exerted by the plate, a boundary layer develops in which the velocity varies 
from zero at the plate to the main stream velocity far from the plate. As the 
fluid advances down the plate the boundary layer thickness increases. The 
objective is to predict the drag on the flat plate. The integral method was 
developed for this problem in 1921 by the German aeronautical engineer 
Pohlhausen and has been widely used ever since. We shall see however, that 
the approach usually used in the field of fluid mechanics really is just tl 
fust approximation using MWR. We also see that the use of additional 
derived boundary conditions (4.24) does not necessarily improve the results. 
Convergence to the exact solution is possible only by calculating successive 
approximations, as in Section 4.3. 

We consider the simplest problem: flow past a flat plate with uniform 
velocity, which is governed by Eqs. (1.20) and (1.21) with U = constant: 

u, + vy = 0,  

uu, + "UY = vuyu, 

u = O  at y = O ,  

u =  U at y + m ,  and x=O, ally.  

(4.16) 

The problem has a similarity transformation and is a function of the variable 
9 = y/S(x), where 6(x) is the boundary layer thickness, u(x, y )  = U+(q). 
Transform the differential equation and boundary conditions using 

azu u ,, 

(4 .17)  
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The problem is then 

(4.18) 

4(0) = 6(0) = 0, 4(00) = 1. 
Equation (4.18) can be written F(q)  = G(x), so that both functions must be 
constant: 

V 66' = - a, 
U 

(4.19a) 

The solution for the boundary layer thickness is 

6 = (2vax/U)"2. (4.20) 

The second equation can be simplified by defining f'($ = 4($, f ( 0 )  = 0 and 
the problem reduces to 

(4.21) 

Blasius has solved this equation for a = 3 using an infinite series expansion 
(see Schlichting, 1960). We apply the integral method by integrating (4.19b) 
from q = 0 to q = 1: 

Jo N 4 ;  ?) dq = J [a@ r 4  dq' + 4.g drl = 0. (4.22) 

The approximate solution is (4.20) with a determined by the trial function 
assumed for 4(q). A quantity of interest is the shear stress at the wall 

f" + a f f "  = 0. 

1 1 

0 0 

(4.23) 

The trial function for 4 is determined by applying the boundary conditions 
and various derived conditions to the polynomial expansion 4 = 1 ai qi. We 
consider several trial functions to illustrate the effect of additional constraints : 

N -- 1 : 4(0) = 0, 4(1) = 1 ; boundary conditions. 
N = 2: 4'(1) = 0; continuity of velocity gradient at q = 1. 
N = 3:  4"(0) = 0; collocation at q = 0. (4.24) 
N = 4: b"(1) = 0; collocation at q = 1. 
N = 5: +"'(O) = 0; derivative of residual at q = 0. 
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These results are shown in Table 4.3 as well as those obtained with exponen- 
tial and error function trial functions. Notice that the approximations con- 
verge towards the exact solution as various conditions in Eqs. (4.24) are added 
TABLE 4.3 

APPROXIMATE SOLUTION TO BOUNDARY LAYER PROBLEMS 

0.289 0.35 
0.365 0.16 
0.323 0.14 
0.343 0.067 
0.322 0.067 
0.500 0.37 
0.363 0.090 
0.332 - 

0.040 
0.029 
0.016 
0.01 1 
0.010 
0.056 
0.023 
- 

but then bypass it. This illustrates the same feature discussed in Section 3.2: 
as additional constraints are added the answer may not become better. In 
contrast the successive approximations calculated using the subdomain or 
moments methods show convergence as conditions are added (see Section 4.3). 

Shown in Table 4.3 are also the mean square residuals: 

(4.25) 

For many problems it can be shown that the mean square error is bounded 
in terms of the mean square residual (Section 11.6). While this has not been 
shown for the boundary layer problem, the results of Table 4.3 indicate that 
the mean square residual is a fair indicator of the accuracy. Also shown is a 
measure of the pointwise error, 

4 

E = $ C  l4*(ti)-4(ti)l> (4.26) 

where 4* and 4 are the approximate and exact solution, respectively, and 
ti = y(Ufvx)’/’ is equal to 1.0, 2.0, 3.0, and 4.0. 

i =  1 

4.3 Laminar Boundary Layers 

The integral method presented above gives a first approximation which is 
adequate for many purposes. We consider next successive approximations 
which give precise answers for more complicated problems. The form of 
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MWR applied here is due to Bethel (1967) and Abbott and Bethel (1968). 
The equations are (1.20) and (1.21) with a bar denoting the dimensional 
quantity: 

ii, + uy = 0,  

uu, + uuy = u, U,‘ + vuyy, 
U(x, 0) = ii(x, 0) = 0, 

G(x, y) -, UJx) as y -, 03. 

- 

(4.27) 

The Goertler transformation changes the independent variables : 

YlL .  
q = Re1/’ 1, u d(y/L) = Re’/’Uy/L, 

u = i i /V,,  

(4.28) 

v = 6Re1I2/ue, 

where Re = U ,  Llv is the Reynolds number and U = U J U ,  . (Note that q is a 
function of both x and y.) The system of equations (4.27) becomes 

uc + w9 = 0, (4.29a) 

1 d U  2 uu< + wu9 = -- (1 - u ) + U g 9 ,  u dt 

subject to 

(4.29b) 

(4.30) 

The two equations are reduced to a single one by multiplying the con- 
tinuity equation (4.29a) by u and adding it to (4.2913): 

1 d U  
u d5 

F(u, w) = (U2)r + (uw), - - - (1 - 242) - U q v  = 0. 

The weighted integral of (4.31) is set equal to zero: 

(4.31) 

SomHi(u)F(u, w) dq = 0, i = 1,2, . . . , N .  (4.32) 
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This equation can be integrated by parts to obtain 

d "  1 d U  21 a a% 
- j h,u dv + [ h i  w];  - - - j hi'(l - u2>  dq - f hi' 
d 5  0 U d 5  o 0 ar] 

dq = 0, (4.33) 

where hi' = dh,/du = H,(u), ahJaq' = H i  auld<, and ah& = H i  aupv. If we 
choose hi(u) such that 

lim hi(u) = 0, (4.34) 
v -  m 
u+ 1 

the term involving 11' drops out of (4.33). If we choose hi(u) = 1 - u, we 
obtain von Karman's integral momentum equation 

1 d U  00 

U d q '  0 0 all 
(1 - u)u d q  + - - j (1 - u') dr] + f 7 dr] = 0, (4.35) 

or in the usual formulation 
d dU z, 
-(U,' 6,) + 6,U,---I = -, 
d X  dx P (4.36) 

a m 

7, = 1 , 
6, = s, (1 - u ) d y ,  6, = jo u(1 - u ) d y .  

ay  y = o  

First consider the solution of these equations by the method of subdomains. 
In the Russian literature this method is called the method of integral relations. 
Let us suppose we wish to derive the solution to 

(4.37) a a 
- P(u, u', t, r ] )  + - e<u, M', 5, r ] )  = F(u, w, t - 9  r ] )  
85 ar] 

in the region 0 5 r] 2 6(<). Then in place of Eq. (4.33) we have 

Next divide the region of y into N regions: 

(4.39) n 
Y/,(x) =,6(5), n = 1, 2,  ..., N - 1. 

The weighting function is then chosen for the subdomain method: 

Equation (4.33) is then 

(4.40) 
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which is integrated numerically in 5 .  Applications of the method of integral 
relations to subsonic flow about bodies of revolution, flow through nozzles 
and flow of gases with shock waves are discussed in the reviews by Belot- 
serkovskii and Chuschkin (1964, 1965). In addition they discuss possible 
extensions to three-dimensional cases. South and Newman (1965) also 
present applications to supersonic gas flow over pointed bodies. 

A Galerkin method has also been used for this problem, first applied by 
Dorodnitsyn (1962, 1964), and later studied in more detail by Bethel (1967) 
and Abbott and Bethel (1968). Equations (4.33) are solved by expanding the 
unknown function u in a series of known functions ui(5, r). The boundary 
conditions at infinity must be approached asymptotically, however, so 
that the choice of trial functions may be difficult. To avoid this problem 
Dorodnitsyn (1962) introduced a new dependent variable 

e(5, 4 = [warl-', (4.42) 

which is the inverse of the shear stress, such that the new independent 
variables are (5 ,  u) in place of (5, q). This replaces a variable which is bounded 
and defined over a semi-infinite region with one which is defined over a finite 
region but includes a singularity at u = 1 .  The asymptotic form of the 
singularity is known to be such that O ( 5 ,  u) = 0(1/(1 - u)) as u--, 1. The 
equations then become 

- J o h i u 6 d u - - -  d 1  1 d U  h , ' ( l - u 2 ) 6 d u + ~ + ~  h.'(O) / Z : ~ = O .  du (4.43) 
d5 U d5 10 6(5,0) 0 

The trial function Bethel uses is 
1 N 

for accelerating flows and 

(4.44) 

(4.45) 

for flows giving rise to separation. Combining Eqs. (4.43) and (4.44) gives, 
with hi = (1 - u ) ~  and F ( m ,  n) defined in Table 6.4, 

N 1 dU 
x c j ' S ( j , i - I ) + - -  c c j i [ F ( j - l , i - l ) + ~ ( j , i - l ) ]  

j= 1 U d5 j = i  

i 

C1 
+ - + I ( i )  = 0, (4.46) 
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and the last integral is evaluated numerically. Bethel calls this method the 
Galerkin-Kantorovich-Dorodnitsyn method, after the people who intro- 
duced the weighting function, the reduction to ordinary differential equations, 
and the application to boundary layer flows. 

Bethel (1 967) considers three problems which have similar solutions : 
stagnation point flow, flow past a flat plate, and a mildlyretardedflow. Typical 
values of the solution are given in Table 4.4 for the flat plate case. Bethel then 
TABLE 4.4 

WALL SHEAR STRESS PARAMETER FOR FLOW PAST A FLAT  PLATE^ 

N 1 2 4 6 10 Exact 

?-,(Re~)l'Z/pUe' 0.50000 0.33017 0.33251 0.33218 0.33209 0.33206 

' Bethel (1967). Used with permission of the copyright owner, the Royal Aeronautical 
Society . 

considers three nonsimilar flow problems. We present here the results for 
predicting the separation point of Tani flows, in which case U = 1 - (x/L)". 
Table 4.5 shows predictions of the separation point found by Bethel, using a 

TABLE 4.5 

AXIAL LOCATION OF SEPARATION POINTS FOR TANI FLOWS" 

a Exact Galerkin ( N  = 4) Finite difference ( N  = 100-300) 

1 0.120 0.12035 
2 0.271 0.272 14 
4 0.462 0.46271 
8 0.640 0.64122 

0.12033 
0.2724 
0.4624 
0.641 

"Bethel (1967). Used with permission of the copyright owner, 
the Royal Aeronautical Society. 

four-term MWR, as well as finite difference calculations using from 100 to 
300 terms (Schoenauer, 1964). It is clear that a relatively low-order approxi- 
mation gives very accurate results. For reversed flow problems Bethel (1969) 
develops a similar method using a different trial function where the flow is 
reversed. 

Koob and Abbott (1968) have employed a modification of the above 
technique to solve the time-dependent laminar boundary layer equations. The 
problem concerns a semi-infinite plate suddenly injected into a uniform flow, 
with the plane of the plate being parallel to the undisturbed flow direction. In 
this case the equations are 

uE, + uq = 0, u, + uue + uuq = uqq. (4.47) 
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For time z = O +  an asymptotic solution (Stokes flow) is known: 

u = erf(r]/2~’”). (4.48) 

For large times near the leading edge the solution reduces to the Blasius 
solution, a function of r]  and 5 ,  which is the length down the plate. For 
intermediate q,  <, and 7 the flow is fully time-dependent and two-dimensional. 
Koob and Abbott (1968) choose trial functions which reduce to the known 
asymptotic solutions when applicable. The MWR is then used to predict a 
deviation from those asymptotic results, in much the same way as is done for 
transient mass transfer in Chapter 5 and natural convection in Section 4.4. 
The authors use MWR as described previously to eliminate the q variable, 
they use the method of lines to eliminate the 5 variable, and numerically 
integrate the final set of ordinary differential equations in time. The method 
of lines is essentially a finite difference method which in this case uses a 
variable step size. Koob and Abbott find that three terms in r]  are sufficient 
to obtain accurate results (from the MWR part) and 10-20 terms are needed 
in the 5 direction in the method of lines. The combined method reduced a 
partial differential equation in three variables to a set of ordinary differential 
equations in one variable. The numerical solutions provide a convenient 
“interpolation ” between the known asymptotic results. 

MWR has also been applied to turbulent boundary layers, but few of the 
methods have been developed to give successive approximations, and the 
methods themselves are enmeshed in the assumptions which must be made 
concerning the character of the turbulence. At the AFOSR-IFP-Stanford 
conference on computations of turbulent boundary layers, the same problems 
were worked using several different methods and the results were compared. 
Detailed comparisons are available in Kline et al. (1968) and are summarized 
in Kline et al. (1969). These authors conclude that the integral methods are 
just as accurate and faster than finite difference methods. Three-dimensional 
problems are becoming more important, so that one area of future work 
should include development of MWR for three-dimensional laminar and 
turbulent boundary layers. Spaulding (1 967) prefers finite difference methods 
with a variable grid size for these cases. 

Other Applications 

While it is not feasible to list all applications of MWR, we do give a few 
representative applications which illustrate the type of problems which have 
been tackled. Magnetohydrodynamic boundary layer theory is treated by 
Hugelman and Haworth (1965) and Heywood and Moffatt (1965). 
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Computations have been done for non-Newtonian flows, such as the 
power law fluid, or Ostwald-de Waele fluid. The constitutive relation (for 
simple geometries) is 

(4.49) 

where n = 1 gives a Newtonian fluid. The integral method gives an equation 
like (4.36) except that the expression for the shear stress at the wall is now 

n - l  du 
TMI = - [lgl $ I y = ;  

Bizzell and Slattery (1962) assume a trial function of the form 

(4.50) 

(4.51) 
U 
- = a + bq + cq2 + dq3 + eq4 
U 

and choose the constants in order to satisfy the conditions 

d t  dU 
11 = 0, - = - U - - ,  at y = O ,  

JY d X  

au aZu 
JY JY2 

(4.52) 
u = U ,  - -0, a t y = S .  

The second condition arises from collocation on the boundary. The other 
conditions are the usual ones requiring continuity of the velocity profile. The 
trial function then simplifies to 

ujU = ( 2 q  - 2q3 + q4) + (E/6)(q - 3q2 + 3q3 - q4). (4.53) 

Notice that the non-Newtonian character of the fluid does not have a great 
influence on the trial function: the same general form is used as in the New- 
tonian case. The parameter E is related to the boundary layer thickness which 
is determined by integration of (4.36). Earlier, Acrivos et al. (1960, see also 
1965) compared results of the integral method to exact solutions and found 
that the approximate solution was reasonably accurate for n near 1 (Le., 
nearly a Newtonian fluid), the wall shear stress was predicted fairly well, but 
that the velocity gradient at the wall was not predicted well, especially for 
small n (<O.S). More recently Fox et al. (1969) studied the power law fluid 
in a boundary layer flow set up by a moving continuous flat sheet. They 
found similar results: the shear stress was predicted fairly well (15%) for 
values of n studied (0.1 I n I 2) but the velocity gradient at the wall was not 
predicted well for low n. The reason is very apparent when looking at the 
velocity profiles: for small n the velocity profiles are much flatter than is 
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assumed in the above applications of the integral method. In fact Fox et al. 
used the same profile for all n. For flow between flat plates it can be shown 
that the steady-state velocity profile is 

(4.54) 

For n = 1 this is a parabola. For small n, however, it becomes very flat for 
small y and rapidly drops to zero at y = 1. Clearly, a profile which gives 
adequate results for a Newtonian fluid will not give adequate results when the 
velocity profile is very flat, as is the case for small n. Thus the simple, first 
approximation should be carefully examined when extended to more general 
situations, such as for a non-Newtonian fluid. The trial functions may have 
to be revised to obtain good results for the first approximation, and the mean 
square residual might be calculated to check the approximation. 

Combined Heat and Momentum Transfer 

It is clear that the same procedure used by Bethel can be applied to the 
boundary layer equations with heat transfer. Several applications in the 
literature use the method of integral relations (subdomain method), including 
for compressible flow. A few of these are Poots (1960), who uses the integral 
method, Pallone (1961), Kuby et al. (1967), and Crawford and Holt (1968), 
who use the method of integral relations. See also the book by Walz (1969). 
Sinha (1963) uses the integral method to study forced convection past a flat 
plate with temperature-dependent viscosity and thermal conductivity. 

4.4 Natural Convection 

Natural convection phenomena is difficult to analyze because the energy 
and momentum equations are coupled. Energy can be transported by con- 
duction, which induces a velocity through the buoyancy mechanism, which 
in turn affects the convection of energy. The extent of the coupling is affected 
by the Prandtl number: for liquid metals with small Prandtl number, Pr = V / K ,  

the thermal conduction proceeds rapidly and the velocity develops quickly. To 
illustrate the application of MWR to this case we consider the laminar flow 
over a vertical flat plate when the temperature of the plate is suddenly raised 
to a uniform temperature as treated by Heinisch et al. (1969). 

The dimensionless boundary layer equations are 

u, + v,, = 0, 

u, + uu, + uu,, = Pr2 8 + Pr uyy,  

e, + ue, + Ve,, = e,,,,, 
(4.55) 
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where u = urd/G1lzK, u = u ’ d / ~ G ’ ~ ~ ,  t = t ’G1/’K/dZ,  0 = ( T -  Tm)/(Tw - Tm), 
x = x’/d, y = y’Gl i4 /d ,  and G is the Grashof number, xgd3(Tw - Tm)/vZ,  
where CI is the thermal expansion coefficient, g the acceleration of gravity, and 
K = k/pC,. The dependence on the y coordinate, perpendicular to the plate, 
is assumed in the form of a boundary layer, and the thermal and momentum 
boundary layers are assumed equal. This is a reasonable assumption since the 
problem is for free convection and the velocity responds to changes in tem- 
perature, which occur only within the boundary layer. For small times the 
heat transfer occurs only by conduction and the velocity is small. For this 
case a similarity solution is known, and the form of this solution provides the 
motivation for assuming the following trial function : 

0 = erfc 4, q = y /6 (x ,  z). 

Equations (4.55) are then integrated from 0 5 y 5 6 to obtain 

I a u l d  au126 u1 -~ + c- = PrZ 6 - Pr--, 
6 az ax 6 

(4.56) 

(4.57) 

c = (3J2/20) - (1/5), d = (J2 - 1)/6. 

The small time solution reduces to the exact similarity solution. For steady 
state we obtain 

(4.58) 

Heinisch et af. compare this solution with exact results for two Prandtl 
numbers (Pr = 1 and 0.003) and find good agreement. The next step is to 
eliminate the x dependence. Multiply Eqs. (4.57) by the weighting functions 
fi and g i  and integrate from x = 0 to 1 .  The result is 

f i u l  1 

= Pr2 jo f iS  dx - Pr lo - dx, 6 (4.59) 

- j  d 1  g i 6 d s + d g i u 1 6 1  - d ~ 1 g i f u l S d x = 2 / o  1 $dx .  
dz o x =  1 0 
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The trial functions for u1 and 6 and the weighting functions are taken as 
n n 

(4.60) 
112. 

f i  = x', gi  = x 

This choice provides a good first approximation, and is preferable to other 
choices in that the resulting ordinary differential equations are stable and 
converge readily as the number of terms is increased. For the first approxima- 
tion the equations are 

db  14 21 
dz 5b 20 

d a b ,  -=- - -  

(4.61) 

which are integrated numerically. The effect of decreasing Prandtl number is 
to increase the dimensionless time to reach steady state. The solutions exhibit 
an overshoot, in that the boundary layer thickness goes above its steady-state 
value about 8 % before approaching steady state. The authors comment that 
the existence of the overshoot is not firmly substantiated, although a finite 
difference method (method of lines) gives the same result. The MWR was 
used in this case to piece together two regimes : one in which the solution is a 
function of y and t alone, and one in which the solution is a function of y and 
x alone. 

Other applications to natural convection have used the integral method 
to calculate a first approximation (Ostrach and Thornton, 1958; Lemlich, 
1963; Yang and Jerger, 1964; Riley, 1964; Lemlich and Steinkamp, 1964; and 
Dickson and Traxler, 1966). The first approximation does not always give 
accurate results, as demonstrated by the application to nonlinear convective 
diffusion (Nakano et al., 1967) and forced and free convection (Acrivos, 1958, 
1966). In the latter case the momentum boundary layer thickness was taken 
equal to the thermal boundary layer thickness. According to Acrivos (1966) 
this is a poor assumption for combined free and forced convection in fluids 
with Pr + co. 

4.5 Coupled Entry-Length Problems 

In the entry-length problems discussed in Section 3.3 the velocity was 
fully developed and known. It is possible of course for the experimental 
situation to be one in which the velocity and temperature profiles develop 
together. Then the momentum and energy equations are coupled. If the 
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physical properties are constant. then the coupling is weak, since the momen- 
tum equation can be solved independently of the energy equation. To illustrate 
the weakly-coupled problem and particularly the choice of trial function, we 
study the flow in a flat duct as solved using the integral method by Sparrow 

The governing equations are similar to the boundary layer equations, in 
that the velocity boundary layer is confined to a region near the boundary, and 
this region grows as the fluid proceeds down the duct: 

( I  955). 

u, + uy = 0,  

UU, + CZ4, = u1 u1' + VU,,, (4.62) 
l i t ,  + C t ,  = Kt , ,  . 

These are integrated over the boundary layer thicknesses, 6 for momentum 
and A for energy, and are rearranged as in Eq. (4.35): 

d 6 - u ) u d y + - / ( U ,  d U ,  

t lx  0 dx o 

Velocity and temperature profiles are chosen to satisfy 

li = 0,  t = t,, t,, = 0, at y = 0, 
ZI = u,, uy = 0, at y = 6, 
t = t , ,  t, = 0, at y = A. 

(4.63a) 

(4.63b) 

(4.63~) 

(4.64) 

The condition on the second derivative of temperature arises from collocation 
on the boundary. Functions satisfying these conditions are 

The integral equations provide three equations for the variables 6, A, and 0;. 
One complication is that, as with many boundary layer problems, the equa- 
tions have a singularity near the leading edge. This can be handled by deriving 
a series solution for small x, and using this solution to move past the entrance 
after which the integration can proceed. In this problem U ,  - 1 = The 
velocity expression used in the energy equation depends on whether the 
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velocity boundary layer is inside or outside the thermal boundary layer. Once 
the approximate solution is derived the Nusselt number can be calculated as a 
function of Reynolds and Prandtl numbers. 

The trial function used above is appropriate for boundary conditions of 
the first kind If the flux is given on the boundary a different trial function is 
assumed. Siegel and Sparrow (1959) treated the same problem with wall flux 
specified. The right-hand side of Eq. (4.63b) is then replaced by the given 
flux, q. The trial function for temperature is deduced from the fully developed 
profile, which is 

Siegel and Sparrow (1959) take the temperature profile as 

T - T , = O  for A l y l a .  

This profile merges smoothly with the fully developed profile as A + u .  
Kumskov and Sidorov (1969) treat a similar problem but for combined 
convection and radiation. 

The development of the velocity profile was first done using the integral 
method by Schiller (1922). Later, Campbell and Slattery (1963) showed that 
more accurate results are achieved if the pressure drop is calculated from the 
kinetic energy balance including viscous dissipation. The solutions have been 
extended to non-Newtonian fluids in pipes (Bogue, 1959), but comparisons 
to more exact results show that the approximations for non-Newtonian fluids 
are not accurate for low n (Collins and Schowalter, 1963). The analysis of 
power law fluids in straight channels by Kapur and Gupta (1963, 1964) 
probably suffers the same deficiency, since the profile assumed for velocity 
is the same type as assumed for a Newtonian fluid. The results are probably 
poor because a parabolic profile is assumed, despite the fact that the profile 
develops into a flat one for small n, Eq. (4.54). Takhar (1968) used the integral 
method to study the entry-length flow in a vertical cooled pipe when the 
natural convection effects are important. Chen et ul. (1970) applied the integral 
method and Campbell and Slattery’s method to the entrance region for a 
Bingham plastic, non-Newtonian fluid. In  this case the velocity profile is 
more appropriate since it is flat in the central core and parabolic elsewhere. 

There is one further note of caution. A common engineering objective is 
to predict the entry length. Since the velocity and temperature profiles 
approach their fully developed profile in an asymptotic manner, extremely 
small errors in velocity or temperature will result in large errors in the entry 
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length. In the integral method the entry length is uniquely defined: when the 
boundary layer thickness reaches the center of the duct. In  the analytic 
solutions the entry length is defined, somewhat arbitrarily, as the distance it 
takes to reach 99 '%, of the fully developed maximum value. Sometimes 98 % 
or 95 ?( values are used. Clearly the definition is arbitrary, so that comparisons 
to approximate solutions can be made as good or as bad as desired 
simply by changing the criterion. For example, Schiller (1922) obtained 
x,/a Re = 0.0575, whereas the more exact analysis by Collins and Schowalter 
(1963) gives 0.122 (99%). If a 98 '%, criterion is used, much better agreement is 
obtained. 

Coupled entry-length problems cannot be handled using separation of 
variables, because the velocity profile depends on both axial and transverse 
coordinates and the energy equation is not separable. The momentum 
equation is amenable to separation of variables leading to eigenvalue 
problems of the type discussed in Section 3.3. Fleming and Sparrow (1969) 
solve for flow in  ducts of arbitrary cross section using least squares-collocation 
on the boundary. Another approach to entry-length problems is to apply 
orthogonal collocation. Such an approach is readily suited to the problem with 
temperature-dependent viscosity and thermal conductivity and the equations 
are developed in Section 5.1. They can easily be integrated on a computer. 

Coupled Heat and Momentum Transport 

Iqbal et a/. (1970) study the effect of buoyancy on forced convection in 
vertical regular polygonal ducts. The equations are 

V 2 V + R + =  - L ,  V 2 + -  V = F ,  (4.67) 

where F is a known function and L is determined such that the average 
velocity is one. The Rayleigh number R is the product of the Grashof number 
and Prandtl numbers. They expand the solution in Bessel functions which 
satisfy the differential equation and apply collocation (point matching) on the 
boundary. The boundary conditions are either temperature fixed or flux 
fixed, and polygons with three, four, five, and six sides are considered. 

4.6 Steady-State Flow Problems 

The full Navier-Stokes equations have also been solved using MWR, 
although the methods are not as highly developed as for laminar boundary 
layer flows. Here we illustrate calculations for the stream function in two 
cases: one for small Reynolds number, in which case the equations are linear, 
and one for larger Reynolds number, including the nonlinear terms. 
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Consider two-dimensional flow in a rectangular cavity bounded on three 
sides by solid boundaries. The fourth side is a free surface on which a con- 
stant shear stress is imposed. The fluid is governed by the Navier-Stokes 
equation, see Eq. ( I .  18), under the additional assumption of no time depen- 
dence, no body forces, and small Reynolds number, or slow flow, so that the 
inertial terms can be neglected. The curl of the remaining equation is 

(4.68) 
In two-dimensional flow we can represent the velocity by a stream function, 
and the incompressibility condition, V - u = 0, is satisfied automatically: 

= -a*/ay, = a*/ax. (4.69) 
Employing this representation in Eq. (4.68) gives the biharmonic equation 

v4* = V"V2*) = 0. (4.70) 
General solutions to this equation are constructed from solutions to Laplace's 
and Poisson's equation. Any solution to 

0 = vyv x u). 

V2f = 0 (4.71) 

also satisfies (4.70). Furthermore (4.70) can be rewritten 
vy=o, f=V2*. (4.72) 

Thus i f f  is the general solution to Laplace's equation (4.71), then II/ is the 
solution to (4.70). In the case of polar coordinates these general solutions can 
be found using separation of variables : 

m 

t,b = a, + r2b ,  + r"[(a, + r2b,) cos no + (c, + r2d,) sin no]. (4.73) 
n =  1 

For Cartesian coordinates the solution to Laplace's equation are the real and 
imaginary parts of (x + iy)" and the solutions to the biharmonic equation are 
the real and imaginary parts of (x - iy)(x + iy)". 

Equation (4.70) is solved subject to the boundary conditions on the solid 
walls : 

$=$,, = 0 ,  at y =  ++, 
$ = $ ,=O,  at X = E .  

(4.74) 

At the open end of the cavity the shear stress is constant: 
I) =0, $x = 1, at x = O .  (4.75) 

Only functions with even powers of y need be included because of the sym- 
metry about y = 0. Calculations done by Ratkowsky and Rotem (1968) 
used 30 functions and applied least squares collocation at 60 to 90 boundary 
collocation points. The solution for various aspect ratios can then be displayed 
as streamlines in the rectangular cavity. 
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Flow problems are more difficult when the nonlinear terms must be 
included. Consider flow past a sphere. Stokes obtained the solution for zero 
Reynolds number, when the inertial terms are absent. Kawaguti (1955) 
extended the solution to higher Reynolds number (up to 70) by including the 
inertial terms. Later Hamielec and Johnson (1962) and Hamielec et a!. (1963) 
used the same method for Re i 500. The stream function is written as 

tj= 

(4.76) 

The eight constants are determined by applying the four boundary condi- 

(4.77) 

Set the differential equation to zero for r = 1, all 0 (giving two more 
conditions), and make the differential equation orthogonal to two Legendre 
polynomials. The solutions are thus mixed MWR, using Legendre weighting 
functions as well as derived boundary conditions. This is a related version of 
MWR. I t  is inappropriate to call the procedure a Galerkin method. These 
solutions were later compared to finite difference calculations (Hamielec 
et al., 1967). The gross features were well predicted, but details were not, 
chiefly due to using only two angular terms in the trial function. In regions 
behind the sphere the angular variations were large enough to require more 
angular terms. Flumerfelt and Slattery (1965) use a variational principle for 
the equations and their “adjoints” (see Section 9.2) to include the inertial 
terms. Nakano and Tien ( 1967) apply the same method to flow of a power-law 
fluid past a fluid sphere, with internal circulation, and later Nakano and Tien 
(1970) extend the results to include the inertial terms for 5 < Re < 25. Snyder 
and Stewart (1966) used the Galerkin method to solve for the velocity and 
pressure profiles for Newtonian creeping flow in a packed bed of spheres. 

tions 
e, * u = e, - u = 0, at r = 1 ,  all 0. 

Other Applications 

The molecular theory of shock waves has been treated by MWR, and 
several standard methods, such as that by Mott-Smith (1951) are revealed as 
different applications of MWR by Lin (1968). These methods are usually 
either a method of moments or Galerkin method. The least squares method 
has also been used (Narasimha and Deshpande, 1969) and time-varying 
weighting functions have been suggested to improve the convergence (Holway, 
1967). Radin and Mintzer ( 1  966) expand the distri bution function in orthogonal 
polynomials and apply a Galerkin method (unnamed). They find a solution 
useful for high Mach numbers, where the Grad solution breaks down. 
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Application of MWR to stagnation flows is widespread. Jain (1962) uses 
the collocation method, and Hugelman (1965) uses the integral method. Non- 
Newtonian fluids are treated by Sharma (1959), Rajeshwari and Rathna 
( 1  962), Srivastava (1 966) as well as references listed there and Srivastava and 
Maiti (1966). 

In turbulent flow Saffman (1969) interprets the Wiener-Hermite expansion 
as an approximate method in which certain integrals of the Navier-Stokes 
equations are satisfied. Orszag (1971) treats laminar flow in the Fourier- 
transform domain. He finds that a Galerkin solution involving NP terms, 
where p is the number of dimensions, is equivalent to a finite difference 
solution with (2N)P grid points. 

EXERCISES 

4.1. Calculate the constant K (Table 4.2) for laminar flow through rectangular 
ducts using the approximate solution for N = 1 [Eq. (4.5a)l and various 
aspect ratios. The result for E = K = 0 is 20% high. How appropriate is 
the trial function, Eq. (4.3), for E = O ?  
Answer: E = I ,  K = 14.4; E = 0, K = 28.8. 

4.2. For laminar flow through a triangular duct, show why the trial function, 
3 

u(x, Y> = n (ai + b i x  + civ), 
i =  1 

is appropriate, where the lines a,  + b i x  + c i y  = 0,  i = I ,  2, 3,  define the 
boundaries of the triangle. 

4.3. Calculate K for laminar flow through a triangular duct using the first 
term of the trial function, Eq. (4.14) and boundary collocation. The 
center of the duct is at r=O, and a is the length of the diagonal from the 
center to a corner. 
Answer: Applying collocation at r/a = ,,I714 gives K = 10.7. 

4.4. For laminar flow through a duct with an elliptical cross section, deduce 
a trial function. 
Answer: u(x, y )  = ((x‘/a’) + ( y 2 / b 2 )  - I)P(x, y ) ,  where P is a poly- 
nomial having the symmetry P ( x ,  y )  = P( -x, y )  = P( -x, -y). 

4.5. Consider boundary layer flow past a flat plate. Apply the integral method 
to Eq. (4.19b) using the trial function for N = 3 in Table 4.3. Then 
apply the collocation method using the same trial function. 
Answer: c i  = 1.42. 

developed. For flow in a flat duct [see Eq. (4.65a)], 
4.6. Consider entry-length problems when the velocity profile is fully 

= U,[2(Y/4 - (Y/a)’l> 



92 4 APPLICATIONS TO FLUID MECHANICS 

where y = 0 at the wall and y = a at the center. Determine A ( x )  using the 
trial function (4.6%) and the integral method. How does this approach 
differ from that used in Section 3.4 to derive a solution for small z ?  
Answer: 

Eqs. (4.67)]. 

For small x, A3 = 45~xa/4U,.  
4.7. Rework Exercise 4.6 for the boundary condition: heat flux specified [see 
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5 
Cheni ical Rmctioii Systems 

Many of the problems in Chapters 1-4 are solved only in a first approxima- 
tion. A first approximation can be useful in that many qualitative features 
of the solution are revealed, but more precise answers are often desired. 
These can be calculated using MWR. In higher approximations the choice of 
method-or weighting function in MWR-is not crucial, since all methods 
give similar results. Another criterion can then be introduced, namely, that 
of convenience in doing the computations. Even the choice of trial functions 
is not as crucial in higher approximations, provided they satisfy certain 
criteria, such as a completeness and linear independence. The criterion of 
convenience can be introduced in the choice of trial functions, too, so that 
the ease of computation becomes the primary goal. Tmproved results can be 
obtained merely at the expense of additional computation without reformu- 
lation or additional intervention by the analyst. This goal is achieved below 
by the orthogonal collocation method, which thereby competes directly with 
finite difference calculations. Comparisons of computation time in represen- 
tative applications below indicate that the collocation method is faster than 
finite difference methods, and this makes MWR of real importance as a com- 
putational tool. 

96 
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The orthogonal collocation method is first described, and applied to a 
variety of chemical engineering problems. The chapter is concluded with a 
comparison of collocation methods to methods using spline functions as 
approximating functions as well as comparison to finite element calculations. 

5.1 Orthogonal Collocation 

Many of the problems involving chemical reaction have nonlinear terms 
of the form 

which arise from the temperature dependence of the chemical reaction rate. 
Clearly, if the temperature is expanded in a series of functions and MWR is 
applied, it would be difficult to derive the values of integrals involving terms 
like (5.1). A quadrature method can be employed to ease this problem, but 
we use a more direct approach. In the collocation method it is only necessary 
to evaluate the residual at the collocation points. This is easily done, so that 
the collocation method appears to be the simplest form of MWR for such 
problems. In higher approximations the choice of collocation points is not 
crucial, but a choice is possible which makes the calculations both con- 
venient and accurate. In the orthogonal collocation method the collocation 
points are taken as the roots to orthogonal polynomials. Such a procedure 
was first advanced by Lanczos (1938, 1956) and was developed further for 
the solution of ordinary differential equations using Chebyshev series by 
Clenshaw and Norton (1963), Norton (1964), and Wright (1964). These appli- 
cations were primarily for initial-value problems. Horvay and Spiess (1954) 
used polynomials which were orthogonal on the boundary. Villadsen and 
Stewart (1967) made a major advance when they developed orthogonal col- 
location for boundary-value problems. They chose the trial functions to be 
sets of orthogonal polynomials which satisfied the boundary conditions and 
the roots to the polynomials gave the collocation points. Thus the choice of 
collocation points is no longer arbitrary and the low-order collocation results 
are more dependable. A major simplification is that the solution can be 
derived not in terms of the coefficients in the trial function but in terms of the 
value of the solution at the collocation points. The whole problem is then 
reduced to a set of matrix equations which are easily generated and solved on 
the computer. Accurate quadrature formulas are provided, which is especially 
important if the primary information desired from the solution is some in- 
tegrated property, and the polynomials are easily generalized to planar, 
cylindrical, or spherical geometries as well as to a wide variety of boundary 
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conditions. The book by Villadsen ( 1970) gives a comprehensive discussion 
of the method and illustrations of applications to chemical engineering 
problems. 

Consider the solution expressed in the form 
N 

where the y ,  are known functions of position. Usually the solution is expressed 
by listing values of the coefficients a , .  Let us, however, pick a set of N points 
{ x j }  and evaluate (5.2): 

N 

y(x j )  = y 0 ( x j )  + 1 a iy i (x j ) ,  j = 1,. . . , N .  (5.3) 
i =  I 

Knowing the coefficients ai we can calculate y(xj). Knowing y(x j ) ,  j = 1 ,  . . . , 
N we can also find the coefficients a ,  by inverting the matrix equation (5.3): 

a ,  = [~i(xj)I-'Mxj) - .~o(xj)I. (5.4) 

Such an  inverse exists provided the trial functions are linearly independent 
and the x , ~  are distinct: i.e., that det yi(xj) # 0. We assume that this is true. 
Equation (5.4) says that if we know the solution at N points we can solve for 
the coefficients a ,  and hence find the solution at any other point x. Further- 
more, methods of solution to find the coefficients can be reformulated to find 
the solution in terms of y(xj),  i.e., the solution at the set of chosen points 
(Vichnevetsky, 1969). This approach is particularly convenient for the colloca- 
tion method. 

In previous chapters one common form of trial function is 

y ,  = x i - ' .  (5.5) 

These polynomials can be arranged in systems of polynomials which have 
convenient orthogonality properties. Define the polynomial P,(x) as a linear 
combination of powers of x with the highest power being m :  

m 

P , ( x )  = 1 C j X ' .  
j = O  

Define the coefficients by requiring the successive polynomials to be orthogonal 
to all polynomials of order less than m, with some weighting function 
w(x) 2 0:  
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This specifies the polynomials to within a multiplicative constant, which we 
determine by requiring the first coefficient to be 1. We illustrate the ideas by 
choosing iv(x) = 1, a = 1, b = - 1 .  The first polynomial is P,(x) = I .  The 
second one, Pl(x) = a + bx,  is determined from (5 .7):  

1 1 (a  + bx)l dx = 0. 
- 1  

After performing the integration we find a = 0, and b is arbitrary; we choose 
b = 1. Then PI  = x. Take 

P,(x)  = a + bx + CX’ (5.9) 
and determine the constants from Eq. (5.7), making P, orthogonal to both 
Po and P,. The polynomials of the resulting set are called Legendre poly- 
nomials and are summarized in Table 5.1. The polynomial p,,,(~) has rn roots 

TABLE 5.1 

LEGENDRE POLYNOMIALS AND ROOTS 

Legendre polynomials Roots 

Po = 1 
P, = x  x, = 0 

P2 = 1 - 3x2 X J  = +1/2/3 = 2~0.577 

in the interval a < x 2 b which can serve as collocation points. Note that the 
system of polynomials is completely specified by the orthogonality condition 
Eq. (5.7), once we have made choices of the weighting function W(X) and the 
interval of integration. 

Next, construct polynomials which have additional convenient properties. 
Consider problems in which the solution is sought on the domain 0 2  x 2 1 
and is required to be symmetric about x = 0. Then it can be expanded in 
terms of powers of x2. Also consider a boundary condition which is of the 
first kind-that is, the value of the solution on the boundary is specified. 
More general boundary conditions are treated below. A possible choice 
of trial function is 

N 

y(x) = y(l) + ( 1  - X’) c a iP i - l (x ’ ) .  (5.10) 

Throughout this chapter N is the number of interior collocation points. The 
orthogonal polynomials in (5.10) are constructed using an orthogonality 
condition like (5.7). Thus define the polynomials by the condition 

j =  1,2,  . . . ,  i -  I ,  

i =  1 

~ ~ w ( n 2 ) P j ( x 2 ) P i ( x ’ ) x a - ’  dx= C ( i ) d i j ,  (5.11) 
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where a = I ,  2,  3, for planar, cylindrical, or spherical geometry. The first 
coefficient of each polynomial is taken as one. This completely defines the 
trial function in Eq. (5.10). Substitute (5.10) into the differential equation to 
form the residual, which is set to zero at the Ncollocation points-xj, which are 
the roots to the Nth polynomial, P,(x2) = 0 at xi. This provides N equations 
to solve for the N coefficients ai . 

The computer programs are simpler, however, if they are written in terms 
of the solution at the collocation points, y(xj), rather than a,.  Since PN -1(x2) 
is a polynomial of degree N - 1 in x2, the trial function (5.10) is a polynomial 
of degree N in x2. Rewrite (5.10) as 

N +  I 

i =  1 
y(x) = 1 d,x2'-2 (5.12) 

Take the first derivative and the Laplacian of this expression and evaluate 
them at the collocation points: 

(5.13) 

These can be rewritten in matrix notation as follows. Note that the N +  1 
collocation point is x = I and square matrices have ( N  + 1) x ( N  + 1) 
elements : 

- 
- dY 

Ax 
j i  = Q'a, - = ca, v2y = E d ,  

(5.14) 

Solving for a we can rewrite the first derivative and Laplacian as 
- 

_ -  dJJ - c p j j  &, v2y = b&-'y Bjj. (5.15) 
dX 

Thus the derivatives are expressed in terms of the value of the function at the 
collocation points. 

To evaluate integrals accurately we use the quadrature formula: 
N f l  

JO1f(x2)xo-I dx = Wjf(xj). 
j =  1 

(5.16) 
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To determine W i ,  evaluate (5.16) for fi = x 2 i - 2 :  

1 
2 i - 2 + a  

N +  1 

E f i ,  
x 2 i - 2 x a - 1  d x  = C ~ . ~ ? i - 2  = 

(5.17) 
J J  

j =  1 
. ,  _-  - 

W Q  =j,  W =fQ'-'. 
The information presented by Kopal (1955, p. 390) can be used to show that 
this integration is exact for functions f which are polynomials of degree 2N 
in x 2 ,  provided the interior collocation points are the roots to PN(x2)  defined 
by u' = 1 - x2 in (5.1 1). 

Let us apply this procedure to a specific problem : 

(5.18) 

The residuals at the collocation points are simply 
N +  1 

C Bjiyi + g ( x ? ) y j = f ( x j ' ) ,  y N + 1  = Y , .  
i =  1 

If the boundary condition is 

(5.19) 

- u y + b  at x =  1, (5.20) dY 
dx 

--- 

we have the additional equation to determine yN + : 
N +  1 

- 1 A N + l ,  iyi = a Y N + l  + b. (5.21) 

If we need the solution for some point other than a collocation point it is 
given by (5.12) where 

a = p y .  (5.22) 

In particular the value x = 0 is important in chemical reactor calculations: 

i =  1 

N +  1 

~ ( 0 )  = d1 = 1 r Q - ' l ~ i ~ ( x i ) .  (5.23) 

The solution of these equations is a simple matter once the matrix B is 
calculated. Examination of Eqs. (5.13)-(5.15) reveals that to calculate B we 
need know only the collocation points, x i .  These are roots of polynomials, 
which can be deduced from the tables given by Stroud and Secrest (1966), 
who give the roots to thirty significant figures. In addition they are listed in 
Villadsen (1970), with a general program for their calculation. Important 
values are listed in Table 5.2, while the matrices for N = 1 ,  2 are in Table 5.3. 

i =  1 



TABLE 5.2 

ROOTS OF POLYNOMIALS DEFINED BY EQ. (5.11)8 

a = 1, planar geometry 
w =  I w =  1 - 2  

a = 2, cylindrical geometry a = 3, spherical geometry 
w = l  w = l  w = l - w 2  

N =  1 

N = 2  

N =  3 

N = 4  

N = 5  

N = 6  

0.57735 02692 

0.33998 10436 
0.861 13 631 16 

0.23861 91861 
0.66120 93865 
0.93246 95142 

0.18343 46425 
0.52553 24099 
0.79666 64774 
0.96028 98565 

0.14887 43390 
0.43339 53941 
0.67940 95683 
0.86506 33667 
0.97390 65285 

0.12523 34085 
0.36783 14990 
0.58731 79543 
0.76990 26742 
0.90411 72564 
0.981 56 06342 

0.44721 35955 

0.28523 151 65 
0.76505 53239 

0.20929 921 79 
0.59170 01814 
0.87174 01485 

0.16527 89577 
0.47792 49498 
0.73877 38651 
0.91953 39082 

0.13655 29329 
0.39953 09410 
0.63287 61530 
0.81927 93216 
0.94489 92722 

0.11633 18689 
0.34272 40133 
0.55063 94029 
0.72886 85991 
0.86780 10538 
0.95993 50453 

0.70710 67812 

0.45970 08434 
0.88807 38340 

0.33571 06870 
0.70710 67812 
0.94196 51451 

0.26349 92300 
0.57446 45143 
0.81 852 94874 
0.96465 96062 

0.21658 73427 
0.48038 041 69 
0.70710 67812 
0.87706 02346 
0.97626 32447 

0.18375 32119 
0.41157 66111 
0.61700 11402 
0.78696 22564 
0.91137 51660 
0.98297 24091 

0.57735 02692 

0.39376 51911 
0.80308 71524 

0.29763 72952 
0.63989 59794 
0.88750 18095 

0.23896 48430 
0.52615 87342 
0.76393 09081 
0.92749 13 1 30 

0.19952 40165 
0.44498 69862 
0.66179 66532 
0.83394 50062 
0.94945 50617 

0.17122 04053 
0.38480 98228 
0.58050 38245 
0.74744 33215 
0.87705 97825 
0.96278 01781 

0.77459 66692 

0.53846 93101 
0.90617 98459 

0.40584 51514 
0.74153 11856 
0.94910 79123 

0.32425 34234 
0.61337 14327 
0.83603 11073 
0.96816 02395 

0.26954 3 1560 
0.51909 61292 
0.7301 5 20056 
0.88706 25998 
0.97822 86581 

0.23045 83160 
0.44849 27510 
0.64234 93394 
0.80157 80907 
0.91759 83992 
0.9841 8 30547 

0.65465 36707 

0.46884 87935 
0.83022 38963 

0.3631 1 74638 
0.67718 62795 
0.89975 79954 

0.29575 81 356 
0.56523 53270 
0.78448 34737 
0.93400 14304 

0.24928 69301 
0.48290 9821 1 
0.68618 84691 
0.84634 75647 
0.95330 98466 

0.21535 39554 
0.42063 80547 
0.60625 32055 
0.76351 96900 
0.88508 20442 
0.96524 59265 

For a given N the collocation points xl, . . . , x N  are listed above; x N +  = 1.0. 
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TABLE 5.3 
MATRICES FOR ORTHOGONAL COLLOCATION FOR POLYNOMIALS IN TABLE 5.2 
WITH W = 1 - X 2  

N =  1 

N = 2  

N = l  

N = 2  

N =  1 

N = 2  

0.5549 

(0.0667) 
W =  0.3785 

0.0949 
w= 0.1908 

(0.0476) 

Planar geometry (a = 1 )  

-1.118 1.118 
-2.500 2.500 A =  ( 
- 1.753 2.508 -0.7547 

A =  -1.371 -0.6535 2.024 
1.792 -8.791 7 

-4.740 5.677 -0.9373 
8.323 -23.26 14.94 

( 
B =  ( 

19.07 -47.07 28 

Cylindrical geometry (a = 2) 

(-:.732 1.732) B =  (-6 6) - 3 -6 6 A =  

-2.540 3.826 -1.286 
A =  -1.378 -1.245 2.623 

1.715 -9.715 8 
-9.902 12.30 -2.397 

9.034 -32.76 23.73 
22.76 -65.42 42.67 

( 
B =  ( 
Spherical geometry (a = 3) 

-2.291 2.291 ) B =  (110:5 
A = (-3.5 3.5 105 10.5 

-3.199 5.015 -1.816 
A =  -1.409 -1.807 3.215 

1.697 -10.70 9 

-15.67 20.03 -4.365 
9.965 -44.33 34.36 

( 
B= ( 

26.93 -86.93 60 

Table 5.3 can be used to solve for low-order approximations, and the roots 
listed in Table 5.2 can be used to calculate the matrices for higher-order 
approximations. 

The procedure for using these roots is very simple. 
Read N ,  and X ( J )  roots. 
Calculate Q ,  C,  D, Fmatrices using (5.14) and (5.17). 
Invert Q. (5.24) 
Calculate A ,  B, W, matrices using (5.15) and (5.17). 
Write or punch the results. 
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The reason for including polynomials with both w = 1 and w = 1 - x2 is 
that low-order approximations are best using w = 1 - x2, whereas for many 
chemical engineering problems faster convergence is obtained with w = 1 .  

To illustrate the simplicity of the method we apply it to a problem treated 
earlier. Consider the problem (4.2). The problem is symmetric about x = 0 
and y = 0 so that it is permissible to expand the trial function in polynomials 
in x2 and y 2 ,  defined by Eq. (5.1 I). We choose the polynomials with w = 1 
- x 2 ,  since this choice corresponds to a variational method (giving lower 
bounds on the flow rate) (see Sections 4.1, 5.6, and 7.3). The roots and 
matrices come from Tables 5.2 and 5.3, with a = 1, and it’ = 1 - x2.  The 
trial function is an extension of Eq. (5.10) to two dimensions, with u(x, I )  = 

U ( l , J l )  = 0:  

N 

u ( x , y )  = ( I  - x2)(1 - y’) c aijPi-,(x’)Pj-,(y2). (5.25) 
i , j =  1 

Using the matrices B to represent the second derivative, the collocation equa- 
tions are 

N f l  N +  1 

C Bj i  uik + E’ C Bki u j i  = - I ,  (5.26) 
i =  I i =  1 

where ui j  = u ( x i .  y j ) .  Of course, = 0 since those are bound- 
ary points. If the region is square, E = 1, the solution is symmetric about 
x = y and the points u j j  with i < j  can be omitted since they are satisfied 
automatically by symmetry when the other equations are solved, along 
with a i j  = a j i .  It is a simple matter to find the solution to Eq. (5.26) using a 
computer. 

Consider another problem: an entry-length problem in which the thermal 
conductivity depends on temperature: 

= ui,  

dT 1 d 
di r a r  

c ( T ) u ( r )  - = - - 

T = T,(r) at z = 0, 

- 0  a t r = O ,  
dT _ -  
ar 

(5.27) 
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Orthogonal collocation can be applied directly to Eqs. (5.27) to obtain the 
working equations 

Tj(0) = G ( Y j ) ,  (5 .28)  
N + l  

TN+i = Ti or -k(TN+i)  1 A N + i , t T i = q .  
i =  1 

These equations can be integrated numerically on a computer. Near the inlet, 
of course, it is necessary to take N very large to represent the step function 
change in the boundary conditions, just as in the case of the eigenfunction 
expansion for the linear problem with k = constant. Using orthogonal col- 
location to go from the partial differential equation, Eqs. (5.27),  to the set of 
ordinary differential equations, Eqs. (5.28),  is straightforward. In this case 
the matrices A and B correspond to cylindrical geometry, a = 2, and either 
M' = 1 or w = 1 - x2 in Tables 5.2 and 5.3. 

Next we construct additional polynomials for second-order equations 
which are orthogonal on the interval 0 to 1 but have no special symmetry 
properties, so that both even and odd powers of x are included. We choose a 
trial function of the form 

N 

~ ( x )  = b + cx + x ( l  - X )  C aiPi-,(x), (5.29) 

where the polynomials are defined by Eq. (5.7) with a = 0, b = 1.  Note that 
this gives N + 2 constants: N conditions are provided by the residuals 
evaluated at  the N collocation points, the N roots to P N ( x )  = 0, and two con- 
ditions are provided by boundary conditions at x = 0, 1. The expressions for 
the matrices representing the first and second derivatives are given by the 
same formulas [Eqs. (5.15), (5.17)] but with different definitions for the 
matrices : 

i =  1 

Q . .  = x:-', c.. = ( i  - 1)x'.-2, 
J I  J I  

1 (5.30) 
D.. = ( j  - l ) ( i  - 2 ) ~ ; . - ~ ,  f i  = I xi- '  dx  = j - ' .  JC 

0 

A column in the matrix is now N + 2 elements long. The integration of 
(5.16) is exact iff(x) is a polynomial of degree 2N + 1 in x .  The polynomials 
satisfying (5.7) with t i t  = 1 are shifted Legendre polynomials, and the roots 
and matricesare tabulated in Tables 5.4 and 5.5. These polynomials are useful 
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TABLE 5.4 

ROOTS O F  POLYNOMIALS DEFINED BY EQ. (5.7)" 

N = 1 0.50000 00000 

N = 2 0.21 132 48654 
0.78867 51346 

N -  3 0.1 I270 16654 
0.50000 00000 
0.88729 83346 

N - 4 0.06943 1842  
0.33000 94783 
0.66999 05218 
0.93056 81 558 

N = 5 0.04691 00771 
0.23076 53450 
0.5ooOo 00000 
0.76923 46551 
0.95308 99230 

N = 6 0.03376 52429 
0.16939 53068 
0.38069 04070 
0.61930 95931 
0.83060 46933 
0.96623 47571 

" I n  Eq. (5.7), WJ ~~ I ,  a - 0, h = I .  For a given N the colloca- 
tion points x 2 , .  . . , x N + ,  are listed above; x ,  : 0, x N + z  =: 1.0. 

TABLE 5.5 

MATRIC I s POR ORTHOGONAL COLLOCATION FOR POLYNOMIALS WITH 

ROOTS IN TABLE 5.4 

4 - 1  4 -8 
N - -  1 W -  (i) 
,~ ~ w -  (;I A ~ (--2.732 0.7321 -1.732 1.732 -1.732 1.732 -0.7321 2.732 

A - -  (--: -1: B= (4 4 -8 -8 1) 
-7 8.196 -2.196 -~ 1 

- I  2.196 -8.196 7 

24 -37.18 25.18 -12 
16.39 -24 12 -4.392 

16.39 
25.18 -37.18 24 

for studying chemical reactors with axial diffusion (see Section 5.4). Note that 
if the polynomial (5.29) had been taken as y(x )  = xy= a i P i - * ( x )  we would 
have N adjustable constants. These could be chosen to satisfy 2 boundary 
conditions and only N - 2 residuals. In this case we would either have to 
ignore 2 of the roots to P,  or else use the roots to P , , - 2 .  By using the trial 
function in  the form of Eq. (5.29) we avoid these problems. 
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Consider next the application of orthogonal collocation to an initial-value 
problem as developed by Villadsen and Ssrensen (1969): 

(5.31) 

Since we have only one initial condition to satisfy we use a trial function in 
the form 

dY 
- = S(Y, X I ,  dx Y(0)  = Y o .  

(5.32) 

Then y is a polynomial of degree N + 1 in x. The matrix operators are again 
given by Eqs. (5.15) and (5.17) with the definitions 

Q . .  11 = x;.-', C . .  J r  = ( i  - l)xi.-', f. = i - ' .  (5.33) 

Now the matrices have N + 2 elements in a column. The solution to (5.31) is 
written in the form 

N + 2  

i =  1 
A j i y i  = g ( y j ,  x j ) ,  j = 2, . . . , N + 2, (5.34) 

and y 1  is known from the initial conditions. This gives N +  1 equations to 
solve for y 2  through y N + 2 .  If the function g is nonlinear then (5.34) provides 
a set of nonlinear algebraic equations to solve. The roots of the polynomials 
are given in Table 5.4 and the matrix A is in Table 5.5. Applications of this 
technique are useful not so much for solving (5.31) on the interval from 0 to 1, 
but rather on the interval from 0 to Ax.  Then the equations (5.34) are replaced 
by 

(5.35) 

Equation (5.35) is used to predict  AX), which is then used as the initial value 
for the next interval of integration. This technique is applied in Section 5.5 
to systems of nonlinear equations like (5.31). 

5.2 Unsteady Diffusion 

An unsteady diffusion problem is solved using orthogonal collocation to 
illustrate the accuracy as a function of N .  We also present a method of 
incorporating an asymptotic solution, valid for small time, into the approxi- 
mate expansion in such a way that a good solution can be found for all time 
using N = 1. 
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Consider the unsteady diffusion in a sphere: 

c = O  at t = 0 ,  c = l  at x = t , t > O ,  (5.36) a 

Villadsen and Stewart ( 1  967) illustrate the application of orthogonal colloca- 
tion to this problem. Following the procedure outlined in Section 5.1, we 
replace the Laplacian operator by a matrix operator, giving a set of ordinary 
differential equations 

(lCj N + l  
- = 2 B j i c i ,  c j (0)  = 0, c N + I  = 1 ( j  = 1, ..., N ) .  (5.37) 
nt i = l  

The matrix B corresponds to u = 3, = 1 or 1 - x2 in Tables 5.2 and 5.3. 
This equation can be solved explicitly (Amundson, 1966, p. 123). Let the 
N x N matrix B be composed of the coefficients of the matrix B i j  with 
i, j 2 N .  The N x 1 matrix f is defined as a matrix with elements from 
B l ,  + i = I ,  . . . , N .  Then (5.37) is written as 

nF- - 

rlt 
- = B B c + f  

and has the solution 

(5.38) 

(5.39) 

where the Ar are the eigenvalues of B, z, is an eigenvector satisfying B Z ,  = 

i., Z,,  and C S r T  is a biorthogonal set of eigenrows of B and iCrTzs = 0, r # s. 
The equations (5.37) can also be integrated numerically. Using the poly- 
nomials with )t' = 1 and the Runge-Kutta method of integration, the solution 
for the flux at the surface of the sphere is shown in Fig. 5.1 and Table 5.6. 
For small times it is necessary to use a large number of terms to get good 
accuracy. Ferguson and Finlayson (1970) have shown that for diffusion in a 
slab the concentration at the collocation points is accurate to six significant 
figures for t 2 0.1 and N = 6. 

To find a good solution at small times using fewer coefficients we can make 
use of an idea used by Professor Abbott and his students (Koob and Abbott, 
1968). This approach uses as the first term of the approximate solution an 
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Fig. 5.1. Mass flux as a function of time (0 exact and collocation-asymptotic, 
N = l , 2 ,  ...; collocation: x N = l ;  0 N = 2 ;  A N = 6 ) .  

TABLE 5.6 

FLUX IN DIFFUSION PROBLEM 

Collocation Asvmntotic-collocation 

t N = l  N = 2  N = 3  N = 6  N = l  N = 2  Exact 

0.001 4.93 12.90 20.64 15.76 16.841 16.841 16.841 
v.w> 4.w Y.5Y I .Vb  

0.01 4.30 6.48 4.38 4.64 4.6420 4.6419 4.6420 
0.05 2.36 1.36 1.5231 1.5231 1.5231 
0.10 1 . 1 1  0.77 0.7842 0.7843 0.7843 
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exact asymptotic solution for small time. We add to this a series of poly- 
nomials. For small time this part of the solution is zero, but as time proceeds 
it becomes more and more important. The Laplace transform solution con- 
verges rapidly for small time and is (Crank, 1956, p. 86) 

We use as the first term in the approximate solution the first term of this 
infinite series, thereby taking 

N 

c(x ,  t) = O(X, t )  + u( I ,  t )  + (1 - X*) c a , P i - l ( x 2 ) ,  
i =  1 (5.41) 

~ ( x ,  t )  = (I/x)(erfc[(l - ~ ) / 2 t ” ~ ]  - erfc[(I + ~ ) / 2 t ” ~ ] } .  

Notice that 0 satisfies the differential equation, the initial condition, and the 
boundary condition at x = 0. I t  does not satisfy the condition d( l ,  t )  = 1. 
Consequently we take 

d l ,  t )  = 1 = O(I, t )  + u( l ,  t ) .  (5.42) 

Apply orthogonal collocation and the problem can be rearranged to give the 
equations for u = c - 0 at the collocation points: 

l l U j  N +  ’ _ -  - I B j i u i ,  uj(0) = 0, u N + l  = erfc(t-Ii2) ( j  = 1 , .  . ., N ) .  (5.43) 
dr , = I  

These equations were integrated numerically, too, and for N = 1 the flux is 
correct to four significant figures for 0 5 t 5 0.1. Thus for small times it 
is advantageous to use a trial function of the form (5.41). This technique is 
particularly useful when the diffusion problem must be solved in conjunction 
with other equations. An expansion function including an asymptotic term 
(5.41) can be used in nonlinear and entry-length problems, such as those dis- 
cussed in Section 3.4. In these cases it is not necessary that the asymptotic 
term be an exact asymptotic solution, since the trial function will correct for 
any errors. The asymptotic term, however, makes the necessary correction 
smaller than if it were omitted. 

5.3 Reaction and Diffusion in a Catalyst Particle 

A catalyst particle is made from a porous material, such as alumina, 
impregnated with a catalytic material, such as platinum. When placed in a 
gas stream, the reactants diffuse into the particle, react on the active surface, 
and the products diffuse out. Since there is a heat of reaction, the temperature 
of the particle changes as well. The mathematical model of this process 
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is highly nonlinear, due to the exponential nonlinearity of the reaction rate 
constant of Eq. (5.1). This leads to multiple steady-state solutions-that is the 
problem is not unique-and gives rise to interesting stability problems. The 
collocation method and Galerkin method have proved to be very useful 
tools for analyzing this problem. We first consider an isothermal case, then a 
nonisothermal case in steady state, and finally the time-dependent noniso- 
thermal case. While we usually assume a spherical catalyst particle and a 
first-order irreversible reaction, the methods are not limited to these cases. 

Isothermal Reaction 

Consider a second-order, irreversible reaction in a catalyst slab with 
both sides exposed to reactant of concentration co . The reaction rate is 

A + B, R = -kcA2. (5.44) 

The dimensionless problem is a form of Eq. (1. lo), 

V2y = 4’y2, 42 = kco R 2 / 9 ,  

y’(0) = 0,  y(l)  = 1, 
(5.45) 

where x, = R ,  the half-width, and 9 is the diffusivity. The orthogonal col- 
location method is applied using N =  1 and the polynomials from Tables 
5.2 and 5.3 with MI = 1 - x2. a = 1 : 

- 2 . 5 ~ ~  + 2.5y2 = 42y12, y2 = 1. (5.46) 

The equations can be rearranged to solve for yl, the value of concentration 
at the collocation point, x1 = 0.447: 

yl = [-2.5 + (6.25 + 1042)1’2]/2+2. (5.47) 

Diffusion limits the reaction rate, since the concentration is not everywhere 
equal to one. This effect is conveniently expressed by the effectiveness factor, 
which is defined as the ratio of the amount reacted with diffusion to the 
amount that would be reacted if the concentration were everywhere the same, 
and equal to the value at the boundary: 

where the quadrature formula (5.16) is used to evaluate the integral accurately. 
The effectiveness factor 9 is plotted versus the Thiele modulus 4 in Fig. 5.2. 
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Fig. 5.2. Effectiveness factor as a function of Thiele modulus (- exact solution; 
- - collocation method; - - - integral method). 

The approximation is accurate for 4 5 2. For larger 4 a higher approximation 
is required. The reason for the poor approximation at large C#I can be deduced 
from the approximate profile. Detailed examination of the solution, in the 
form y = 1 + a( 1 - x 2 ) ,  reveals that the concentration becomes negative for 
42 2 50. This is clearly unrealistic and the approximation can be improved 
by using more terms in the expansion. 

Rather than doing that here, let us consider another type of approxima- 
tion. A large 4 corresponds to a large rate of reaction or small diffusion coef- 
ficient. The process is diffusion limited and the reaction occurs only near the 
boundary. Further from the boundary the concentration is effectively zero, 
since all the reactant has been depleted. Consider a penetration-depth type of 
solution which satisfies y = 1 at Z = 1 - x = 0, y’ = y = 0 at Z = 6: 

Application of the integral method gives 

(y” - 4’~’) dZ = 0, 6’ = 10/42, q = J IOj54 .  (5.50) 

This solution is valid for 6 5 I ,  or 42 2 10 and is plotted on Fig. 5.2. It is a 
better approximation for large 4, but still somewhat inaccurate. 
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In Section 2.6 it was mentioned that if asymptotic solutions were available 
for some range of parameters, that information should surely influence the 
choice of trial function. In this case an asymptotic solution is available for 
large 4 (Petersen, 1965, p. 70): 

R( l )  = 1, (5.51) q = $ [ / i R ( y )  dy ]  1'2, 
4 - = - v, - 4 

A,  R' 

where V, and A ,  are the volume and external area of the catalyst particle. 
In this case the general formula becomes q = (+)'/2/4, and this is the best 
approximation for 4 2 3. The recommended procedure is then to use the 
collocation method, N =  1 ,  for small 4 and the asymptotic formula (5.51) 
for large 4. This gives adequate approximations for all 4. If desired the col- 
location method can be extended to higher N to improve the results. 

Nonisothermal Reaction 

Heat effects are next included. Take a spherical catalyst pellet with an 

R = - acA exp( - AE/RT) ,  (5.52) 

where a is a constant, AE is the activation energy, ft is the gas constant, and 
T is the absolute temperature. The dimensionless unsteady-state equations 
are 

irreversible first-order reaction, whose rate is 

ac aT 
- - _ -  - 0  at x=O (5.53) 
ax - ax 

ax 2 

ac s h  
- - ( c  - g2( t ) )  at x = 1, aT Nu 

( T  - s,(t)), -ax - --=- 

T(x ,  0)  = hi(x), c(x7 O )  = h 2 ( x ) 7  

where MI = pCR2/kt,, M 2  = ER2/9t,, and the time standard t ,  is not yet 
specified. The dimensionless variables are: 

AE 
7 y = r ,  

k, R 2  (-AH&, 93 

(5.54) 
k TO K TO 

#=-  B =  9 '  

h2R k ,  2R 
NU=-, Sh=- 

k g 7  
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where k ,  = a exp(-y), R is the radius of the sphere, -AHR is the heat of 
reaction (a positive value of - A H R  indicates an exothermic reaction), and. 
k is the thermal conductivity. In the Nusselt number and Sherwood number, 
h is the heat transfer coefficient and k ,  the mass transfer coefficient. For 
many industrial reactions y takes values from 6 to 40, p is usually less than 
0.1 so that yp can take values up to 4 (HlavaEek et al., 1969; McGreavy and 
Cresswell, 1969). The Thiele modulus 4 can take all positive values. 

We first solve for the steady state under conditions in which the Nusselt 
Sherwood numbers are very large, and g1 = g2 and = 1 : 

V’Y = 4 5  expty(Z - l)/Zl, 
V ~ Z  = -p+’y exp[y(Z - I ) / z ] ,  

y ( l )  = Z(1) = 1, 

(5 .55)  

y’(0) = Z’(0) = 0. 

These equations can be combined, although this is not necessary to apply the 
collocation method. Multiply the first equation by 1 and add it to the second: 

(5.56) W p y  + Z )  = 0, py(l) + Z(1) = p + 1. 

The solution is 

py(x) + Z ( x )  = p + 1. 

V2Y = 4 5  exp{yD(l - Y)/[l + P(1 - Y)lI  = +2R(Y)> 

(5.57) 

Thus we may define Z(z)  = + 1 - &(x) and solve 

(5.58) 
y(1) = 1, y’(0) = 0. 

Since the minimum value of y is zero, the maximum value of Z is 1 + p. 
First consider the question of uniqueness. The problem (5.58) admits 

multiple solutions for some parameters. The orthogonal collocation method 
can be used to predict what range of parameters gives rise to multiple solu- 
tions (Stewart and Villadsen, 1969). Apply a one-term solution, using the 
matrices from Table 5.3 for a = 3, 1.1‘ = 1 - x’, and N = 1. The residual is 
satisfied at the collocation point: 

( -  1 0 . 5 ~ ~  + 10.5)/42 = R(y , ) .  (5.59) 

Next examine (5.59) to see if it has multiple solutions. This could be done 
numerically, but it is more revealing to do it graphically. The right-hand side 
is plotted as a function of concentration (see Fig. 5.3) for p = 0.6, y = 20. 
The left-hand side depends on the Thiele modulus, and is plotted on the 
same graph for various values of 4. For large particles, and hence large 4,  
the two curves intersect only once, as is the case for = 1.0. This corre- 
sponds to a diffusion-controlled situation and gives a unique steady state. 
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Fig. 5.3. Graphical determination of multiple steady states in catalyst. 

For small particles only one intersection occurs (4 I 0.25), which corre- 
sponds to the case when diffusion is very fast and the concentration gradients 
are small. For intermediate values of 4 however, the two curves intersect at 
more than one place, as is the case for 4 = 0.4. This procedure predicts that 
multiple steady states occur for 0.25 I 4 I 0.57. More accurate finite dif- 
ference computations (using 1000 grid points) give the values 0.29 I 4 I 0.58 
(Weisz and Hicks, 1962). These can also be determined using orthogonal 
collocation with a higher N .  

To obtain precise results the approximation is improved by taking a 
larger N .  The problem (5.58) becomes 

N +  1 

2 BjiYi  = 42R(Yi), j = 1, . . . , N,  (5.60) 
i =  1 

yN+1 = 1, 
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which gives a set of nonlinear algebraic equations. These are solved using a 
Newton-Raphson iterative procedure : 

A low-order approximation, such as that given by (5.59) can be used as start- 
ing values. Such computations have been done for this problem by Ferguson 
(1971) and the steady-state profiles are shown in Fig. 5.4, calculated using 

x 

Fig. 5.4. Multiple steady states in catalyst. 

N = 10, 1v = 1 - x2, p = 0.6, y = 20, and + = 0.5. The upper steady state is 
very flat over much of the region, which necessitates using a large number of 
terms to approximate it. Even so a finite difference calculation requires over 
100 terms to achieve equivalent accuracy and takes about ten times as long to 
solve as the collocation method. Thus we see that the orthogonal collocation 
method is useful for providing qualitative information about the solution 
(such as a rough idea of the regions of multiple steady states) and can be 
used to obtain quantitative information, to any desired accuracy, merely by 
increasing the number of collocation points. Convergence is assured by 
Theorems 11.18, and 11.19. Error bounds for the case /I = 0.3, which gives a 
unique solution, are discussed in Section 11.6. 
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Figure 5.4 displays the solution at the collocation points. If the trial 
function (5.10), (5.12) were evaluated at other positions, and the results 
plotted, it would exhibit small oscillations about the curve displayed. These 
oscillations disappear as N increases. For a small N ,  however, best graphical 
results are achieved by fairing a curve through the solution at the collocation 
points, where it is determined accurately. 

When a catalyst particle can be in one of several steady states, the one it is 
actually in depends upon the time history. Some models of chemical reactors 
must account for the diffusional resistance in the catalyst, especially when 
studying the stability of the reactor (McGuire and Lapidus, 1965). In this 
case it is necessary to solve the transient equations (5.53) at many positions 
throughout the bed. The orthogonal collocation method is applied to a 
prototype problem, as discussed by Ferguson and Finlayson (1970). 

Consider Eqs. (5.53) with Ml = 176, M ,  = 199, where t ,  = 2R/u, and u is 
the velocity of gas through the bed, exterior to the particle. Other numerical 
values are taken as Nu = 55.3, Sh = 66.5, y = 20, /? == 0.6, and 6' = 0.25. 
The functions g and h are taken to be 1.1 and 1.0, respectively, for t > 0. 
The initial conditions are taken as the two-term approximation to the inter- 
mediate steady state for the problem with infinite Nu and Sh. The 10 % tem- 
perature perturbation on the boundary is sufficient to drive the solution to 
the third steady state. 

The collocation formulation of (5.53) is 

... , N ,  

(5.62) 

These ordinary differential equations are integrated numerically, using a 
convenient predictor-corrector method. To integrate the equation 

(5.63) 

take the difference scheme 
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This is the first iteration of a modified Euler method. The stability of the 
method has been studied and stability is assured for the system of linear 
equations 

provided 
AtllNII 5 2. (5.66) 

The value of the matrix norm is given in the original article. The value of At 
deduced from (5.66) made Eqs. (5.62) stable and gave good accuracy as well. 
Smaller At gave no change in the solution. This conclusion does not necessarily 
hold for other ratios of M ,  to M ,  . Calculations were performed using poly- 
nomials with ul equal to 1 or 1 - x 2  and either the predictor-corrector method 
of integration, or Hammings method, which is an explicit, four-point method 
with fifth-order truncation error. Comparison calculations were also done 
using two different finite difference methods. The implicit method, with non- 
linear terms treated explicitly, and Liu's method (1969) were used, with the 
latter being more accurate and faster. Comparisons of these two finite dif- 
ference methods are in Liu (1969). Calculations were done on a CDC 6400 
computer for 0 I t I 35. 

Exploratory calculations, Fig. 5.5, indicated the solution had large spatial 
and time derivatives. Consequently, we expect that many terms are needed to 
approximate the solution. Even though the temperature was approximated 
within 2 to 3 digits using 6 to 10 terms and the polynomials with w = 1 
- x2, the convergence with N was rather slow (see Table 5.7). If polynomials 

TABLE 5.7 

HEAT FLUX FROM CATALYST" 

Flux % Error 

Polynomial N At t = 2 2  t = 3 5  at t = 3 5  
in flux 

W =  1 - X' 6 0.05 2.348 4.241 16 
W =  1 - X* 8 0.025 2.857 4.594 9 
W =  1 - X' 10 0.025 2.489 5.078 1 

w =  1 6 0.10 2.477 5.159 3 
w = l '  8 0.05 2.539 4.956 1 
w =  1 10 0.04 2.572 5.042 0.34 
w = l '  12 0.025 2.584 5.024 0.02 

a Ferguson and Finlayson (1970); used by permission of the 
copyright owner, Elsevier Publishing Company, Ltd. 

w = 1 - x z  results using Hamming's method. 
w = 1 results using predictor-corrector method. 
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0 .2 .4 .6 .8 1.0 
I .o 

X 

Fig. 5.5. Transient temperature distribution in catalyst (1 to 6 correspond to f = 1 ,  10, 
is the approximate solution; reprinted from the Chemical Engineering 15, 20, 25, 30; 

Journal with permission of the copyright owner). 

with w = 1 are used, the convergence is much faster. This is probably due 
to the fact that with w = 1 the collocation points are closer to the boundary, 
where the flux is calculated. 

The predictor-corrector method of integration gave accuracy comparable 
to Hamming's method, took about the same computation time for the same 
At,  but allowed time steps about twice as large. 

If we look at the difference between the surface derivative for a colloca- 
tion solution and the best finite difference solution as a function of time, we 
find the errors can be characterized by three numbers: 

(i) El = typical error for 0 < t < 15, 
(ii) E,  = maximum error for 15 < t < 25, 

(iii) E,  = typical error for 25 < t ,  
(5.67) 
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where El represents the typical error during the initial transient, E,  the 
maximum error during the time period when the temperature rises sharply 
and the flux increases rapidly, and E, is the typical error'of the steady-state 
value. The effects of the integration scheme, the expansion functions, and the 
step size are summarized in Table 5.8. 

TABLE 5.8 

HEAT FLUX FROM CATALYST FOR DIFFERENT METHODS' 

Computation 
N or Method of Expansion time 

Entry A x  At integration functions El (%) E2 (%) E3 (%) (seconds) 

Collocation solutions 
w = l  < 1  7.2 2.7 11.9 
w = l  < I  2.4 1.4 30.6 

( I )  0'05 } Hamming 
(2) 8 0.025 

w = l  < I  8.0 2.7 5.1 
(4) 8 0.05 Predictor- w -  1 < I  2.4 1.4 13.3 
(5) 10 0.04 corrector w = 1 < I  1.8 0.34 21.8 

w = l  < 1  1.4 0.02 45.6 

(3) 6 0.10 

(6) 12 0.025 

Finite difference solutions 
6 15 20 11 
2 7.4 1.5 21 

< 1  2.8 0.1 830 
- 1050 

I 
(7) 0.05 0.05 Implicit 
(8) 0.05 0.05 
(9) 0.025 0.0025 Liu's method 

- - 

\ 
(10) 0.01 0.005 J 

Ferguson and Finlayson (1970), used by permission of the copyright owner, 
Elsevier Publishing Company, Ltd. 

Based on results for another problem, Ferguson and Finlayson chose the 
following grid spacings to give representative results for the finite difference 
computations: ( A x ,  At) = (0.05, 0.05), (0. 025, 0.0025), and (0.01,0.005). 
Additional values were not examined because of the excessive computation 
time necessary to use the finite difference methods. 

The comparative errors for the classical implicit method are indicative of 
the unacceptable pointwise errors. Based on Liu's (1969) comparison of his 
own method to the implicit scheme and the errors found in Table 5.8, no 
additional computations were done using the implicit method. 

Based on Table 5.7 the polynomials with UJ = 1 are recommended over 
those with w = 1 - xz. Comparison of the collocation solution, entries (5) 
and (6) in Table 5.8, with a finite difference solution of comparable accuracy, 
entry (9), reveals that the collocation solution is from twenty to forty times 
faster. This advantage is due to the larger time step and the smaller number of 
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terms in the collocation method (10-12 rather than 40-100). This problem 
clearly indicates that large computation times are necessary to model non- 
isothermal diffusion with reactions of this type, and the time savings made 
possible by the collocation method is especially welcome when several of these 
problems must be solved as is the case in the reactor model. 

Stability 

When multiple steady states occur, some of them may be unstable. Various 
arguments can be advanced to show that the middle steady state is unstable 
to small disturbances (Luss and Amudson, 1967; Gavalos, 1968, p. 91). We 
consider first the stability of the other two steady states to small disturbances 
and finally consider the complications encountered when the Lewis number 
is small. 

Galerkin’s method has been used to study the stability by Wei (1965), Kuo 
and Amundson (1967), and Lee and Luss (1970). Take the equations (5.53) 
with t ,  chosen such that M ,  = 1. Then Ml = p C 9 / & k  is the Lewis number 
Le. Let T* and c* be one of the steady-state solutions to (5.53). Define the 
new variables y = T - T* and u = c - c*,  where T and c satisfy (5.53) and 
subtract the equations for T* and c*. Then linearize the reaction rate expres- 
sion about the steady-state value to obtain equations governing y and u for 
small disturbances : 

aY 
at 

Le - = V’y + p(R,*y + R,*u), 

au 
at 
- = V’U + (R,*y + R,*u), (5.68) 

y ,  = u ,  = O  at x = O ,  

-y,  = Nu y/2,  -u, = Sh u/2 at x = 1, 

where R,* = aR/aTI Tt,c*, for example. The solution to these equations can 
be expressed as a sum of exponentials in time, since they are linear, and the 
disturbances die out if all eigenvalues are negative. Approximations to the 
eigenvalues are obtained using the Galerkin method. Expand the disturbances 
in terms of trial functions. If Nu or Sh are infinite, they must satisfy boundary 
conditions of the first kind. Otherwise they do not satisfy any boundary 
conditions : 

N 

u = B j ( t ) U j ( X ) .  
j =  1 

(5.69) 
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Form the residuals, make them orthogonal to y i  and u i ,  respectively, and add 
in the weighted boundary residual as illustrated in Section 2.4. Then we have 
the equations (summation of repeated indices is assumed) 

+ A j ( u i ,  R,*y,) + Bj(Ui, RC*Uj). 

The stability of this system of equations is usually determined by substituting 

A i  = a iea t ,  B, = biea', (5.71) 

and obtaining a set of homogeneous equations for the constants. For a non- 
trivial solution the determinant of the coefficients must vanish, and this 
happens only for certain eigenvalues. When all eigenvalues are negative, the 
steady state is stable. The stability of the set of ordinary differential equations 
can also be determined using methods described in detail in Chapter 6. 

The Galerkin method has been applied to study the stability of steady- 
state solutions of Eqs. (5.68) by Wei (1965),? Kuo and Amundson (1967) 
(slab geometry), and Lee and Luss (1970) (spherical geometry). The last two 
authors did calculations for large Nusselt and Sherwood numbers, so that the 
boundary conditions are of the first kind. Then the functions y i  and ui vanish 
at x = 1 and the boundary terms in Eqs. (5.70) vanish. The trial functions 
are taken as eigenfunctions of the operator V 2 y  + Ay = 0. For spherical 
geometry these are 

y i  = ui = (sin inx)/x. (5.72) 

Lee and Luss found that seven terms in the expansions (5.69) were necessary 
to obtain good values for the eigenvalues. Another approach is that of 
McGowin and Perlmutter (1971). They apply the collocation method to 
(5.53) to reduce the problem to a large set of ordinary differential equations. 
The stability of these is not determined directly. Instead a Liapunov criterion 
is used to verify the stability of the set of ordinary differential equations. 

f Wei applied the Rayleigh-Ritz method for the case Le = 1. Then the equations can 
be combined and a variational principle exists. See Chapters 7-9. 
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For equations (5.58) which have three solutions, the second solution is 
unstable. The upper steady state (see Fig. 5.4) is stable for large Lewis number, 
but unstable for small Lewis number. For small Lewis number a limit cycle 
develops and the concentration and temperature in the catalyst change in a 
periodic fashion in time. Lee and Luss (1970) integrated the unsteady-state 
equations (5.53) using a finite difference method, but needed 1000 spatial 
grid points and 40 hours of computer time for the calculations. The orthogonal 
collocation method has not been applied to this problem, but i t  possibly 
would reduce the computation time. See Garabedian and Lynch (1965) for 
applications of MWR to the stability of nuclear reactors. 

Next we show that the one-term collocation solution predicts that the 
upper steady state becomes unstable for small Lewis number. Consider the 
first approximation to (5.53) using the matrices from Table 5.3 appropriate 
to spherical geometry (a = 3), and with weighting function w = 1 - x2 : 

(5.73) 

The boundary conditions are combined with the differential equations to 
give 

P 10.5 Nu/2 
*=a( l -y l )+-RR, ,  a = -  
dt Le Le 3.5 + (Nu/2)’ 

dt 3.5 + (Sh/2) ‘ 

(5.74) 
Sh/2 

b = 10.5 du, - = b(l - ~ 1 )  - R, ,  

CaIl the steady-state solution, y o ,  uo . With y = y ,  - y o ,  u = u, - u o ,  the 
linearized equations are 

(5.75) 
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An exponential solution is assumed, y = A exp(pt), u = B exp(pt), giving rise 
to a set of homogeneous equations in A and B. A solution exists only for 
certain values of p, which are roots of the determinant 

/ ~ T Y - - G R ,  P - - R ,  B 
Le = 0. (5.76) 

I RY p + b + R ,  

This gives a quadratic in p : 

p z  + pQ + c = 0, 
B (5.77) 

Q = a + b - - R , + R , ,  Le c = a b + a R , - ~ b R , / L e .  

The quadratic has the solution 2p = - Q ( Q 2  - 4~)’” .  If Q is negative 
then one eigenvalue has a positive real part and the solution is unstable. By 
expressing the terms R ,  and R, in terms of R,, the reaction rate at steady 
state, we can write Q in the form 

b Sh 3.5 + (Nu/2) 
t i=-=-  

a Le Nu 3.5 + (Sh/2) ‘ 

(5.78) 

Clearly if y ,  < 1 then Q is positive. If y ,  > 1 then (5.78) gives the following 
condition for Q negative 

(5.79) 

The right-hand side is a numerical value, which depends on the steady-state 
solution. If the Lewis number is below a critical value, the steady state is 
unstable. For the example in Fig. 5.3 the upper steady state is u1 = 0.026, 
y ,  = 1.58. Equation (5.79) then gives the following sufficient condition for 
instability of this steady state: 

Le I Le * = O.l5/ti. (5.80) 

When both Sherwood and Nusselt numbers are large this becomes Le I 0.15. 
As pointed out by Hlavaeek et al. (1969) however, Lewis numbers are greater 
than one for industrial reactions so that such a phenomena is unlikely to be 
observed. It is interesting that a very simple approximation leads to this 
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qualitatively correct result. More precise results can be obtained using higher 
approximations. When the Nusselt and Sherwood numbers are not infinite, 
the critical Lewis number depends on them. Villadsen (1970) gives possible 
ranges of Sh/Nu as between 8 and 400 and HlavaEek and KubiEek (1970) list 
values between 3 and 4300. Then ic 2 1 and (5.80) can apparently never be 
satisfied for industrial reactions. 

The analysis just presented is similar to that given in HlavaEek et al. 
(1969). See also Hellinckx et al. (1971). It is of interest to show that HlavaEek’s 
results can be interpreted as an application of the collocation method. 
HlavhEek et al. use as a first approximation in place of (5.74) the equations 
(in the present notation) 

du1 
- = P1’(1 - Ul) - R,, (5.81) dY1 P12 P 

- - (1 - Yl) + _ -  
dt R , ,  d t  Le 

where p1 and P1 are the first roots to 

p cot p +  NU/^) = 1 ,  P cot P + (Sh/2) = 1. (5.82) 

Let us apply MWR to obtain the equations (5.81). Expand the solutions in 
the form 

N 

Y = 1 + c A i f i ( x ) ,  
i =  1 

where f i  and gi satisfy the problems 

V’f + p2f  = 0, 

N 

u = 1 + B,g , (x) ,  (5.83) 
i =  1 

v 2 g  + 82s = 0, 

(5.84) Sh 
= - ( g -  I)/ . Nu 

x =  1 x =  1 

Then the Laplacian operator is 

N 

V2y = - 1 A i p i 2 f i ,  
i= 1 

N 

V’U = - 1 Bi Pi’si. (5.85) 
i =  1 

Now consider the first approximation ( N =  1). Substitute (5.83) into the 
equations, use (5.85) and evaluate the equations at some point xl. Define 
y1 = 1 + A,f,(x,) and u1 = 1 + Blgl(xl) to obtain 

dY1 P du, - = -p12(y1 - 1) + R , ,  - = -Pl’(~l - 1) - R1. (5.86) 
dt  d t  
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Comparison to Eqs. (5.74) reveals that the only difference is the value of the 
numerical coefficient representing the Laplacian operator. These are com- 
pared in Table 5.9 for several Nusselt numbers (the Sherwood number results 

TABLE 5.9 

COMPARISON OF APPROXIMATIONS 
FOR DIFFUSION OPERATOR 

10.5 Nu/2 
Nu12 3.5 + (Nu/2) PIZ 

0 0 0 
0.1 0.29 0.29 
1 .o 2.3 2.5 

10. 7.8 8.0 
100. 10.1 9.7 

are similar). The small difference is insignificant compared to the gross 
approximations used when representing the problem by the first approxima- 
tion alone. We conclude then the method advanced by HlavaEek et al. (1969) 
can be interpreted as a form of the collocation method using the trial func- 
tions (5.84). Higher approximations can be calculated by retaining more 
terms in (5.83) and evaluating the residual at more points. The orthogonal 
collocation method, based on orthogonal polynomials as expansion functions, 
is easily extended to higher approximations. 

5.4 Tubular Reactor with Axial Dispersion 

We next consider chemical reactors which are cylindrical tubes packed 
with catalyst. The reactants flow through the packed bed, react on the surface 
of the catalyst, and the products continue through the bed. Dispersion in the 
radial and axial directions occurs because of the flow around the particles. 
We consider problems with only axial dispersion here, and treat radial dif- 
fusion by itself in the next section. Dispersion in both directions could be 
accounted for by combining the techniques of the two sections. 

Consider first an isothermal situation with an nth order irreversible reac- 
tion. The mass balance is, in dimensionless form, 

1 d 2 y  d y  
Pedx’ dx 

Ry” = 0, (5.87) 

where Pe is the axial Peclet number VL/D (based on the reactor length), and 
R is the reaction rate group, R = kLc;-’/V, with V the axial velocity, L the 
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length of reactor, D the axial dispersion coefficient, k the reaction rate con- 
stant, co the inlet concentration, and n the reaction order, which can take 
fractional as well as integer values. The boundary conditions are (Danckwerts, 
1953; Wehner and Wilhelm, 1956) 

1 dY l = y - - - ,  x = o ,  
Pe dx 

(5.8 8a) 

(5.88 b) 

There are several techniques applicable to this problem. See Villadsen 
(1970) and HlavhEek and Hofmann (1970) for a detailed discussion of them. 
A shooting technique can be used, in which an outlet concentration is assumed, 
the equations are integrated backwards as an initial-value problem to the 
inlet. There the inlet condition (5.88a) is checked, and if not satisfied, the 
iteration is repeated. The equations cannot be integrated in the reverse direc- 
tion because they are unstable. A change of in a guess at the inlet may 
cause the outlet concentration to change from -20 to +20. Quasilineariza- 
tion can also be applied. A finite difference formulation of the equations is 
written and the nonlinear algebraic equations are solved using some iterative 
procedure. A time derivative can be included in (5.87) and the equations 
integrated to steady state. Finally a variational technique is applicable (see 
Section 9.5) although it is time consuming. We present here two other tech- 
niques: one a Galerkin method, useful for a first approximation, and the 
other based on orthogonal collocation for very accurate results. 

Grotch (1969) takes a trial function in the form 
N 

y = 1 ai(x - 1 ) i - l  
i = l  

and satisfies the boundary conditions by requiring 

i =  1 Pe 

(5.89) 

(5.90) 

For a three-term solution we get 

a3 = (1 - al)/A, A = 1 + 2/Pe (5.91) 

and a, is determined from the first Galerkin conditions (weighting func- 
tion = 1) 

1 

1 - y(1) = R I y" dx. (5.92) 
0 
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Grotch presents algebraic results for n = 0, 1, 2, and 3. Higher approxima- 
tions are obtained using the weighting functions 

1, (x - 112,  (x - 113, . . . (5.93) 

For n = 1 the results with four terms are accurate to 2 %  for nearly the full 
range of R and Pe. For general reaction order the integrals must be evaluated 
numerically. 

The convergence theorems (Chapter 11) for the Galerkin method applied 
to problems with boundary conditions of the second or third kind say that 
the weighting functions must be complete for the class of functions in C2. 
This means the term (x - 1) should be included in the sequence of weighting 
functions, even though it need not be included as a trial function. 

The orthogonal collocation method is simpler to apply, especially if 
higher approximations are desired. We apply i t  here to the case of mass and 
energy transfer governed by the equations 

d2c dc 
-- Pe, - - Pe, R(c, T )  = 0, 
dz dz 

d2T  dT 
dz dz 
-- Pe, - - Pe,DR(c, T) = 0, 

(5.94) 
dc dT 
- = Pe,(c - I ) ,  - = Pe,(T- 1) at  z = 0, dz dz 

dc dT 
_ -  - - = o  at z =  1.  
dz dz 

The collocation method is applied using trial functions (5.29) and the roots 
and matrices from Tables 5.4 and 5.5: 

with similar equations for Ti.  These equations represent a set of nonlinear 
algebraic equations for the concentration and temperature at the collocation 
points. They can be represented as 
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One method for solving (5.96) is the Newton-Raphson procedure: 

(5.97) 

where y" represents the value at the mth iteration. Successive application of 
(5.97) gives the solution provided the initial guess is within the radius of 
convergence. Since this is not known initially it may be necessary to use 
another method to get close to the answer before applying (5.97). Table 5.10 
compares the orthogonal collocation results to exact or finite difference 
solutions. 

TABLE 5.10 

Isothermal, Pe, = 1 ,  R = 2 2  
3 0.636809 0.457600 
6 0.636784 0.457589 

Finite difference" 0.63678 0.45759 

Isothermal, Pe, = 15, R = 8c 
3 0.740151 0.0044352 
6 0.722085 0.0028608 

Exact 0.721990 0.002861 6 

Nonisothermal, Pe, = PeH = 2, 
R = 3.36 exp(y - (y /T)) ,  y = 17.6, /3 = -0.056 

1 0.62609 1.02094 0.25217 1.04188 
3 0.58031 1.02350 0.23537 1.04282 
6 0.58006 1.02352 0.23528 1.04282 

Nonisothermal, Pe, = Pe, = 96, 
R = 3.817037 exp(y - (y/T)),y = 17.6, /? = -0.056 

3 0.96510 1.00195 0.12564 1.04896 
6 0.96333 1.00205 0.12410 1.04905 

Finite differenceb 0.12370 1.04904 

a Reported by Pakes and Storey (1967); more than 100 grid points. 
* Reported by Lee (1968, p. 67); 481 grid points. 
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5.5 Packed Bed Reactor with Radial Dispersion 

Radial dispersion is important in packed bed reactors because the reactor 
is cooled at the wall, the energy must be transported to the wall by dispersion, 
and this induces temperature, and hence concentration, gradients in the 
radial direction. The equations for temperature and conversion are 

(5.98) 

c(r, 0 )  = c o ,  T(r,  0 )  = To. 

We apply orthogonal collocation for the parameter values a = c1’ = 1, 
= 0.3, p‘ = 0.2, Bi = 20, T, = 1, To = 1, and co = 0 [see Finlayson (1971) 

for additional calculations]: 

N +  I N +  1 

2 A N + l , i c i = O ,  
i =  1 i =  1 

- 1 A N + l , i T = B i ( T N + 1  - I ) ,  

C j ( 0 )  = 0, Tj(0) = 1.0. 

These are integrated using the Runge-Kutta method. The solutions of (5.99), 
as N -+ co, converge to the solution of (5.98) as a result of Theorems 11.18 
and 11.19. 

The collocation method gives a first approximation which can be examined 
to gain physical insight. Consider the first approximation using the matrices 
from Table 5.3 appropriate to cylindrical geometry (a  = 2) and with IV = 
1 - x2. The equations can be rearranged as was done in Eqs. (5.73) and 
(5.74): 

(5.100a) 
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(5.100b) dc, - = PR, 
dz 

These equations take the same form as the lumped parameter model, in 
which case no gradients are allowed and the equations are 

dT 
dz 
- = -Nu,(T - T,) + P'R, (5.10 1 a) 

dc 
- = PR, dz 

(5.10 1 b) 

NU, = 2UL/cPGR. (5.101 c) 

The equations (5.100a) and (5.101a) are the same provided we take 

6a' 
3 + Bi' 

Nu, = Bi - 

In dimensional notation this is 

(5.102) 

(5.103) 

The relative importance of the wall resistance to heat transfer is evident in 
(5.103). The ratio ofl/Bi to (1/Bi) + (113) gives the fraction of the thermal 
resistance occurring at the wall (e.g., Bi = 1, 75%; Bi = 20, 13 %). For small 
Biot numbers most of the resistance occurs at the wall and only a one- 
dimensional treatment (5.100), is necessary. As the Biot number increases, 
and radial dispersion becomes more important, the full two-dimensional 
treatment, Eqs. (5.98) and (5.99) is necessary, and N is increased as Bi in- 
creases. Note that the one-dimensional treatment (5.101) refers to a tempera- 
ture which is constant across the radius, whereas the first approximation 
(5.100) refers to a temperature which is parabolic in radius and hence is a 
better approximation. The reaction rate expression in (5.100) is evaluated at 
the collocation point, and the temperature there is above the average tempera- 
ture, so that this approximates more closely the average rate of reaction. 

Results using polynomials with roots in Table 5 .2 ,  a = 2, are shown 
in Figs. 5.6, 5.7, and 5.8. The average temperature is shown in Fig. 
5.6, and it is seen that three terms must be used to obtain good results. Near 
the hot spot at z = 0.6 the center temperature rises rapidly, as indicated by 
the temperature profiles in Fig. 5.7. The convergence with N is shown in 
Fig. 5.8, which illustrates why the polynomials with w = 1 are preferred for 
faster convergence. Also illustrated is the fact that the solution at  the colloca- 
tion points is accurate, whereas the error is greater for the solution at some 
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P 

Fig. 5.6. Average temperature in reactor (polynomials with w = 1 : A N = 1, 
x N = 1 ; reprinted from Chemical Engineering 0 N = 2, 0 N = 3,4,  . . .; w = 1 - xz: 

Science with permission of the copyright owner). 

other point, such as at the center, for the same N .  Finlayson (1971) compares 
accuracy and computation time for the collocation method to those for an 
implicit finite difference method. In some cases the collocation solution was 
twice as fast and ten times as accurate or four times as fast and five times as 
accurate. 

Collocation can also be applied in the axial direction in place of the 
Runge-Kutta method. The set of equations (5.99) is written in the form 

N +  1 2 N + 2  (5.104) 
1 A N + l , i y i = O ,  - 1 A N + l . i - N - 1 Y i = B i ( Y 2 N + 2 -  l). 
i =  1 i = N + 2  

The collocation in the axial direction uses the polynomials with roots in 
Table 5.4 and matrix A in Table 5.5. For a position step of Az the equations 
become 

(equation continues) 
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(5.105) 

k = 2, . .., M + 2. I 
N +  1 c A N + l , i Y i k  = 
i =  1 

2 N + Z  

- c A N + l , i - N - l y i k  = B i ( Y Z N + 2 , k  - 
i = N + 2  

Here y j ( z )  = y ( x j ,  z )  and y j i  = y(x,, zi) .  This is a set of (2N + 2)(M + 1 )  
equations to advance from the position z to z + Az. The Newton-Raphson 
method (5.97) can be used to solve them. Villadsen (1970) proposes an itera- 
tive procedure in which the linear terms are placed on the left-hand side of 
(5.105), which is written in the form 

EB = R(e). (5.106) 

N 

Fig. 5.7. Rate of convergence (0 polynomials with w = 1 ,  0 polynomials with 
x finite difference; reprinted from Chemical Engineering Science with per- w = 1 - x2,  

mission of the copyright owner). 



134 5 CHEMICAL REACTION SYSTEMS 

r 

Fig. 5.8. Temperature distribution in reactor (1 to 5 correspond to z = 0.2, 0.4, 0.5, 
0.6, 0.7; collocation, 0 finite difference; reprinted from Chemical Engineering 
Science with permission of the copyright owner). 

The matrix z i s  inverted once and the iterations follow 
@m + 1 )  = L- 1m((j(m)), (5.107) 

where R represents the nonlinear terms. 
This procedure was applied to (5.99) with Bi = 1, T, = 0.92. Before the 

hot spot the double collocation solution (5.105) with M = 2, Az = 0.025 was 
as accurate and three times as fast as using the Runge-Kutta method to 
integrate (5.99) with Az = 0.001. At the hot spot the iterative procedure 
(5.107) tended to oscillate, although these oscillations were reduced as Az 
decreased. For a problem without a hot spot (5.99 with ci = ci’ = 1, = p’ = 

0.2, Bi = 1, T, = 0.8, and y = 10) the double collocation was about three 
times faster than the Runge-Kutta method for equivalent accuracy. The 
computer codes for the double collocation method are more complicated 
than for the Runge-Kutta method of integrating (5.99), but if a great many 
calculations are to be done the extra programming effort may be worthwhile. 
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5.6 Relation to Other Techniques: Galerkin, Least Squares, 
Finite Difference, Finite Element Methods 

In the usual finite difference computations the difference expression 
corresponds to a linear interpolation between the grid points. When the 
solution at the grid points is known, the solution at other positions is found 
by linear interpolation. Other more sophisticated schemes are possible. With 
spline functions the region between two grid points is interpolated with 
second- or higher-degree polynomials. The derivatives at the grid points can 
then be made continuous. For example, for a linear interpolation, the first 
derivative is discontinuous at the grid points. If a second-degree polynomial 
is used the first derivatives can be made to be continuous. Examples of these 
types of approximations are given by Varga (1966), using variational methods, 
Loscalzo and Talbot (1967) for integrating nonlinear ordinary differential 
equations as initial-value problems, and Chu (1970) for applying cubic 
spline functions for the same type of problem. These methods differ in 
approach from the orthogonal collocation method in that with spline func- 
tions a low-order polynomial is used in each region from x i  to x i  + Ax. 
In the orthogonal collocation method, however, a single higher-order poly- 
nomial is used over the whole range of interest x1 5 x I xN and this poly- 
nomial is arranged to satisfy the boundary conditions. The obvious exception 
to this statement is application of orthogonal collocation to solve initial- 
value problems as in the previous section. There a Legendre polynomial 
was used on the range t to t + At.  Thus this orthogonal collocation method 
can be thought of as a spline function method using Legendre polynomials. 

Galerkin, Least Squares, and Orthogonal Collocation Methods 

Consider a linear equation, Ly = 0, and the Galerkin method. Expand 
the solution in orthogonal polynomials, such as (5.10), and determine 
the constants ai by the Galerkin method, which uses weighting functions 
aypa, = (1 - x2)Pi - l (x2) :  

1 N +  1 

x ) . (x2)Lyx"-'  dx = C q(1  - X,2)Pi-1(XIz)LyI,l = 0.  (5.108) 

The evaluation of the integral is exact provided the linear operator is a 
polynomial of degree N or less in x2 .  In that case the collocation method, 
which makes 

Ly(,,=O, I = 1 ,  ..., N ,  (5.109) 

clearly implies the Galerkin method equations are satisfied also. When a 
variational principle exists the Galerkin method is equivalent to the Rayleigh- 
Ritz method (see Section 7.4). Thus the orthogonal collocation method is 

I = 1  
s,(1 - * PL-1 
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also equivalent to the Rayleigh-Ritz method when the quadrature (5.108) 
is exact. 

The least squares method requires 

- aai a 1  Jo (Ly)’xa- dx = 0. (5.1 10) 

Provided the integrand is a polynomial of degree 2N in x 2  we can evaluate 
the integral exactly using the quadrature formula: 

N f  1 

2 j 1 L y F x o - l d x = 2 j y  q L y I  L[(l-x’)Pi-l(x’)]l =o,  
0 ai I =  1 XI XI 

i =  1, ..., N .  (5.111) 
Thus if (5.109) is satisfied and WN + = 0, the collocation method also satisfies 
the least squares criterion. This is true for w = 1 in (5.1 1) but not for w = 1 
- x’. If w = 1 - x’, a different type of least squares criterion holds. 

Suppose Ly is a polynomial of degree 2N in x’ for an Nth order approxi- 
mation. It can then be written as 

N 

Ly = U(X’ - x~’)(x’ - x2’)* . . (x’ - x N 2 )  = u fl (x’ - xk2) .  (5.112) 
k =  1 

Consider the least squares criterion 

(5.113) 

Now the collocation points are chosen such that 
I N jo W(X’)Pi- 1(X’) n (X’ - xkZ)Xa-’ dx = 0, (5.114) 

since P ,  can be written as nr= (x’ - Xk’) and is orthogonal to the lower- 
order polynomials. Thus w(x’) nr= (x’ - Xk’)  is orthogonal to every 
polynomial of order N -  1 in x’, since every such polynomial can be 
expressed exactly as a linear combination of the Pi, i 2 N - 1. In Eq. (5.1 13) 
aLy/axi2 is a polynomial of degree N - 1 in x’. Consequently (5.1 13) is 
satisfied by the choice of the collocation points as the roots to PN(x2)  = 0, as 
is done in the orthogonal collocation method. In summary, for linear equa- 
tions whose residual is a polynomial of degree Nor less in x’, when the trial 
function is of degree N in x’, the orthogonal collocation method satisfies 
both a Galerkin and least-square criterion. Equations (5.108) and (5.1 13) were 
first shown by Villadsen and Stewart (1967). 

k =  1 

For the nonlinear problem 

84 
- at = v’4 + R ( 4 )  (5.115) 
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let us apply the Galerkin method and use an M-point quadrature to evaluate 
the integrals, M 2 N. The first two terms can be evaluated exactly using 
M =  N: 

8 4  
at 

1 

jo(l - x z ) P j - l ( x z ) - x x " - l  d x  

1 

= s, (1 - X Z ) P j -  l(x2)[v24 + R(4)]xa- '  dx, j = 1 , .  . ., N ,  (5.116a) 

d 4 k  
N +  1 

wk ' j -  l(xk)(l - x k  ) dt 
k +  1 

N +  1 N + l  M +  1 
= wk p j -  l ( x k ) ( l  - xkz) 1 Bkl bl f C wk'M)pj- l(xk)(l - X k 2 ) K k .  

k =  1 f = 1  k =  1 

(5.1 16b) 

The matrix 

T j k  = wkpj- l (xk) ( l  - xk2), j ,  k = 1, . . . , N (5.1 17) 

has an inverse so that the equations (5.116b) can be written as 

These are the collocation equations if we choose M = N .  Thus the collocation 
method is equivalent to applying the Galerkin method and evaluating the 
integral approximately using an N-point quadrature. 

Finite Difference Methods 

Next consider trial functions which are piecewise continuous and derive 
a relationship with finite difference methods. Consider the triangular functions 

x - x ~ I / A x ) ,  I X  - xjl  I AX,  
(5.1 19) 

f j ( x )  =(A,- ( I  otherwise. 

Harrington (1968) shows that the Galerkin method using these trial functions 
is related to a finite difference method. The trial function is 

da j  dTj 
Tj = T ( x j )  = a j ,  - - - -. dt dt 
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Consider the linear equation 

dT 
- = V2T. 
at 
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(5.121) 

The Galerkin method applied to (5.121) yields 

(5.122) 

In order to calculate the right-hand side we must introduce the concept of a 
generalized inner product. Integrate the term by parts and define 

The right-hand side of (5.122) can now be evaluated. The complete result is 

1 dTj-l 2 d T .  1 dTj+l  
6 dt 3 dt 6 dt 
_- +----1+--- - Txx, j 9 

(5.1 24) 
Txx, = ( T j ,  - 2Tj + Tj- l)/Ax2. 

This set of equations is not exactly equivalent in form to finite difference 
equations because the left-hand side is tri-diagonal. However, if we apply 
the implicit method of solving (5.124) and use a first-order difference expres- 
sion to approximate the time derivatives, the result is 

1 TY?: - Ti”_, 4 Tj”“ - Tj” 1 Tj”:; - Ti”,, 
At  + -  6 + -  - 

6 A t  6 At 

=AT,:: + (1  - A)TA,j. (5.125) 

Swartz and Wendroff (1969) show that this can be arranged to give 

With the choice 8 = A - (Ax2/6 At), Eq. (5.126) becomes the standard 
implicit equation for solving (5.121). Consequently the finite difference 
expressions for solving (5.121) can be regarded as a Galerkin method using 
triangular trial functions of Eq. (5.1 19). With this interpretation, the proper 
method to interpolate to find values of T at x # x j  is a straight line inter- 
polation. The results of applying the Galerkin method in this way are the 
same as a finite difference calculation. 
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We can also apply a more general method of weighted residuals. Use as 
weighting functions the step functions 

(5.127) ~j -  AX/^) I x I ~j + (Ax/2), {il otherwise. 
Pj(X) = 

For the trial function (5.1 19) the MWR equations reduce to 

1 dTjPl 3dT .  1 dT,+l 
+-.A+--= Txx, j 9 

-- 
8 dt 4 dt 8 dt 

(5.128) 

which are also equivalent to an implicit finite difference scheme. 

hold since in general 
For nonlinear problems, such as Eq. (5.1151, the correspondence does not 

(5.129) 

In fact the integrals on the left-hand side of (5.129) may be difficult to evaluate 
analytically. This was precisely the motivation for applying the orthogonal 
collocation method. 

Finite Element Method 

For two dimensions, comparisons between MWR and finite difference 
calculations are best revealed through the finite element method. In the finite 
element method the domain is divided into small elements, and a trial 
function of some specified shape is taken in each element. For example, in 
one dimension a triangular shape (5.119), may be used, whereas in two 
dimensions a pyramid is one possible choice. The trial function is then taken 
in the form (5.120) and the finite element method determines the coefficients 
a , .  In the historical development of the method, the criterion for the a ,  was a 
variational principle, since the method was developed for problems in 
structural mechanics which are governed by variational principles. More 
recently, however, the Galerkin method has been used as the criterion, making 
the methods applicable to problems for which no variational principle exists. 
The details of the method are given in Zienkiewicz and Cheung (1967) and a 
review is available (Zienkiewicz, 1970). We limit consideration to two- 
dimensional problems for simplicity, and illustrate the application to a heat 
transfer problem. 

Consider the triangular finite element shown in Fig. 5.9a. Within this 
triangle the temperature is taken as a linear function of x and y :  

T = a ,  + c c , x + c c , ~ .  (5.130) 
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Fig. 5.9. Finite elements: (a) general element, (b) regular array. 

This can be evaluated at each of the nodes, e.g., 

T j  = a1 + q x j  + a,yj (5.131) 

to provide a set of three equations to solve for the constants in (5.131). The 
solution is written in terms of the nodal temperatures,Tj: 

= Ni(x,  Y)Ti + Nj(x, y)Tj + Nk(x, y)Tk 9 (5.132a) 

(5.132b) Ni = (ai + bi x + ciy)/2A, 

1 Xi Yi  I 1  xk Y k l  

2A = det 1 xj y j  = 2 (area ofA), (5.132d) 

ai + aj + ak = 2A, 

bi + bj i- bk = Ci + Cj  + Ck = 0, 

(5.132e) 

(5.132f) 

N i + N j + N k = 1 .  (5.132g) 

This provides the form of the trial function within the finite element. 
Outside the element, e.g., when the point (x ,  y) does not fall within a 

triangle having a vertex at (xi, yi), then Ni(x,  y) = 0. The expansion function 
then consists of a series of these trial functions, each of which is a pyramid 
on some triangle and zero elsewhere. Apply the Galerkin method for two- 
dimensional steady-state heat conduction : 

V - k V T = Q  inA,  

T =  T, on C .  
(5.133) 

The weighting function is taken as N ,  and the Galerkin method gives 

jAN,(-V * k VT + Q) dx dy = 0. (5.134) 
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Within any triangular element having a vertex at (x,, y,), N ,  is given by 
Eq. (5.132b); thus N ,  is different in different elements because the a,  b, and c 
are different. One difficulty is immediately apparent in (5.134). The trial 
function of Eqs. (5.132) does not have a second derivative. Define a generalized 
derivative within any triangular element as follows : 

N ,  V - k VT dA = - l k  V N ,  - VT dA + [ N ,  kn * VT] , ,  , (5.135) 

where sA is the boundary at the element A. Since both T and N ,  have first 
derivatives, the right-hand side can be calculated. There is another difficulty, 
however. Equation (5.135) is correct within the finite element, but to evaluate 
(5.134) we must account for the discontinuity in the first derivative at the 
boundary, and hence the infinite value of the second derivative there. This 
problem is resolved (in one dimension) by defining the integral along the 
discontinuity in the following fashion: 

s, 

when p ( x )  is continuous. We employ a similar definition in two dimensions. 
Consider the boundary i - j .  There are six contributions to Eq. (5.134) 
coming from the discontinuity along i-j: one each from the weighting 
functions N i ,  N j ,  and N k ,  as well as Ni’, Nj’ ,  and Nl‘ .  (The prime is used 
to remind the reader that Ni is different in ijk and ifj.) However, the value of 
the flux is constant in element ijk and element ifj. 
gives rise to the following contribution: 

/ ( N i  + N j  + Nk) V‘TdA + J(Ni ’  + Nj’ + 

= kn - VT along ij - kn * VT along i j  , 
inside i l j  I inside i j k  

Thus the discontinuity 

Nl‘)  V 2 T  dA 
(5.137) 

when n is the normal pointing outward from ijk. The boundary term in 
(5.137) cancels the sum of the boundary terms in (5.135) at each interior 
boundary, so that the boundary terms give no net contribution and can be 
ignored. 

Along the boundary of the domain we can show that N = 0 and the 
boundary term vanishes. Consider the boundary I - j as an external boundary, 
on which the temperature is specified. No weighting functions Nl or N j  are 
used in (5.134). The only contribution to (5.134) is with N ,  of Eq. (5.135). 
However, along the boundary y and x are related, 

(5.138) 
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Calculation of N i ( x ,  y )  using this relation shows that 

N i  = 0 (5.139) 

along an external boundary. Thus the boundary term in Eq. (5.135) vanishes 
along an external boundary, too. 

The next task is to evaluate the weighted residual for the finite element ijk: 

N,,, V * k V T  dA = - k V N ,  V T  dA 
j A  

(5.140) 
- -- k[(b i  Ti + bi Ti + bk Tk)b, 

(2A)2 JA 
- 

+ ( C i  Ti + C j  + Ck Tk)C , ]  d X  dy. 

If k and Q are constant this can be simplified. The terms in the integrand are 
then constant and the value of the integral is their value times the area of the 
element. The last integral in (5.134) is 

(5.141) 1 
A 

X = - d x  d y ,  7 = 

Calculation of the centroid of the element gives 

(5.142) 

The total contribution due to the weighting function N ,  is then 

contribution from N,, = h,, T, + F,, 
q = i , j , k  

h m q  = (+k/4A)[bmbq + C m c q l ,  
(5.143) 

F, = + Q(A/3) ,  

and the final equations are the sum of (5.143) at all nodes: 

(5.144) 

Notice that the temperature at a node appears once for each triangle that has 
a vertex at that node. The derivation is simpler if a variational method is 
used (Section 7 . 4 )  since it  avoids the necessity to define generalized derivatives. 
More general boundary conditions are also treated in Section 7.4.  
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Consider next a comparison to finite difference methods. For the regular 
array in Fig. 5.9b, the usual finite difference method would evaluate the 
differential equation at the point 9 by 

k 

h2 
(5.145) 

Compare this result to that derived using the finite element method. Consider 
the contribution due to the weighting function N9 in the triangle 1-2-9. 
Equations (5.132) and (5.143) give 46 = 2h2 and 

- (Tl + T3 + T, + T7 - 4T9) - Q = 0. 

bl = h, c1 = h, hl ,  = k ,  hzz = 3k, 
b2 = -h, ~2 = O ,  hi2 = -&k, h29 = 0, (5.146) 
b9 = 0, ~9 = -h, hi9 = -$k, h99 = &k. 

The contribution to the weighted integral is then 

129: contribution from N9 = $(- Tl + T9)k. (5.147) 
Similar operations on the other triangles give the results 

569: +( - T5 + T9)k, 197: $( - T1 - T7 + 2T9)k, 

239: +( - T3 + T9)k, 359: $( - T3 - T, + 2T9)k, (5.148) 
679: $( - T7 + T9)k. 

Combination of the results gives 

k[4T9 - Tl - T3 - Ts - T,] + h2Q = 0,  (5.149) 

which is equivalent to (5.145). Thus with the regular array (Fig. 5.9b) the 
finite element method gives results which are identical to the finite difference 
method. Other arrays are not necessarily equivalent (see Zienkiewicz and 
Cheung, 1967). 

When time derivatives are included it is necessary to add 

aT d 
N ,  - d x  d y  = - 1 N,(Ni  Ti + N j  Ti + N k  Tk) dx dy (5.150) S, at d t  A 

to Eq. (5.134). Transient computations are outlined by Zienkiewicz and 
Cheung (1967, p. 166) and Zienkiewicz and Parekh (1970) using Galerkin’s 
method, and by Wilson and Nickell (1966) using Gurtin’s variational prin- 
ciple, which is shown in Section 9.4 to be equivalent to Galerkin’s method. 
For nonlinear problems, such as Eq. (5.1 15), the integrals become difficult 
or impossible to evaluate. Then a quadrature formula or a very simple 
approximation like Eq. (5.129) may be used. Elements can take other shapes, 
as well. Zienkiewicz et al. (1967) give the formulas for rectangular, tetra- 
hedral, and eight-cornered elements in three-dimensional problems, while 
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Zienkiewicz and Parekh (1970) use curved elements in two and three dimen- 
sions. Zlamal (1969) uses piecewise cubic polynomials and gives an algorithm 
to compute the matrices. Reference to applications in heat transfer are given 
by Zienkiewicz (1970); see also the application to the Boltzmann equation by 
Bramlette and Mallett (1970). 

We see that in some cases the finite element method is identical to the 
finite difference method. The advantage of the finite element method is that 
the elements can be changed in size and shape to follow arbitrary boundaries 
and rapid variations of the expected solution. Furthermore, the equations 
can be solved using standard programs which are available to solve structural 
problems. These advantages are particularly welcome in those practical 
problems which have very irregular geometries. From the standpoint of 
MWR the finite element method replaces the choice of a trial function valid 
over the whole region by the choice of the shape of the finite element. At the 
same time a large number of terms is necessary, just as in finite difference 
calculations, so that this step gives both advantages and disadvantages. The 
literature on applications of the finite element method indicates that this is 
one method of MWR which is becoming increasingly important in engineering 
fields, particularly in structural analysis. 

EXERCISES 

5.1. Which polynomials must be used to apply orthogonal collocation to the 
following problems? Define the polynomials by identifying w, a, b, 
and the table listing the roots. 

(a)-(d) y” + 2y = x2 in 0 < x < 1 subject to the boundary conditions: 

(a) ~ ’ ( 0 )  = 0, y(1) = 1, 
(b) ~ ’ ( 0 )  = 0, ~ ’ ( 1 )  + 3 N )  = 1, 
(c) Y(0) =o,  Y(1)  = 1, 
(d) -y’(O) + ~ ( 0 )  1 0, ~ ( 1 )  = 1. 

(e)-(h) The same boundary conditions as (a)-(d) but the differential 
equation y” + 2y = x. 

(i)-(j) The differential equation y” - 2y’ + 3y2 = 0 subject to the 
boundary conditions: 

(1) ~ ’ ( 0 )  = 0, ~ ( 1 )  = 1, 
(j) -Y(O) + y(0) = I ,  Y’( 1) = 0. 

Answer: 
geometry) for a,  b ;  polynomials in Table 5.4 for c , A  i. 

Polynomials in Table 5.2 with H’ = 1 - x2, a = 1 (plane 
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5.2. Evaluate the integral I=Jo1f(x2) dx for f ( x 2 )  = 1 ,  x2, x4, and x6 
using the quadrature formula for N = 1 and 2. Note that the results 
should be exact forf(x2) a polynomial of degree 2N in x2. 
Answer: N = 1 ,  f = x4, I = 0 .2 ;  N = 2, f = x4, I = 0.2. 

5.3. Apply orthogonal collocation to the problem solved in Section 2.1, 
Eq. (2.3). How does the first approximation compare to the collocation 
solution found in Chapter 2? 
Answer: 

5.4. Rework the problem in Eqs. (5.44)-(5.45) for spherical geometry. 
Compare the solutions r]  versus 6 for the planar and spherical geometry. 

5.5. For spherical geometry, illustrate the effect of Sherwood number on the 
r]  versus 6 curve for Eqs. (5.44)-(5.45). The boundary condition is then 

Results should be the same. Why? 

The asymptotic dependence is then 

where y( 1) satisfies 

Sh' 112 

- [ y (  1) - 11 = - $4 [ r ( ' ) R ( y )  d y ]  , 4 = 36  for sphere 
2 0 

in place of Eqs. (5.51). This expression for r]  is the effectiveness factor 
based on the reaction rate for the external concentration and includes 
internal and external (film) diffusion effects. Also it is assumed that 
R(1) = 1 .  (Hint: Try a graphical solution.) 

5.6. Find the effectiveness factor for a cylindrical pellet of radius R and length 
2R:  

This two-dimensional problem can be solved by applying orthogonal 
collocation as in Eq. (5.26), but with different matrices to represent the 
derivatives in the r and z directions. Find r]  for 4 = 1 .  What is the trial 
function ? 
Answer: For N = 1 ,  r]  = 0.93, yI1 = 8.5/(8.5 + b 2 ) , y  = 1 + A(l - r 2 )  
(1 - 2 ' ) ;  A = -0.197. 



146 5 CHEMICAL REACTION SYSTEMS 

5.7. Determine if the following equation can have multiple solutions: 

1 d  
x 2 d x  dx  

dc 
d x  
- (0)  = 0, ~ ( 1 )  = 1, R ( c )  = c (E  + ~ ) / ( l  +  KC)^. 

The reaction rate occurs with Langmuir-Hinshelwood kinetics and one 
of the reactants is in stoichiometric excess (fraction excess represented 
by E ) .  Solve for: 

a b c  d e 
K I 10 100 100 100 
E O  0 0 1 10 

Answer: 
5.8. Consider Eqs. (5.99) for N = 1.  Write out the equations and combine 

them to obtain Eqs. (5.100). Derive an expression for T, as a function 
of T,, T,, and Bi, and for T, - T, as a function of TI - T, and Bi. 
At what r values do T, and TI represent the temperature? How does 
T, - T, (the temperature drop at the wall) compare to T, - T, as Bi 
is changed? What is T(0, z) in terms of T,(z), T2(z), and T,(z)? What is 
the temperature profile corresponding to N = 1 ? 
Answer: (T, -T,)/(T, -T,) = 6/(Bi + 6); T(r,  z) = T2(z) + a,(z)(l - r2) .  

5.9. Consider the entry-length problem, Eqs. (3.81). Formulate the equations, 
similar to Eqs. (5.43), which govern an approximate solution incorporat- 
ing an asymptotic term. Note that for small z the mass penetrates only 
to small x, and the fact that the velocity profile is (1 - x2) is immaterial. 
Thus the asymptotic term can be the solution to 

Case d has multiple solutions for 4300 < &2 < 19,000. 

A similar approach can be used for nonlinear problems: the asymptotic 
solution can be for a related, linear problem. How large N must be for 
numerical convergence at small z depends on how closely the correct 
behavior is modeled by the asymptotic term. 
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Ch up t e r 

6 
Convectizie Inslubility Problems 

The spontaneous generation of motion in a system previously at rest 
and the transition from a laminar to turbulent flow are two instability 
problems of great interest in science and engineering. These are eigenvalue 
problems for systems of equations, and their solution presents a formidable 
task. The Galerkin method and variational methods are standard techniques 
for solution of these eigenvalue problems. Here we present the entire topic in 
the framework of the Galerkin method, pointing out where results derived 
using some other method are applicable. The choice of trial functions is 
discussed, followed by applications of the Galerkin method to a variety of 
convective instability problems. The Galerkin method is contrasted to 
variational methods before proceeding to nonlinear convective instability 
and hydrodynamic stability problems. Application of Galerkin’s method to 
elastic stability problems is discussed by Bolotin (1963), Beal (1965) and 
Ames (1965, p. 258), and combustion instability problems by Powell and 
Zinn (1969) and Zinn and Powell (1970). In the last two references the bound- 
ary residuals are combined with the differential equation residuals in order 
that the trial functions need not have to satisfy the boundary conditions. 

150 
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6.1 Choice of Trial Functions 

In many applications it is necessary to expand the solution in terms of 
functions which satisfy four boundary conditions. These trial functions can 
be taken as eigenfunctions of some simpler eigenvalue problem. The eigen- 
functions corresponding to a fourth-order differential equation can be made 
to satisfy four boundary conditions, and when the eigenvalue problem is 
constructed properly certain orthogonality conditions are satisfied as well. 
Take the operator as 

L4y = 14Ny, (6.1) 
where L4 is a fourth-order ordinary differential operator and N is a general 
operator of order less than four. One set of boundary conditions of interest is 

y = y ' = O  at x = + + .  (6.2) 
Under these boundary conditions the eigenfunctions of (6.1) are orthogonal for 
certain choices of L4 : 

n 112 

y,, Ny ,  dx = 0, n # m. (6.3) J- 112 

Write Eq. (6.1) for y,, set L4y = y"', multiply by y,, , and integrate the left- 
hand side by parts twice to obtain 

112 112 

y: y i  d x  = I ,  1 y ,  N y ,  d x  (6.4) L2 - 112 

after application of the boundary conditions. Do the same thing for y,, 
in (6.1), multiply by y , ,  and subtract from (6.4) to give (6.3). The operator N 
is chosen for convenience in particular problems. 

Consider the approach advanced by Chandrasekhar and Reid (1957), 
Harris and Reid (1958) and Reid and Harris (1958). (See also Chandrasekhar, 
1961, Appendix V.) Take the eigenvalue problem 

y'" = A4y, y = y' = 0 at x = k +. (6.5) 
The solution is obtained by trying y = exp(mx), giving n7 = k A, k iA. The 
general solution is then divided into even and odd functions 

y = B,  cosh Ax + B2 cos Ax + B,  sinh Ax + B, sin Ax. (6.6) 
The even functions satisfy the boundary conditions if 

Bl cash +A + B2 cos +A = 0, 
IBl sinh $I - i?B2 sin +A = 0, (6.7) 
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or 

cosh +A sin $1 + sinh $1 cos +A = 0. 

Thus we take the even functions as 

cosh A, x cos Anx 
cosh +A, cos $1, ' 

-- c, = ~ 

tanh $2, + tan $1, = 0. 

Similarly the odd functions are 

sinh p n x  sin p n x  Sn=--- 
sinh +pn sin $pn (6.9) 

coth +p,, - cot $pn = 0. 

It can be shown that the eigenfunctions satisfy the following orthogonality 
properties : 

( C , ,  C,> = S,,, <Cn, S,> = 0, ( S , ,  S,) = Snm.  (6.10) 

Other integrals are evaluated by Reid and Harris (1958) and Chandrasekhar 
(1961, Appendix V). Chandrasekhar and Elbert (1958) and Chandrasekhar 
(1961) construct similar functions for cylindrical regions which satisfy the 
boundary conditions 

y = D y = O  at X = K ,  1. (6.1 I )  

Finlayson and Scriven (1969) use similar functions on the interval 0 2 x 5 1 ,  
in which case the boundary condition at  0 is that the functions are finite. 
Bisshopp (1958) and Roberts (1969) use functions for a spherical domain. 

For reasons which are apparent below it is convenient to have eigen- 
functions which are orthogonal with the following inner product: 

b b 

- Iayn(DZ - a 2 ) y ,  d x  = J (Dy,Dy,  + a2y,y,) d x  = an,,,. (6.12) 
a 

These can be generated from the eigenvalue problem 

L~~ = - D ~ ) Y ,  (6.13) 

where L4 is a general fourth-order operator, possibly depending on a. 
Specific examples are due to Dolph and Lewis (1958) and Mahler er al. (1968) 
(see pp. 183, 197). 

Trial functions like Eqs. (6.8) give accurate results but polynomials are 
more convenient to use. We illustrate the generation of polynomial trial 
functions and later (Section 6.4) compare results obtained with them and 
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(6.8). Consider the 
functions which is 
series in z’ : 

boundary condition (6.2) and the requirement of a set of 
symmetric about z = 0. It can be represented as a power 

4 

w, = 1 a, zi 
i = O  

(6.14) 

Application of the boundary conditions (6.2), along with a4 = 1 as the norm- 
alization condition, gives 

w, = (22 - *y. (6.15) 

For higher approximations we then take 

Trial functions are also needed for temperature. If the problem has 
boundary conditions of the first kind, then the trial functions must satisfy 
T = 0 at  z = -I-+. Following the same procedure for the velocity functions 
gives 

Ti = (z’ - t)’. (6.17) 

In applications of the Galerkin method it is necessary to compute 
various integrals involving these trial functions. For example, 

11’ 112 

- 112 - 112 
( T j T , ) = I  T , T j d Z = /  ( ~ ’ - $ ) ~ + j d z .  (6.18) 

It is thus convenient to define a function 

b(m, n) = /~~;“‘ ( z ’  - 3)” dz. (6.19) 

Successive integration yields the recursion formulas : 

b(m, n) = -nb(m,  n - 1)/2(2n + m + I) ,  

8(m, 0) = 
m odd, (6.20) 

These can be easily generated on a computer and a few values are tabulated 
in Table 6.1. Formulas for various integrals are given in Table 6.2. 
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TABLE 6.1 

VALUES OF THE INTEGRAL 8(m, n) =jL / : ,2  zm(zz  - t)” dz 

m n = O  n=  1 n = 2  

0 1 .ooO0oo - 0.166667 0.333333(- 1) 
2 0.833333(- 1) -0.833333(-2) 0.119048(-2) 
4 O.l25000(- 1) -0.892857(-3) 0.992063(-4) 

m n = 3  n = 4  n = 5  n = 6  

0 -0.714286( -2) 0.1 58730( -2) -0.360750(-3) 0.832501( -4) 
2 -0.198413( - 3) 0.360750( -4) -0.693751( - 5 )  0.138750(-5) 
4 -0.135281( -4) 0.2081 2% - 5) -0.346875( -6) 0.6121 33( -7) 

TABLE 6.2 

INTEGRALS ARISING IN GALERKIN METHOD 

Wi = ( z 2  - & ) I + ’ ,  Ti = (2 - &)I, Wi = OWi = Ti = 0 at z =  + 

E i = z ( z 2 - f ) i ,  E=O at z = + h  

< SiE,  ) 
( D E i D E J  > = b(0, i + j )  + 2(i +j)8(2, i + j - 1) + 4ij8(4, i + j - 2) 

= g(2, i + j) 
= - <  OWJ=:, )  = 8(0, i +  j +  1) + 2ib(2, i +  j )  W,DSi \ 

If the solution is not known to possess a symmetry about z = 0, both even 
and odd powers of z must be included in the trial function. The first approxi- 
mation is the same as Eq. (6.15) but higher approximations are different for 
both velocity and temperature: 

(6.21) 
The integrals needed with these trial functions are given in Table 6.3. Using 

W i  = (22  - *>*, i - l  , Ti = (22 - 
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TABLE 6.3 

INTEGRALS ARISING IN GALERKIN METHOD 

these tables it is possible to compute a first approximation on a slide rule or  
desk calculator to assess the importance of various complicating factors, such 
as temperature-dependent properties, heat generation, different boundary 
conditions, etc. The formulas are also useful for computing higher approxi- 
mations on a computer. 

If the boundary condition is the third kind another trial function must be 
chosen for temperature. It is simpler to choose trial function which are 
complete, but do not satisfy the boundary conditions. These are satisfied 
using boundary residuals in a manner described in Eqs. (6.34) and (6.59). 
Thus we take 

Ti = z i - l  (6.22) 
which gives rise to the additional integrals in Table 6.3. 

In treating surface-tension-driven flows we need trial functions satisfying 
the boundary conditions 

(6.23) W(0) = D W(0) = W( 1) = 0. 
These are provided by 

Wi = (1 - Z)Zi+l (6.24) 



156 6 CONVECTIVE INSTABILITY PROBLEMS 

The integrals then involve the function 

m !  n! 
F(m, n )  = / ' z"( l  - z)" dz  = 

0 ( m  + n + I)!' (6.25) 

which is tabulated in Table 6.4. 

TABLE 6.4 

VALUES OF THE INTEGRAL F ( m ,  n) =jA ~'"(1 - z)" dz = m!n!/ (m + n + l ) !  

m n = O  n = l  n = 2  n = 3  n = 4  

0 1 .000000 0.500000 0.3 3 3 3 3 3 0.250000 0.200000 
1 0.5oooOO 0.166667 0.833333(- 1) 0 . 5 0 0 ~ ( -  1) 0.333333(- 1) 
2 0.333333 0.833333(- 1 )  0.333333(-1) 0.166667(- 1) 0.952381(-2) 
3 0.250000 0.500000(- 1) 0.166667(- 1) 0.714286(-2) 0.357143(-2) 
4 0.200000 0.333333(- 1) 0.952381(-2) 0.357143(-2) 0.158730(-2) 
5 0.166667 0.238095( - 1) 0.595238( - 2) 0.19841 3( -2) 0.793651( -3) 

A trial function is needed for vorticity in Section 6.3. The requirements are 

and a trial function is - 
di = z(z2 - *)i. (6.27) 

Integrals for this function are given in Table 6.2. 
If the problem is nonlinear, as in Section 6.5, the trial function must be 

easy to use. Trial functions which satisfy the boundary conditions (6.2) 
(at z = 0, 1) and are convenient to use in nonlinear problems are 

wi = cos(i - 1)nz - cos(i + 1)nz. (6.28) 

Other trial functions are discussed in the context of particular applications. 
The definition of polynomials in Eq. (6.16) is arbitrary. It would also be 
possible to generate orthogonal polynomials by writing the velocity function 
as 

(6.29) 
N 

w = 1 q(z' - +)'Pi-l(z'), 
i =  1 

where the Pi are polynomials defined by the orthogonality conditions 

(6.30) 
112 

(z' - $)~Pj(z')Pi(z') dz = dji, i = I ,  . . . , j .  1- 1,2 

It is not as convenient to use the orthogonal collocation method for the 
problems treated below because the velocity and temperature trial functions 
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are different. They satisfy different boundary conditions, so that the re- 
siduals cannot be evaluated at  the collocation points as conveniently. 
For example, the temperature equation would be evaluated at  the roots of the 
Nth order temperature polynomials. The velocity function is known at  the 
roots of the velocity polynomial. The method is applicable in principle, but 
i t  is not as convenient. Furthermore, the calculations using Eqs. (6.16)- 
(6.28) are usually accurate with a small number of terms (say 3 or 4) so that 
the added advantage of having orthogonal polynomials is not realized. 

6.2 Application of the Galerkin Method 

Consider a fluid layer heated from below, infinite in horizontal extent, 
which is heated from below (see Fig. 6.1). For small temperature differences 

T2 

Fig. 6.2. Fluid layer heated from below. 

the fluid remains motionless because the buoyancy forces cannot overcome 
the viscous dissipation. Heat transfer occurs only by conduction. The tem- 
perature difference across the layer is increased, such that the buoyancy 
forces are increased. A point is reached in which the buoyancy forces counter- 
balance the viscous and thermal dissipation and motion occurs. The onset 
of instability is predicted by the solution to an eigenvalue problem, derived 
from the Navier-Stokes and energy equations (Chandrasekhar, 1961, 
Chapter 2) : 

a 
at - (0’ - a2) W = - R’/’aT + (D2  - u2)’ W, 

(6.31) 

1 dT, 
f ( 2 )  = - --, 

P dz 
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where W = D W = T = 0 on a rigid, perfectly conducting boundary, and 
W = D2 W = T = 0 on a free, flat, perfectly conducting boundary. Here 
a is the wave number, R = ~ g p d ~ / v ~  is the Rayleigh number, ct is the co- 
efficient of thermal expansion, g the acceleration of gravity, p = A T/d, where 
AT is the temperature drop across the layer of thickness d, v is the kinematic 
viscosity, K is the thermal diffusivity, and t ,  = d2/v.  W is the vertical com- 
ponent of the velocity and T the perturbation temperature (total temperature 
minus temperature in quiescent state, To). These equations govern the onset 
of instability; after the disturbance grows the full nonlinear equations must 
be used (Section 6.5). For R < R,, the critical Rayleigh number, the system is 
stable. For R = R, the amplitude of the motion can remain at a constant value, 
termed neutral stationary instability, or can oscillate about an average value, 
termed neutral oscillatory instability. Oscillatory instability can sometimes 
be ruled out by proving the principle of exchange of stabilities, as done by 
Pellew and Southwell (1940), Sani (1963), or Davis (1969). An exact solution 
of Eq. (6.31) forf(z) = 1 was derived by Pellew and Southwell (1940) and for 
various f(z) by Sparrow et al. (1964). In principle, the same methods are 
applicable to the more complicated problems treated below, although they lead 
to considerable numerical work which must be done on a computer. The 
Galerkin method is useful for these problems because the first approximation 
often gives the desired information, and if precise results are desired these can 
be generated with higher approximations calculated on a computer. 

Next apply the Galerkin method to Eq. (6.31). Expand the velocity 
and temperature in terms of functions which satisfy the boundary conditions 

N N 

W(Z,  t )  = Ai(t)Wi(z), T(z, t )  = Bi(t )Ti(z) .  (6.32) 
i =  1 i =  1 

Substitute the trial functions into the differential equations to form the resid- 
uals which are made orthogonal to the respective trial functions: 

or  

dA . c.. 2 = - D.. + R ~ I ~ E . .  B ~ ,  
J 1  JE dt 

(6.33a) 

(6.33b) 

(6.33~) 
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The matrices are defined explicitly for future reference: 

Cji  = ( D  Wj D Wi + a’ W j  W,), 
Dji  = (D2 Wj D2 Wi + 2a2DWi OWj + a4Wi Wj) ,  

Eji = a( WjTi), 
Fji = ( T j  Ti), 
Gji = (DT’DTi + u2TjTi) + [ N U T ~ T ~ ] ~ = + ~ , ~  + [ N U T ~ T ~ ] ~ = - ~ , ~ ,  

Hji  = a(Tj Wi f (z)), (6.34) 

When the boundary conditions are of the first kind, Tj = 0 at z = +f so 
that the boundary terms vanish in Gji  . When the boundary conditions are of 
the second kind, DT, = 0, then Nu = 0 so that the boundary terms vanish. 
The formula for G is derived by combining the differential equation and 
boundary residuals as in Eq. (2.54). The inverse of the matrix K exists if its 
determinant is nonzero, which is usually the case and is assumed to be true 
here. We study the stability for successively larger sets of equations, Eqs. 
(6.33). When the results converge, the approximation represents the stability 
of the original system (6.31). The solution to (6.33) is well known (Amundson, 
1966, p. 123): 

A = 1 C j  exp(Aj t ) ,  (6.35) 

where the cj are constants if the eigenvalues Aj are distinct. The system of 
equations is asymptotically stable if 

2 N  - 

j =  1 

(6.36) 

The necessary and sufficient condition that the system be asymptotically 
stable is that all the eigenvalues of L have negative real parts (Gantmacher, 
1959, p. 144): 

det(L - AZ) = 0, Z i j  = dij.  (6.37) 

Since det(J - AK) = det K det ( L  - AZ) the eigenvalues of L are just the 
exponential time factor in (6.35). The eigenvalues can be calculated, but 
whether or  not the eigenvalues have negative real parts can be decided by 
methods which are much simpler and shorter than the methods used to 
actually determine the eigenvalues. In particular the Routh-Hurwitz criterion 
is especially useful. 

The Routh-Hurwitz criterion gives necessary and sufficient conditions 
for all the roots of a real polynomial to have negative real parts. Equation 
(6.37) can be rewritten as the polynomial 

A” + a, A”-’ + * - * + a,,-’ A’ + a,,- A + a, = 0. (6.38) 
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The criterion (cf. Gantmacher, 1959, p. 231) specifies that the roots all have 
negative real parts if 

Ti>O, i = 1 , 2  ,..., n, (6.39) 

where Ti are the successive determinants formed from the matrix 

(6.40) 

that is, T, = a,, T, = alaz - a 3 ,  and so on. The coefficients a,  depend on the 
matrix L (Aris, 1962, p. 270): 

ai = (- I)’ tri L, (6.41) 

where tr, L is the sum of all the p x p determinants that can be formed with 
diagonal elements that are diagonal elements of L. For example, 

a, = - t rL,  a,,=(-1)”detL. (6.42) 

Additional information is given by Orlando’s formula (Gantmacher, 
1959, p. 234): T,-, = 0 if and only if the sum of at  least one pair of roots of 
the polynomials is zero. Neutral oscillatory instability is characterized by 
1- = io. When the coefficients are real, the complex roots of Eq. (6.38) can 
occur only in pairs, including complex conjugates +io. The sum of these 
two roots is zero, and T,,-, = 0 for neutral oscillatory instability. The case of 
neutral stationary instability is characterized by 1 = 0, in which case a, = 0. 

The following procedure can be used to study the stability of the system 
of equations (6.33) as a function of Prandtl and Rayleigh numbers. Duncan 
(1952, p. 117) first developed this procedure for the study of dynamical 
systems governed by sets of ordinary differential equations. For a specified 
value of Pr, consider the system as a function of R. The system is stable for 
R = 0 since only dissipation mechanisms occur; all the Hurwitz determi- 
nants are positive. Increase R monotonically until a critical condition is reached 
such that any further change would result in instability. If one looks at the 
path of eigenvalues in the complex plan as R is changed, the critical condition 
corresponds to an eigenvalue passing from the left half-plane, in which the real 
part is negative, to the right half-plane, in which the real part is positive. The 
eigenvalue can pass from one side to the other in two ways: either it will pass 
through zero, corresponding to neutral stationary instability and a,, = 0, or a 
pair of purely imaginary complex roots will exist, corresponding to neutral 
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oscillatory instability and T,-l = 0. Consequently, the stability of any system 
can be settled by examining a, and T,-l as functions of increasing R.  Which- 
ever condition 

a, = 0 ,  T,-l = 0  (6.43) 

occurs first determines the type of instability, and the value of R there is the 
critical stability parameter. For that value of R the other Hurwitz determi- 
nants must be positive, of course. 

The set of ordinary differential equations (6.33) is just an approximation 
to the system of partial differential equations (6.31). Successive approximations 
must be compared to ensure the approximation is a good one. For approxi- 
mations beyond the first, the computations can conveniently be done on a 
computer, and the program code is suitable for many different stability 
problems. 

To illustrate the application consider the first approximations, 

dA dB 
C-= -DA+R'12EB, P r F - =  - G B + R 1 l 2 H A ,  (6.44) 

where all matrices have a subscript 1 1  or 1 understood. In the form of (6.33~) 
this is 

dt dt 

The Hurwitz determinants are then 

DG - RHE 
a, = - (D/C + G/Pr F), a2 = Pr CF 

(6.45) 

(6.46) 

I t  is clear that Tl = a, # 0 for all values of Rayleigh number. This is due to 
the viscous and thermal dissipation. Oscillatory instability cannot occur 
since T,-, # 0. Stationary instability occurs when a2 = 0: 

R = DG/EH. (6.47) 

The right-hand side depends on the wave number a and must be minimized 
to determine the critical Rayleigh number, or lowest value of R satis- 
fying (6.47). 

The growth rate is determined by the eigenvalues A: 

- (CG + DF Pr) ((CG - D F  Pr)' + 4CFEH Pr R)'" 
A =  . (6.48) 

2 Pr CF 
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To fully solve the initial-value problem the initial conditions must of course 
be given. In the physical problem the random thermal perturbations provide 
the source of perturbations to trigger the instability. The form of the solu- 
tion in Eq. (6.48) indicates how the various parameters affect the behavior of 
the system in time. 

The analysis thus far applies to the first approximation. Higher approxi- 
mations must be calculated on a computer. Since oscillatory instability does 
not occur for this problem we consider only neutral stationary instability. 
The determinant, a,, becomes 

(6.49) 

- D j i ,  

J . .  = R'J2Ej-N,i, 
RIi2Hj, i - N ,  

i, j I N ,  
is N ,  N +  1 _ < j < 2 N ,  
j 2 N ,  N + 1 5 i I 2N,  

" I - Gj-N,i-N, N +  1 < i ,  j < 2 N .  

Numerical results for this problem are given in Table 6.5. The first ap- 

TABLE 6.5 

CRITICAL RAYLEIGH NUMBERS FOR 

BUOYANCY-INDUCED CONVECTION 
WITHTWO RIGID BOUNDARIES A N D  

TEMPERATURE SPECIFIED 

N R C  a, 

I I750 3.117 
2 1708.5 3.116 
3 1707.762 3.116 

Exact 1707.762 3.117 

proximation is within 2.5% of the exact answer. The third approximation is 
the exact result, indicating that three trial functions are adequate for the 
velocity and temperature. This gives rise to a 6 x 6 determinant for this 
problem. Convergence as N + co is assured by Theorem 11.28 and even 
the first approximation is adequate for many engineering purposes. This is 
indeed fortunate because the first approximation can be easily calculated 
using Tables 6. I to 6.4. T h u s  it is possible to assess the importance of compli- 
cating effects by examining the first approximation alone. 
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-Dl t  -D21 Rti2Ell  R t i 2 E I 2  
- D 2 ,  - D 2 2  Rti2E2, R1i2E22 

R1i2H11 Rli2H12 -GI, -GI2 

R1I2Hzt Rti2H22 -G21 -G22 

Consider some numerical values for the growth rate. Take two rigid 
boundaries a t  z = +$ with temperature specified and use Tables 6.1 and 6.2 
t o  evaluate the integrals (6.33). Then (6.47) becomes 

(0.8 + 0 . 0 3 8 1 ~ ~  + 0.00159a4)(0.333 +0.0333u2) 
(0.007 1 4)2a2 

R =  , (6.50) 

which can be minimized with respect to wave number. The minimum is 
R ,  = 1750 for a = 3.12. Then Eq. (6.48) can be evaluated for this a, and can 
be written in terms of R - R,: 

(6.53) =o .  

) I i 2 ] .  (6.51) 
1.721 Pr ( R  - R,) 

(19.67 + 38.28 Pr)2 
Pr + 19.14)[-1 2 ( 1  + 

The effect of Prandtl number is apparent in Table 6.6. The effect of Nusselt 
number on the growth rate can be determined in a similar fashion. 

TABLE 6.6 

GROWTH RATE AT ONSET OF MOTION FOR 

Two RIGID B~UNDARIES 

R -- R, 

Pr 10 50 100 

1000 O.OOO11 0.00056 0.0011 
7 0.01 5 0.075 0.19 
0.7 0.093 0.46 0.91 
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The properties of the function &(m, n) make the off-diagonal elements 
zero, except for those involving H :  

El2 = EZ1 = Dl2 = D2, = G12 = G 2 ,  = 0, 

H12 = H 2 ,  = &(l,  3) + Q&(2, 3) = QS(2, 3). 
(6.54) 

The matrix (6.53) can be expanded to give 

(6.55) 

Note that R depends on Q2 so that the sign of Q is immaterial. When the 
parameter Q is small the asymptotic expression (for Q + 0)  is 

R~E, ,E, ,  [H,,H,, - ~ ~ & ~ ( 2 , 3 ) 1 -  R(D,,E,, G,,H,, 

+ D22EllG22Hll) + DllD22GllG22 = 0. 

DlIE22 GllIHl1 1. (6.56) DllGll 

El 1Hll 1 1  2 2  1 1  22  - D22EIlG22Hll 
R = ~ [l + Q2&’(2,3) 

This means that the parameter Q has only a second-order influence on the 
Rayleigh number. 

This problem was solved numerically by Sparrow et al. (1964) using a 
power series expansion. While they obtained accurate numerical results, they 
did not obtain the insight that the parameter influences the Rayleigh number 
only in second order, Eq. (6.56), when Q is small. This fact can also be deter- 
mined from the asymptotic analyses developed by Busse (1967b) for the 
problem allowing property variations with temperature. 

For large values of Q computations have been performed by Roja (1969) 
and are shown in Table 6.7. The results are for the fourth approximation 

TABLE 6.7 

CRITICAL RAYLEIGH NUMBERS FOR NONLINEAR 
TEMPERATURE PROFILES 

Q N, Galerkin ( N  = 4) Exact 

0 0 1708.5 1707.76 
-0.5 0.25 1707.0 1706.95 
- 20 10 11 18.6 1118.43 
- 40 20 717.44 717.20 

using the trial functions (6.21). The third and fourth approximation differ 
by only 0.01 % and the results compare favorably with those obtained by 
Sparrow et al. (1964) which should be the same when Q = -2N, ,  N, > 0. 
N ,  is a parameter defined in Sparrow’s article. 
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Combined Surface Tension and Buoyancy Flow 

A fluid layer with a free surface at  the top can have motion induced by 
surface tension variations on the surface. When hot fluid rises to the surface it 
cools as it moves along the surface. Thus the temperature can vary along the 
upper surface. Since the surface tension depends on temperature, there is also 
a surface-tension gradient along the surface. This induces a surface traction 
that either tends to pull the fluid along, leading to instability, or to restrain the 
fluid motion, leading to stability. We include these effects and compute 
numerical results in the absence of buoyancy forces. 

The differential equations remain the same, but the boundary conditions 
are different. The velocity condition is that the surface traction vanishes 
(Pearson, 1958). The dimensionless equations are 

a 
at 
- ( D 2  - a2) W = -RM-'/'aT + ( D 2  - a2)2 W, 

dT Pr - = (D2 - a2)T + uM'I2 W, 
at 

D2W+M1I2aT=0, W=O, DT= -Nu,T at  z =  1, (6.57) 

To apply the Galerkin method, choose trial functions which satisfy the 
boundary conditions 

W(0) = DW(0) = W(1) = 0. (6.58) 

If the lower boundary condition is T = 0, that must be satisfied as well. The 
trial functions are substituted into the differential equations to form the 
residuals. The velocity equation is made orthogonal to the velocity expansion 
functions, and the temperature equation is made orthogonal to the temperature 
expansion functions. After performing several integrations by parts some 
boundary terms remain since the trial functions do not satisfy all the boundary 
conditions : 

W = D W = O ,  DT=Nu,T  at  z = 0. 

(WjD4Wi)  = (D2WjD2Wi)  - [DWjD2Wi]h 
(6.59) 

We have substituted into this equation the appropriate boundary condition 
(this is equivalent to combining the differential equation and boundary 
residual) to obtain the final results, 

= ( D ~ w ~ D ~ w ~ )  + U M " ~ D W ~ ( I ) T ~ ( I ) .  
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These equations are in the form of (6.33) with the same C, D, and F matrices 
and 

E j i =  -aDWj( I )T i ( l )  + a(R /M)(WjT i )  ~ U j i  + (R/M)Vji , ,  

Gji = ( D T j  DTi + a 2 T j T i )  + N u ( l ) T j ( l ) T i ( l )  + Nu(0)Tj(O)Ti(O), (6.61) 
H j i  = a ( T j  W i ) .  

Vidal and Acrivos (1 966) report numerical calculations which prove 
that oscillatory instability cannot occur. The first approximation of the 
Galerkin method gives the same result. Thus we look only at  stationary 
instability: 

- D M’”(U + ( R / M ) V )  - o, I M’12H -G l -  (6.62a) 

MUH + R V H  = DG. (6.62 b) 

When only a single mechanism is operative 

R = DG/VH (6.63a) 

or 

M = DG/UH. (6.63b) 

These must be minimized with respect to a to determine R, or M,. Equations 
(6.62) can then be written in the form 

M R  
- + - = l .  
M ,  Rc 

(6.64) 

This formula is oversimplified since the wave number may be different in 
(6.63a,b). For the combined mechanisms Eq. (6.62b) must be minimized with 
respect to wave number; for example, minimize M with respect to a for a 
given R .  Detailed calculations verify that (Eq. 6.64) is a good approximation 
for a wide range of conditions. 

We next choose trial functions for use in the Galerkin method. We 
require the velocity to satisfy the boundary conditions (6.58). The lowest- 
order polynomial satisfying these requirements is 

N 

w = ZZ(1 - 2)  c a,z’- ’ .  (6.65) 
i =  1 

Thus we take as the trial functions 

W i  = ( 1  - Z ) Z i + l ,  Ti = zi-1. (6.66) 

The various scalar products are given in Table 6.8. 
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TABLE 6.8 

MORE INTEGRALS FOR THE GALERKIN METHOD 

W, = (1 -2)2'+1, T, 521-1 , W(0) = DW(0) = W(1) = 0 

< WJ W,> = 9 ( i  + j + 2 , 2 )  
( D  WJDW,)  = ( i  + I ) ( j  + I ) F ( i  + j ,  2) - ( i  + j + 2 ) 9 ( i  + j + 1, 1) + 9 ( i  + j + 2 , O )  

<Dz WJDz W,) = c(i + 1)G + I ) F ( i  + j - 2, 2 )  - 2i(i + 1)G + I ) F ( i  + j - 1, 1 )  
- 2jU + I ) ( i  + I).F(i + j - 1, 1) + 4(i + 1)(j + I ) F ( i  + j ,  0 )  

We consider here numerical results when only the surface tension mecha- 
nism is operative and the boundary condition: Nu(1) = 0. The zero Nusselt 
number case is referred to in the literature as an insulating boundary con- 
dition and the infinite case (giving T = 0) is referred to as the conducting 
boundary condition. For the first approximation the results would be better 
if the boundary conditions are satisfied. Thus we take temperature functions 
which satisfy the thermal boundary conditions exactly in place of Eq. (6.66b). 
For higher approximations, of course, the trial function (6.66b) would be 
used because of the ease in automating the computations. 

Consider then the first case with 

DT(0) = DT(1) = 0. (6.67) 

The trial function T =  1 satisfies these boundary conditions. With that 
choice and W = (1 - z)z' 

H = a%(2, 1) = a/12, G = a', U = a. (6.68) 

The Marangoni number is then given by Eq. (6.63b), 

M = 12(4 + 0 . 2 6 6 ~ ~  + 0.00952a4). (6.69) 

The minimum value of M occurs for a = 0 and is M,  = 48. This result is the 
exact answer even though the approximate eigenfunction for temperature is not 
exact. This success should not be expected in other problems, and if the 
exact result were unknown higher approximations would have to be calculated 
to  confirm the result. 

For the conducting case the trial functions must satisfy 

DT(1) = T(0) = 0. (6.70) 
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Assume a quadratic expression and apply the boundary conditions to give 
T = z - 3 z 2 ,  (6.71) 

which will be used as the temperature trial function. The appropriate in- 
tegrals are 

H = a[F(3, 1) -QF(4, l)] = ~ / 3 0 ,  U = ~ / 2 ,  

G = F(0 ,2 )  + a 2 [ 4  u- ( 2,O) - P ( 3 , O )  + *9(4 ,  O ) ]  = 3 + L a 2  1 5  7 (6.72) 

and the expression for Marangoni number is 
M = (4 + 0.266~’ + 0.00952u4)(20 + 8a2)/u2. (6.73) 

Numerical minimizations of Eq. (6.73) with respect to wave number gives 
M ,  = 69 and a, = 2.25, compared to exact values of 79.6 and 1.99. The 
numerical values could of course be improved by computing higher approxi- 
mations. 

Next, suppose we are doing an  experiment and wish to know the effect of 
Nu(0) on our results. We know from the above calculations that as Nu goes 
from zero to infinity the critical Marangoni number goes from 48 to ap- 
proximately 69. We wish to know for example, whether Nu = 0.1 is close 
enough to zero for the insulating results to apply and when Nu = 10 do  the 
conducting results apply. To  answer those questions we solve the problem 
with a general thermal boundary condition a t  the bottom.? 

The thermal boundary conditions are 
DT=Nu,T,  z = O ;  DT=O, ~ = 1 .  (6.74) 

A quadratic expression which satisfies Eq. (6.74) is 
T =  1 + NuOz(1 - +z). 

The inner products involving temperature are then 
H = ~[0.0833 + 0.0333 NU,], 
G = Nu,’F(O, 2) + a2[1 + 2 NU, F(1, 0) + (NU,’ - N ~ , ) 9 ( 2 , 0 )  

(6.75) 

U = ~ ( l  + NuO/2) 
(6.76) 

- NUO29(3, 0) + NUO29(4, 0)/4] + NU,. 
The Marangoni number is then M =  DG/UH. Minimization for several 
Nusselt numbers gives the results listed in Table 6.9. Since exact results are 
known for Nu, + KI we can improve the results in Table 6.9 by calculating 

(6.77) 

t Pearson (1958) has solved the surface tension problem for a general thermal boundary 
condition at the top. Sparrow et al. (1964) have solved the buoyancy problem for general 
thermal boundary conditions at both surfaces, a rigid bottom surface, and either rigid or 
free top surface. Hurle e ta / .  (1967) have solved the buoyancy problem with rigid boundaries 
of finite conductivity. 
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TABLE 6.9 

CRITICAL MARANGONI NUMBER VERSUS 
NUSSELT NUMBER 

0 48 0 48.0 
0.1 55 0.368 59.6 
1.0 63 0.789 72.8 

10.0 66 0.947 77.8 
00 67 1.0 79.5 

using approximate values for M ,  (Nu,) and M ,  (a). Then the same formula is 
used with exact values of M,(O), M,(oo) and the f(Nu,) determined from 
Table 6.9 to obtain improved results. With this information we can decide 
whether any given experimental situation is close enough to the conducting or 
insulating case or  whether the Nusselt number affects the results. If it does, 
higher approximations can be calculated. 

One feature of the above results deserves further mention. Equations 
(6.60) for the first approximation do not admit the possibility of oscillatory 
instability. When the buoyancy and surface tension driving forces are opposed 
it seems possible that oscillatory instability might occur, since perturbations 
might grow due to one mechanism and then be damped out due to the 
opposing mechanism. Jakeman (1968) investigated this problem using an 
approximate analysis when both surfaces were insulating, that is, DT = 0. 
He concluded that the minimum Rayleigh number (for given Marangoni 
number) occurred a t  a = 0, and that for a limited ratio - 1/6 M / R  5 - 1/7 
oscillatory instability was possible. Thus we must conclude that the question 
of oscillatory instability cannot be decided conclusively on a basis of the 
first approximation of the Galerkin method. 

Other Applications 

We next discuss several applications to other problems where the analyses 
have been done using Galerkin’s method. In most cases we give only a brief 
treatment, and emphasize the choice of trial functions for the problem in 
question. Gershuni and Zhukhovitskii (1968) examined the influence of rigid 
boundaries with finite thermal conductivity. In  most experimental situations 
the fluid layer is bounded by two plates made of a good thermal conductor. 
Fixed temperatures are maintained at  the outer boundary of these two plates, 
but not necessarily at  the boundary of the fluid. Thus the boundary conditions 
are not as simple as those assumed above. To examine this effect, Gershuni 
and Zhukhovitskii used a one-term expansion for velocity and temperature, 



I 70 6 CONVECTIVE INSTABILITY PROBLEMS 

plus a trial function for the temperature in the solid, and applied the Galerkin 
method. Exact results are also available for a similar problem (Hurle et al., 
1967). 

Kurzweg (1 965) considered convective instability of a hydromagnetic fluid 
within a rectangular cavity. I n  this problem it is no longer possible to employ 
separation of variables, as is used to derive (6.31), since the boundary con- 
ditions on the vertical walls do not allow a separable solution. The eigenvalue 
problem is then a system of partial differential equations rather than a set of 
ordinary differential equations with an unspecified wave number: 

where q and ( are the position coordinates and the rectangular cavity is 
infinitely long in the third direction. M is the Hartmann number p H d ( ( ~ / p v ) ~ / ~ ,  
where p is the magnetic permeability, H the magnetic field, d the height of the 
layer, 0 the electrical conductivity, and y = b/d the aspect ratio, the width 
divided by the height. The boundary conditions are 

(6.79) 

The side walls are insulating, the top walls are conducting, and the velocity 
vanishes on all walls. Kurzweg solves the problem exactly in two limiting 
cases: large aspect ratio and zero aspect ratio For arbitrary aspect ratio he 
applies the Galerkin method and the two exact special solutions provide a 
check on the results. Kurzweg expands the solution in the form 

N N 

$ = c A m ,  Um(v)Vn(O, 6 = 1 &nxm(v)y"(t). (6.80) 
m, n =  1 m, n =  1 

We need to find U ,  V ,  X ,  and Y functions satisfying the boundary con- 
ditions. The velocity functions U,,, and V,  are similar to Eq. (6.8), rearranged 
so that the boundaries are at -I 1 rather than -I+. The temperature functions 
can be sines and cosines with a symmetry such that it interacts with the 
velocity function in the differential equation : 

(6.81) 

Kurzweg does calculations using N = 3 so that the results require solving 
an I8 x 18 determinant. We discuss only the results with M = 0, that is, in 
the absence of magnetic effects. In the limit of large aspect ratio Kurzweg 
derives R1/4 = (1708/16)"4y, and the results for finite aspect ratio are always 
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above this value, because of the extra dissipation resulting from the vertical 
walls. For y < 1.6 the motion is in the form of a single roll cell, while for 
1.6 < y < 2.6 the motion is in the form of two roll cells. 

Davis (1967) solved the same problem in a three-dimensional box. He 
considers the equations in the form 

V’U + R‘I2Ok + V p  = 0, V20 + R”’k * u = 0, (6.82) 

and expands the velocity in terms of a vector function which is solenoidal 
and vanishes on the boundary. He chooses 

3 J  

(6.83) 

where the constants are further restricted to satisfy the boundary conditions 
as well as whatever symmetry of roll cell it is desired to investigate. Similar 
expressions are used for the velocity functions u, = (4(,!), 4(:), 4‘:)) and in 
addition to the boundary conditions the condition V - u, = 0 is applied. 
Davis found that the solution was essentially three-dimensional and that it 
corresponded closely with experimental results in that the shape of the box 
determined the geometry of the cells. Davis (1968) then extended the cal- 
culations to the nonlinear problem and showed that the walls of the box 
cause the preferred wave number to decrease when the Rayleigh number 
increases, as is experimentally observed. The theory for an infinite layer 
gives the opposite result. 

Catton (1 970) considered the same problem using different trial functions. 
He comments that Davis’s trial functions were constructed out of a set of 
equally spaced rolls, and this might be the reason that convergence was not 
obtained for aspect ratios less than one. Catton and Davis both construct 
three-dimensional motions by superposing two-dimensional motions which 
satisfy the continuity equation. For example, if 

au ,  awl au, aw,  
ax aZ a y  aZ -+-=(lo, -+-=o, (6.84) 

then u = ul ,  u = ul ,  w = w1 + w 2  gives a three-dimensional motion which 
satisfies the continuity requirement. The two-dimensional motion is con- 
structed from components such as 

Upqr = - fp W g ,  (Y)h,‘(Z), W p q r  = fp’(xlg, Whr (4. (6.85) 

Clearly this satisfies the continuity requirement since u, + w, = 0. To make it 
satisfy the boundary conditions at  x = k* it is necessary that u = w = 0 
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there. Thus f andf‘  must vanish at  x = -13. A possible choice for f is then 
(6.8) or (6.9). Similarly, h can be the same functions. The temperature is 
chosen to interact with the velocity function and vanish at  x = &+, y = *+, 
z = ++. One of the sets of trial functions is 

c - cos (2g - 1)n - - Upqr = - - ’ 1 cF9 A p  ( Hl 1 [ H2 

(2q - 1)n- C,(Z). 
H2 ’1 Wpqr = - 

1, 

(6.86) 

Other sets, including the odd functions (6.9), must be included as well. 
Catton (1 970) used as many terms as were necessary to determine the critical 
Rayleigh number to six significant figures. 

Another problem is penetrative convection, in which a fluid layer with a 
stable density profile is above a layer with an unstable density profile. The 
perturbations in velocity and temperature can propagate into the upper layer, 
where they are damped out. Rintel (1967) studies penetrative convection for 
both buoyancy driven flows and instability between two rotating cylinders. 
For the buoyancy problem the equations are 

(6.87) (0’ - a2)2 W = -Rg(Z)T, (0’ - a2)T = W ,  

with boundary conditions 

W = D W = T = O ,  z = 0, 

W = D ~ W = T = O ,  z =  1. 
(6.88) 

Due to the changing density profile the function g(z)  takes two different 
constant values in the stable and unstable portion of the layer. To solve the 
problem the temperature is expanded in a series of functions which satisfy a 
simpler eigenvalue problem: 

M 

T =  CB,Tn, 

(D’ -a2)T,=  -A,T,, Tn=O at z = O ,  1 ,  

n =  1 

(6.89) 

A, Tn = sin nnx, A, = a’ + n2n2. 

The velocity functions are then chosen to satisfy the equations: 

( D 2  - a’) W, = An Tn , 
W , =  DW,=O, z = O ,  

W,= D’W,=O, Z =  1 .  

(6.90) 
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The Galerkin method is then applied to (6.87). Due to the special nature of 
the trial functions it is possible to eliminate the B, from the computations. The 
final results correspond to retaining 35 terms in the temperature expansion 
and 6 in the velocity expansion, but because of this elimination the determi- 
nant is only a 6 x 6 determinant. The results show that the stable layer on top 
is destabilizing-it lowers the critical Rayleigh number-and that as the 
density profile in the stable layer becomes vertical the results reduce to those 
appropriate to the standard problem with a free boundary at the top. 

Roja and Finlayson (1970) solved the convective instability problem for 
gases including the perfect gas law as an equation of state and taking into 
account the variation of physical properties, such as viscosity, thermal 
conductivity, etc. with temperature. The case of heat capacity variation is 
similar to the case studied above with a nonlinear temperature profile. The 
problem then becomes an eigenvalue problem with variable coefficients, and the 
Galerkin method was used to solve it. The trial functions used were Eqs. 
(6.21) and four terms were used, giving an 8 x 8 determinant. The results were 
then expressed in a perturbation series for small property variation : 

(6.91) 

where the B, denotes the variation of the property across the fluidlayerdivided 
by the average value. Numerical values were given for two rigid boundaries 
with T = 0, and the effect on Rayleigh number is extremely small. A viscosity 
variation of 10 % across the layer gives a change in critical Rayleigh number of 
only 0.05 %. 

Finlayson (1970) used the Galerkin method to study the convective 
instability of a ferromagnetic fluid. Here the convection is caused by spatial 
variations of magnetic field and magnetization which are established by the 
linear temperature profile, since the magnetization depends on temperature 
as well as magnetic field. The solution depends on three parameters, in 
addition to R and a, so that the computational efficiency of the Galerkin 
method is particularly welcome. The computations provide an example in 
which the boundary conditions (of the third kind) on magnetic potential are 
not satisfied exactly by the trial function and the boundary residual is com- 
bined with the differential equation residual. 

Couette Flow between Rotating Cylinders 

We next consider several problems which are similar to the convective 
instability problems. Consider two long coaxial cylinders with a fluid contained 
between them. The two cylinders are rotated a t  different velocities, in either 
the same or opposite directions. We then wish to determine the conditions 
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under which the basic flow thus established will be unstable to small pertur- 
bations and a secondary flow will be established. The basic equations are, after 
simplification for a narrow gap (Chandrasekhar, 1961, Section 69), 

( 0 2  - a2yu = (1 + cIz)u, (6.92a) 
( D  2 - a2)v = -Ta2u, (6.92 b) 

c1 = - ( I  - p) ,  (6.92~) 
u = D u = u = O  at z = O , l .  (6.92d) 

The functions u and u are the radial and azimuthal velocity functions, p is 
the ratio of angular velocity of the outer cylinder to that of the inner cylinder, 
and T is the Taylor number and depends on the gap thickness between the 
cylinders, the viscosity and the initial flow. Methods applicable to this problem 
include the Galerkin method, adjoint variational methods, and modified 
Galerkin methods, which are compared in Section 6.4. 

Consider the complication introduced when azimuthal variations are 
allowed in the disturbances, that is the velocity functions can be periodic 
in angle, 0. The equations for nonrotationally symmetric disturbances in the 
small gap approximation are (DiPrima, 1961) 

( D L D  - aZL)u = - +a’T( 1 + p)u, 

Lv = u, (6.93) 
L = ( D 2  - a’) - iRe{fi + k f ( x ) } ,  

where k is the azimuthal wave number and Re, f i ,  and f ( x )  depend on the 
initial flow. These equations must be solved subject to the same boundary 
conditions (6.92d). DiPrima (1961) solves the problem for p -+ 0 using the 
Galerkin method and trial functions (6.8) and (6.9). Both even and odd 
functions must be included : 

J M 

u = aiCi(z) + 1 biSi(z), 
i =  1 i =  1 

(6.94) 

E ,  = J2 cos(2n - 1)7cz, F ,  = Ji sin 2nnz. 

The solution indicates that the minimum Taylor number occurs for k = 0, 
that is, for rotationally symmetric functions (p  2 0). 

Another complication which has been studied is the stability of Couette 
flow with an axial flow superimposed on top of it. The equations for rotation- 
ally symmetric disturbances and a narrow gap are (Chandrasekhar, 1961) 

[ D2 - a2 - ia + ia Re f ( x ) ] (  D2 - a2)u + 12ia Re u = - a2Tg(x)u, (6.95) 
[D2 - a2 - io + ia Re f (x) ]v = u, 
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where a is the time factor introduced when the time dependence is assumed 
to be W(x, t )  = w(x) exp(at). Re is the Reynolds number for the axial flow. 
The same boundary conditions (6.92d) apply. The solution to this system is a 
formidable task. For special cases [such as g(x) = 1 andf(x) = 11 the exact 
solution is known (DiPrima, 1960; Chandrasekhar, 1960). For the more 
general case most solutions have been derived using some form of the Galer- 
kin method. DiPrima (1960) used trial functions of the type (6.94). Later 
Krueger and DiPrima (1 964) did additional calculations using the same 
trial functions as well as the following more complicated ones. Krueger and 
DiPrima derived the solutions to 

[D2  - a2 - io + ia Re](D2 - a2)um = E m ,  
(6.96) 

[D2  - a2 - ia + ia Re]vm = C,, 

and expanded the solution in terms of these functions. Note the similarity of 
(6.95)-(6.96). For this problem the results using (6.96) (two-term series) 
agreed very well with those obtained using (6.94). This indicates the simpler 
trial functions give satisfactory results. Krueger and DiPrima present results 
of calculations for Re from 1 to 60 and various values of p between + 1 and 
- 1. The instability is oscillatory in nature, and for each set of parameters 
they determine the critical wave number, frequency of oscillation and Taylor 
number. In this problem the Galerkin method has proved of great value in 
demonstrating the effect of the parameters on the instability. 

When the same authors extended the non-axisymmetric problem (6.93) 
to other values of p, including negative ones, and for finite gaps, they resorted 
to a numerical procedure (Krueger et al., 1966). For negative p,  more terms 
must be used in the expansion, and the algebra became tedious. These 
results confirmed that for p 2 0 the axisymmetric disturbances are the most 
critical, whereas for p 5 -0.78 the critical disturbances are non-axisym- 
metric. As more and more terms are used in the expansion it is imperative 
to easily automate the computations. Otherwise the algebra becomes too 
tedious. 

Other applications of the Galerkin method include the study of Couette 
flow in the presence of an axial magnetic field (Kurzweg, 1964), and a circular 
magnetic field (DiPrima and Pan, 1964). The effects of radial temperature 
gradients are determined without the small gap approximation (Walowit et al., 
1964) and with the small gap approximations but including viscosity and 
density variations due to the temperature gradient (Walowit, 1966). Ritchie 
(1968) has recently applied the Galerkin method to the study of Couette flow 
between rotating cylinders when they are eccentric. This application requires 
using bipolar coordinate systems, but illustrates the wide range of problems 
amenable by the Galerkin method. 

It is clear that the Galerkin method can be used as a standard and powerful 
computational method for studying eigenvalue problems. 
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6.3 Time-Dependent Motion 

When instability manifests itself the motion can be either stationary 
or  oscillatory. The oscillatory instability is plainly more complicated and 
deserves special attention. We consider the physical mechanisms which give 
rise to oscillatory instability and then outline computations for a rotating 
fluid layer. We conclude by treating problems in which the quiescent state 
itself has a time-dependent temperature or concentration profile. 

To illustrate the calculations for oscillatory instability we study a fluid 
layer heated from below which is rotated about an axis perpendicular to the 
heated boundaries. This introduces Coriolis forces into the equations. The 
equations given by Chandrasekhar (1961, pp. 89 and 90) can be rearranged to 
give in place of (6.31) 

- 9  
( 0 2  - a 2 ) - aw = ( 0 2  - a 2 ) 2 ~  - ~ 1 1 2 ~ 0  - ~ 1 1 2 ~ ~  

at 

ao 
at 

(6.97) Pr - = ( D 2  - a2)20 + R'/2a W ,  

a= 
at 
- = ( D 2  - u2)E + T1I2DW. 

The vertical component of vorticity must be included since it interacts with 
the velocity equation through the Coriolis forces. T is the Taylor number, 
given by 4C12d4/v2. 

Consider first the physical reason these equations might give rise to 
oscillatory instability, following Veronis (1966a) and McConaghy and Finlay- 
son (1969). The momentum equation represents a balance of local accelera- 
tion, Coriolis, gravitational and viscous forces. In time-dependent motions of 
dynamical systems, the local acceleration partially offsets the constraining 
force of rotation. When the Prandtl number is small, viscous forces become 
small and the local acceleration becomes more important in the dynamical 
balance. Consequently we would expect time-dependent motions to be less 
stable, or more easily generated, since then the local acceleration can offset 
part of the constraining force of rotation. Time-dependent neutral stability 
states are of course oscillatory. We would then expect oscillatory instability 
to occur for buoyancy-driven convection with Coriolis forces. If the con- 
vection is driven by surface-tension variations rather thandensitygradients, the 
gravitational force does not appear in the momentum balance and the driving 
force arises in the momentum balance at  the free surface. The argument for 
oscillatory instability did not depend on the source of the driving force, 
however, and the local acceleration in time-dependent motion should still 
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partially offset the constraining force of rotation. We then expect the same 
conclusion : oscillatory instability driven by surface-tension variations should 
be possible in a rotating fluid layer, especially for fluids with small Prandtl 
numbers. Oscillatory instability has in fact been shown to occur (see Chand- 
rasekhar, 1953, 1961 ; Chandrasekhar and Elbert, 1955; Nakagawa and 
Frenzen, 1955 for the buoyancy problem; McConaghy and Finlayson, 1969, 
for the surface tension problem). 

Another situation giving rise to oscillatory instability is the instability 
caused by density gradients due to both energy and mass transport across a 
fluid layer. The energy and mass transport give rise to temperature and con- 
centration gradients, which thereby induce density gradients. This problem has 
been studied in detail for two free boundaries by Sani (1963, 1965) and 
Veronis (1 968b). They find that oscillatory instability can occur provided 
the two mechanisms work in opposition: one of the gradients must induce a 
stabilizing effect and the other must encourage instability. In this case the 
cause for oscillatory motion is due to the competing effects of the two mecha- 
nisms. As one mechanism causes motion to grow, the other causes it to dimin- 
ish, and oscillatory motion occurs. These two cases of oscillatory instability: 
a rotating fluid layer and transfer of both energy and mass, suggest when 
oscillatory instability might occur. If we decide to study oscillatory instability 
the Galerkin method can be applied as we will show. 

The Galerkin method was applied to (6.97) by Finlayson (1968) and gives 
for the first approximation in place of (6.44) 

dB 
dt 

Pr F -  = RIi2EA - GB, 

Ii2UA - XC', 
dC' 
dt 

V - =  -T 

where, for any approximation, 

Uji = ( Wj DEi) = - ( Si  DWj) ,  

vji = ( Z j  X i ) ,  

X j i  = ( DEj DEi + azEj Ei). 

These equations can be put into the form 

(6.98) 

(6.99) 

(6.100) 
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- DjC R‘I2EIC T’12UIC 
R’I2 EjPr F - GjPr F 

- xjv - T’12 U/ V 0 

with 

0 0  -D R’I2E 0 o u  

0 0 -x - u  0 0 
R’12 -G 8 1 + T 1 1 2 [  0 0 01. 

(6.101) 
The matrix J has been split into its symmetric and antisymmetric parts. 
When the Taylor number is zero, the matrix is symmetric and can have only 
real eigenvalues; hence oscillatory instability is impossible. If oscillatory 
instability occurs for T # 0 the matrix J must have a certain amount of 
asymmetry. To study the instability we put the equations into the form: 

d2 
dt 
- = LA. 

(6.102) 

The stability of the system is governed by either a3 = det L = O  for stationary 
instability or T2 = a, a, - a3 = 0 for oscillatory instability. The results are 

DG U 2 G  
E 2  fi’ R s = - + T  (6.103a) 

U2F‘v  1, (6.103b) 
X Pr F + T Pr2 

E 2  ( D  Pr + GC/F)  
R” = 

and when oscillatory instability occurs the frequency of oscillation is given 
by w2 = -a3jal = -a,, 

U 2 ( G  - X F  Pr/V) X 2  _ _  w2 = T 
V(GC + DF Pr) v2  ‘ (6.104) 

The Rayleigh number must be minimized with respect to wave number to 
obtain the critical value. If RCs 5 R,”, then stationary instability occurs and 
vice versa. 

It is instructive to establish the results which are valid for large Taylor 
nnmber. For this purpose we assume the trial functions are normalized, so 
that ( W 2 )  = ( T 2 )  = (E2)  = 1. If Eq. (6.103a) is differentiated with respect 
to a2,  the result set to zero and solved for a, we get for large T - +  co, 

2a2 - T(( WDE>’/a4) = 0. (6.105) 

The root to this equation is 

a, = (+T>’l6( WDE)”3 (6.106) 
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and the critical Rayleigh number is 

R, S - - + 2  3 113 T 213 ( WDE)4/3(We)-2. 

The same procedure applied to Eq. (6.103b) gives 

(6.107) 

T Pr' ' I 3  
R," = 6(1 + Pr)( ) ( WDZ)413(  WO)-' , (6.108) 

(1 + Pr)'2 

These formulas give the critical conditions as Pr'T-t 00. The value of R," 
depends on Prandtl number. Compare Eqs. (6.107) and (6.108) to see if there 
is a Prandtl number above which R," I R,". Setting R" = R" gives 

1 - _  Pr4I3 
(I + p1-1''~ - 2 '  

(6.109) 

The root to this equation is Pr = 0.676605. Thus for a fluid with Pr 2 0.68 
stationary instability is the preferred made since R," < R,". These results 
apply to any boundary conditions, rigid or  free, including any thermal 
condition, but only for the first approximation. The value of the integrals 
changes as we insert approximations which satisfy the different boundary 
conditions. 

Trial functions must be assumed to satisfy the boundary conditions. 
Consider two rigid boundaries which are good conductors : 

w = ~ w = e = ~ = o ,  z = + ~  - 2 '  (6.1 10) 

Appropriate trial functions are (6.16) for velocity, (6.17) for temperature, 
and (6.27) for vorticity. Calculations which converged by the third approxi- 
mation are shown in Fig. 6.2. The effect of the rotation is to stabilize the 
fluid layer, and fluids with smaller Prandtl numbers are less stable with respect 
to oscillatory instability. Results similar to Eqs. (6.107) and (6.108) were 
obtained by Chandrasekhar (1961, Ch. 3) for the case of two free boundaries 
which are good conductors. In that case the exact solution can be found. In 
the more general case, Chandrasekhar used an approximate method, outlined 
in Section 6.4, but obtained only numerical results without the qualitative 
features of Eqs. (6.107) and (6.108). Regardless of what method one uses to 
obtain precise numerical results, it is clear that the first Galerkin approxi- 
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Fig. 6.2. Rayleigh number dependence on Taylor and Prandtl numbers. Curve a, 
stationary instability. Curves b-d, oscillatory instability, Pr: (b) 0.25, (c) 0.1, (d) 0.025. 

mation gives considerable insight into the solution. This information can then 
be used to guide the more precise computations, whether done by the Galerkin 
method or some other scheme. 

Stability of Time-Dependent States 

In  the above treatment of oscillatory instability by the Galerkin method, 
the time dependence was exponential and this could have been assumed. 
The ordinary differential equations were retained because they facilitated the 
solution. Situations exist where the exponential time dependence cannot be 
assumed and the full time-dependent equations must be retained. These are 
cases when the initial state itself is changing in time. Quasi-static approxi- 
mations have been made : assume the perturbation grows much faster than 
the initial state, and freeze the initial state into some spatial distribution whose 
stability is studied. However, the results have been shown to be in error. 
We thus consider the full time-dependent problem here. Meister (1963) was 
apparently the first to apply the Galerkin method to a time-dependent prob- 
lem. He considered the Couette flow between two coaxial cylinders. lnitially 
the cylinders are rotating in a fashion that is stable. Then at time zero one of 
the cylinders is speeded up and the Couette flow begins to change to the new 
steady-state value. The new steady state is unstable, however, and somewhere 
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in the transition an instability sets in. The state whose stability is to be deter- 
mined is then a transient one-hanging from one Couette flow to another. 
Instead of treating this case in detail we investigate natural convection phe- 
nomena giving rise to similar problems. 

Consider the following heat transfer problem treated by Foster (1968). 
An infinitely deep fluid layer is at a constant temperature. At time zero the 
temperature of the cooling medium at the top surface is abruptly lowered to 
a new value and the temperature distribution in the fluid begins to change with 
time. With no velocity disturbance the temperature of the fluid is given by 
the solution to 

ar, a”, 
at az2 ’ 
__--  - (6.111) 

The perturbation equations are derived as done above with the distance 

The resulting equations, after assuming a normal mode analysis, are 
scale in units of (rcvlccg AT)1/3 and thetimescaleischosen as (v2/cc2g2 AT2  K ) 1 / 3 .  

aw 
at 

( I /Pr) (D2 - a’)- = ( D 2  - a2)2 W - a2T. 

We consider the case of a rigid boundary with a general thermal boundary 
condition : 

W = D W = D T - N T = Q  at z = Q .  (6.1 13) 

The initial state is easily determined using Laplace transforms to obtain the 
solution for small time. The result is 

aT, exp[ - z2/4t] -- - aZ (.rrt)”2 . (6.114) 

The Galerkin method is then used to solve (6.112) 
We must expand the solution in a series of functions with coefficients 

which are functions of time, Eqs. (6.32). Foster (1968) derives orthonormal 
functions in the following manner. He writes 

n +  1 n +  1 

Wn(Z> = Cnm(bZ)me-bz, Tn(z)  = 1 Dnm(bz)m-le-bz ,  (6.115) 
m =  1 m =  1 

and determines the constants C,,, and D,, by the conditions (6.1 13) and 
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The constant b was adjusted to give rapid convergence of the results, and 
from 3 to 6 terms give convergence. These computations can be done on a 
computer, after which the Galerkin integrals are calculated on a computer. 
The integrals involving dTo/dz are calculated numerically. This procedure 
reduces the set of partial differential equations (6.112), to a set of 2N coupled 
ordinary differential equations which are solved numerically. It is of course 
necessary to prescribe initial conditions and define what is meant by in- 
stability. The results are somewhat dependent upon the initial conditions 
assumed, but the qualitative behavior is not (whether the disturbance grows 
or diminishes, its growth rate after an initial transient period, etc.). Foster 
used many different combinations and then concentrated on A,(O) = 1, and 
all other terms initially zero. The growth of the average velocity disturbance 
was calculated as a function of the horizontal wave number and the Prandtl 
number: 

112 
( W )  = [ jom W 2 ( z ,  t )  d z / C  W 2 ( z ,  0)  dz ]  . (6.1 17) 

The results were expressed in terms of a critical time, t , ,  which it took for 
(6.1 17) to reach various values, from 10 to 10'. Various effects can then be 
examined : the effect of Nusselt number is small, and thecriticaltimedecreases 
as the Prandtl number increases. Asymptotic limits of small and large Prandtl 
number arc also derived. Foster concludes that the effect of a free boundary 
is about the same as a rigid boundary insofar as the critical time is concerned, 
so that the free boundary can be used to investigate the variation of critical 
time on various parameters. Foster considered axother case in which the 
surface temperature is decreased at a linear rate. Its effect was much greater 
than the effect of various boundary conditions on the perturbed velocity 
or temperature. Thus, the initial disturbance seems to be the most important 
variable. We note that while Foster (1968) used a general thermal boundary 
condition for the perturbed temperature, Eq. (6.1 13), he used the solution 
for To ( z ,  t )  corresponding to a constant temperature at the surface, Eq. (6.114). 
Thus the results apply only to the case of N very large. In a later study Foster 
( 1  969b) compared the theory to experiment. While the comparison cannot 
be made precisely the general features of the analysis were verified. The ampli- 
fication (6.1 17) usually had values between lo3 and lo5. 

Another application of the Galerkin method to a time-dependent problem 
is the study of gas absorption into a liquid layer done by Mahler et al. (1968) 
and Mahler and Schechter (1970). The problem is very similar to that treated 
above, except for the initial concentration and boundary conditions. We 
consider here only the choice of trial functions for the following boundary 
conditions : 

T(0) = DT(1) = 0, W(0) = W(1) = DW(1) = D2W(0) = 0. (6.118) 
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We want trial functions which satisfy the orthogonality condition (6.12), 
since then the matrices on the left-hand side of (6.33) are tridiagonal and it is 
not necessary to invert a matrix before integrating the equations. The velocity 
functions are derived as the solution to the following eigenvalue problem 
[see Eq. (6.13)] : 

D4 W + E(D’ - a’) W = 0, 

W(0) = W(1) = DW(1) = D2 W(0) = 0. 

The solution is 

sinh(I, z )  sin(z, z )  -~ 
sinh I ,  sinz, ’ wn = 

tanh I/A = tanz/z 

(6.1 19) 

(6.120) 

I2 = [-. + (.’ + 4.a’)’/2]/2, 

T 2  = [a -k (U2  + ~LYU~)’ /~ ] /~ .  

The temperature trial function is taken as 

T, = sin[(n - +)nz]. (6.121) 

In most of the computations 15 temperature and 5 to 9 velocity functions were 
necessary to obtain convergence. For the results of the calculations the reader 
is referred to the original article. 

In a later article Foster (1969) studied the effect of initial conditions and 
lateral boundaries on convection. He expanded the velocity and temperature 
in terms of sines and cosines appropriate to the assumed free, perfectly 
conducting boundaries. He retained nonlinear terms in the equations and 
made each residual orthogonal to a trial function, thus resulting in a set of 
ordinary differential equations. These were integrated numerically. The 
solution required more terms as the Rayleigh number was increased above the 
critical value, and for R = 4R, he needed 6 horizontal and 6 vertical terms 
in the velocity expansion, and 6 in the temperature expansion, giving rise to 
a set of 6 x 6 + 6 = 42 ordinary differential equations. Foster calls his 
method a Fourier series method, which it is, but we notice that the same results 
are achieved with the Galerkin method. In the case of free boundaries the 
trial functions can be sines and cosines, whereas in the case of rigid boundaries 
other functions must be used and the method is properly called a Galerkin 
method. 

Gresho and Sani (1970) use the Galerkin method to study the effect on the 
stability of a fluid layer when the gravity field is a constant plus a part oscil- 
lating in time. A one-term solution is used to delineate the general features of the 
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solution, and quantitative results are obtained using a five-term expansion. 
Both linear and nonlinear problems are tackled. The expansion functions 
are in terms of sine functions, which facilitates calculation of the integrals: 

Wi (x, z )  = cos ax sin K Z  sin(2i - I)nz, 
Ti ( x ,  z )  = cos ax sin(2i - I ) K z ,  T=O at z=O,1 .  

W = D W = 0 at z = 0, 1, 

(6.122) 
6.4 Variational Methods 

Some of the problems already treated can be solved using variational 
principles, and all the Galerkin methods can be interpreted as either an 
adjoint variational principle or a regular variational principle. We examine 
those relationships here. The reader who is unfamiliar with variational 
principles should read Chapter 7 and Section 9.2 first. 

Consider the set of equations governing the buoyancy problem for station- 
ary instability with a nonlinear initial temperature profile (6.31): 

(D2 - u ~ ) ~  W = R'I2aT, (6.123a) 
(D2 - a2)T = - R'I2a Wf(z). (6.123b) 

We first examine these equations to determine if they are self-adjoint (see 
Section 9.2). Multiply (Eq. 6.123a) by U and Eq. (6.123b) by V and integrate 
over the region: 

( U ,  (D2 - a2)2 W) = R1I2a( U, T ) ,  
(6.124) 

Integrate these terms by parts, and apply the boundary conditions W = 0 
and either D W or D2 W = 0 (and the same boundary conditions for U): 

( (D2  - a2)U, (0' - a 2 ) W )  = R'I2a(U, T ) ,  
(6.125) 

where B(z) = N(z )  V(z)T(z) allows for a general thermal boundary condition. 
The system of equations is self-adjoint if the sum of these equations is sym- 
metric in U -  Wand V -  T .  Clearly the left-hand sides are symmetric whereas 
the right-hand side is symmetric only if 

(6.126) 
This is true iff(z) = 1. The system is self-adjoint then only in the casef(z) = 1, 
that is, corresponding to a linear initial temperature distribution. For this 
case, then, we can formulate a variational principle by setting U = W ,  V = T 
in Eq. (6.125) and adding: 

( V ,  ( D 2  - a2)T)  = - R'I2a( V,  W f ( z ) ) .  

B(+) + B( - 4) + (DVDT + a' V T )  = R'I2a( V ,  W f ( z ) ) ,  

( U ,  T )  + ( V ,  Wf(Z) )  = ( w, V )  + (T ,  Uf(Z)>. 

1 2 4  w, T )  -- 

R"' - ( ( D 2  - a2)W, ( D 2  - a2)W)  + ( D T 2 +  a2T2)  + B(+) + B(-+) '  
(6.127) 
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The functional R-'12 is to be made stationary among all functions W, T that 
satisfy the following essential boundary conditions : 

W = D W = 0, 
w = o ,  free boundary, (6.128) 
T = O ,  if N is infinite. 

Note that the boundary condition D2 W = 0 for a free boundary is a natural 
boundary condition and need not be satisfied by the trial function. The reader 
can easily verify that the Euler equations resulting from variations of Wand 
T are just Eqs. (6.125). This variational principle was first presented by Sani 
(1963). 

When the system of equations is self-adjoint we can formulate a vari- 
ational principle. Let us examine the problems treated above to see which 
ones have variational principles associated with them. The symmetry needed in 
(6.126) for the system of equations to be self-adjoint can be easily related to 
the inner products derived in the Galerkin method. The symmetry of the 
left-hand side of (6.126) is clearly evident in the symmetry of the matrices 
D and G defined in (6.34). The symmetry of the right-hand side requires 

E . .  J I  = H . .  I J '  (6.129) 

which is the case whenf(z) = 1. For other problems then we merely need to 
examine the matrices E and H to see if they are transposes of each other. For 
the combined buoyancy and surface tension driven problem the matrices are 
given in (6.61) and they are not symmetric for either the combined mechanism 
or  the surface-tension mechanism alone. Thus these problems are not self- 
adjoint. The buoyancy problem in a three-dimensional box, Eqs. (6.82), is 
self-adjoint and a variational principle exists. Note that the equations are 
written with R112 in both equations rather than R and 1 in the two equations. 
The problem of penetrative convection in Eqs. (6.87) is non-self-adjoint, as is 
Couette flow between rotating cylinders, Eqs. (6.92) (except for a = 0 and 
then only with a change of nondimensionalization). The problem (6.97) is 
non-self-adjoint, as is evident from the asymmetry in (6.101). This is true 
whether one studies stationary or oscillatory instability. We thus see that 
only the very simplest problem is self-adjoint : buoyancy driven convection 
in a horizontal infinite fluid layer or a three-dimensional box. Any other 
complication, such as a nonlinear initial temperature profile, surface tension 
forces, or  rotation render the problem non-self-adjoint. The self-adjoint 
problems prove to be the exception, and we must study methods applicable 
to  non-self-adjoint problems. The self-adjointness can be destroyed by 
combining the equations or by improper nondimensionalization. 

Sani (1963) was the first to derive the variational principle (6.127). The 
ability to do so rests on the symmetry of (6.125) and this in turn rests on both 
terms on the right-hand side being multiplied by R'l'a. 

rigid boundary, 
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To derive (6.31) the dimensional standards for us and T, were taken 
such that 

(6.130) 

(6.131) 

Instead of choosing the T, and us as in (6.130) let us choose us such that 

Pus d2/KT, = 1 .  (6.132) 

Then in the first equation we get 

V K 
(6.133) 

After applying separation of variables we obtain in place of (6.123) and (6.126) 

(6.134a) 

(6.134b) 

R a 2 ( U , T ) + ( V ,  W f ( z ) ) # R a 2 ( W ,  V ) + ( T ,  U f ( z ) ) .  (6.134~) 

Clearly Eq. (6.134~) is not symmetric even i f f =  1. Thus by a different non- 
dimensionalization we have transformed a self-adjoint system of equations 
into a non-self-adjoint system. Thus the self-adjoint property depends on 
having Rli2a in both equations rather than Ra2 in one and 1 in the other. 
In (6.134) replace T by 7‘/(R1’2u). Then the equations can be rearranged to 
give (6.123). 

Another way to solve (6.123) is to combine the equations to obtain the 
single equation 

( D 2  - a2)’W = Ra2T, 

( 0 2  - aZ)T = - Wf(z) ,  

(0’ - W = - Ra2 Wf(z) .  (6.135) 

The boundary conditions must also be converted. We consider the tempera- 
ture condition T =  0. Equation (6.123a) applied at the boundary gives 
( D 2  - u2)’ W = 0. Thus we need 

w= D ~ W =  D ~ W = O ,  free boundary, 

W = D W = ( D 2  - a2)* W = 0, rigid boundary. 
(6.136) 

We examine (6.135) to see if it is self-adjoint. Multiplying (6.135) by U and 
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integrating by parts (applying the boundary condition W = U = 0), we 
obtain 

<U, (0’ -a2)3W) = -((D3U, D3W) + 3a2(D2U, D’W) 
+ 3a4<DU, OW) + a6(U,  W)) - [DU, D4W] 
+ [D2U, D3 W] + 3a2[DU, D3 W] (6.137) 

= -Ra’(U, Wf(z)), 

where [, ] denotes a quantity to be evaluated at the boundaries. When the 
boundary is free, the boundary terms vanish and the result is symmetric in 
Wand U .  When the boundary is rigid, the boundary terms are not symmetric 
in Wand U and the problem is not self-adjoint. Thus in this formulation the 
boundary conditions are crucial : free boundaries yield a self-adjoint problem 
whereas rigid boundaries yield a non-self-adjoint formulation. Note that the 
free boundaries give a self-adjoint problem even in the case where f ( z )  # 1. 

We show next that a variational principle can be formed for the original 
problem and its adjoint, and we relate such a principle to several methods 
used to solve convective instability problems. 

Consider a single linear, non-self-adjoint equation with boundary con- 
ditions 

L~ - a m  = 0, ~~u = 0. (6.138) 

We define the adjoint operators L* and M*, after integrating by parts, 

(6.1 39) 
B(u, v) = boundary terms. 

The adjoint boundary conditions are those which make the boundary 
terms vanish when the function u satisfies the original boundary condition. 
We denote them by Bj*(v) = 0: 

B(u, v) = 0 when Biu = Bj*v = 0. (6.140) 

(v, LU) - a<v, M ~ )  = (u, L*+ - M*O)  + ~ ( u ,  0) 

Next consider the two eigenvalue problems : 

L~ - a m  = 0, L * ~  - a*M*v = 0, (6.141 a) 

Bill = 0 Bj*v = 0. (6.14 1 b) 

Let u and v be eigenfunctions of the two problems, respectively, and multiply 
(6.141a) by v and u, respectively; integrate over the domain. Subtraction of 
the two equations gives 

(6.142) a(v,  M ~ )  - a*+, M * V )  = +, L ~ )  - (u ,  L*+, 

(a* - L ) ( ~ ,  M * V )  = 0. 
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The right-hand side is zero, however, because of the definition of the adjoint 
operator (6.139), and the boundary conditions which u and u satisfy. Thus 
either the eigenfunctions u and u are orthogonal, (u ,  M*u) = 0, or  the eigen- 
values are the same, A = A*. For each eigenvalue there are two eigenfunctions: 
one for the original equation andone for the adjoint equation. Next formulate 
a variational principle for the combined problem (6.141). 

Make the functional 
A =  -( u, Lu)l(u, M u )  (6.143) 

stationary to variations in functions u and u which satisfy 

B i u  = Bj*u = 0. 

The Euler equations are just Eqs. (6.141). Thus we have a variational principle 
for any linear, non-self-adjoint problem. 

Examine the natural boundary conditions for this variational principle. 
Make the functional stationary among functions u satisfying Bi u = 0, but 
with no restrictions on the functions u, other than differentiability. The vari- 
ation gives, using (6.139), 

1 

(0, M u )  
6A=-- [ ( 6 ~ ,  LU - AMu) + ( 6 ~ ,  L*u - AM*u) + B(&, u)]. (6.144) 

When this is true among all variations, 6u 6u, it follows that 

LU - A  MU = 0,  L*u - AM*u = 0,  B~*(u) = 0,  (6.145) 

and we obtain the equation and boundary conditions for the adjoint. Thus 
the variational principle (6.143) applies even if the adjoint trial functions do not 
satisfy the adjoint boundary conditions : they are natural conditions. The 
reverse is also true: we can make the functional (6.143) stationary among 
functions u and v which satisfy Bj*v = 0. The conditions Biu  = 0 then are 
natural boundary conditions. 

Now apply the variational method. We expand the function u in terms of 
functions satisfying the boundary conditions Bi u = 0 and apply no boundary 
conditions to the u i :  

u = C c i u i ,  u = C d i u i  (6.146) 

and substitute into the functional (6.143). Taking the partial derivatives 
with respect to ci and dj  gives 

(6.147a) 
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or  

1 A, Cj = 0, Bkj dj = 0, Akj = Bjk . (6.148) 
i j 

Thus the eigenvalues which satisfy Eq. (6.147a) automatically force Eq. 
(6.147b) to be satisfied as well. This is true even if the equations for (6.147a) 
are written down using MWR. For example, (6.147a) are the equations ob- 
tained using MWR with weighting functions v k .  Thus the best weighting 
functions are trial functions for the adjoint eigenfunctions, that is, functions 
satisfying the adjoint boundary conditions. Then the eigenvalue is stationary, 
ad = 0. This was shown by Kaplan (1963) and Finlayson (1970). The un- 
importance of adjoint boundary conditions was proved in a less general way 
by Crouch et al. (1970). In any MWR the eigenvalue is stationary, = 0, 
since (6.147a) implies (6.147b) even when vk does not satisfy the adjoint 
boundary conditions. Better results would be expected, however, if the 
adjoint trial functions were used as weighting functions. It is not necessary 
that (6.147b) be calculated, since it follows from (6.147a). In most convective 
instability problems the adjoint and original boundary conditions are the 
same (the reader can verify that this applies to all linear problems in this 
chapter). In that case the Galerkin method is equivalent to an adjoint 
variational principle since vk  = uk . We conclude that in all Galerkin methods 
for linear problems in this chapter, the eigenvalue is stationary. 

Let us consider a specific case: either a nonlinear initial temperature 
profile (6.31) or penetrative convection (6.87). We examine both at the same 
time using the equations 

(D2 - a2)2 W = R’I2aTg(z), 

(D2 - a2)T = -R112 aWf(z) ,  (6.149) 
T = W = 0, at z = 0, 1, DW(0) = D2 W(1) = 0.  

The boundary conditions are appropriate to one rigid and one free boundary, 
both of which are good thermal conductors. Find the adjoint to these 
equations. The set of equations can conveniently be represented in matrix 
notation 

(6.150) L - W = aR‘/’M * W, 

where 

(6.151) 
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The adjoint operator and boundary conditions are found by requiring 

(V - (L - aR'I2M) - W - W - (L* - aR'I2M*) * V) = boundary terms = 0. 

(6.152) 

and the result is 

L* - V = aR1I2M* V, 

0 f ( z >  

M* = js (z)  0 ) ,  

L* = L, (6.153) 

The boundary conditions are (for V = (U, V ) )  

U =  V =  0 at z = 0, I ,  DU(0) = D2U(1) = 0. (6.154) 

The boundary conditions are the same as in the original problem. Thus the 
same trial functions can be used for the adjoint function. This means that 
the Galerkin method corresponds to an adjoint variational principle, and the 
eigenvalue is stationary. In this case the variational principle is to make 
stationary 

(V * L * W) 
( V . M * W )  

= (6.155) 

among functions W and V, at least one of which satisfies its boundary 
conditions. 

Roberts (1960), Chandrasekhar (1961), and others have presented vari- 
ational principles based on the adjoint for systems of equations. Some of the 
equations are solved exactly whereas the remaining equations are solved 
in a variational principle. For the problem (6.149), (6.153), and (6.154), 
Chandrasekhar would use the variational principle : make stationary 

Jh (DTDT* + a2TT*) dz 
J A  [ (D2  - a2) W ] [ ( D 2  - a2) W*] dz 

&' I2  = (6.156) 

with respect to arbitrary variations in T and T*, except that they are zero on 
the boundaries, and with variations in Wand W* determined as the unique 
solution to 

( D 2  - a2)2 S W = STg(z), 

(D2 - a2)' S W* = ST* f (z), 

W =  W*=O a t z = O ,  1 ,  

(6.157) 

DW(0) = DW*(O) = 0, D2W(1) = D2W*(l) = 0. 
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After taking the variation with respect to T, T*, W ,  and W* and requiring 
Eq. (6.157) we obtain as the first variation 

- (ST*, (D2 - a2)T + aR’I2 W f )  - (6T, (D2 -a2)T* + aR’I2 W*g) = 0.  

(6.158) 

The Euler equations are given in the angle brackets. When the variational 
principle is applied the equations are 

c Aj(Tk*, (D2 - a2)Tj + aR’I2 Wj  f )  = 0, 
i 

c Bj(Tk,  (D2 -a2)Tj* + aR’I2 Wj*g) = 0. 
i 

(6.159) 

These are the same equations obtained by applying the Galerkin method and 
requiring that two of the equations (6.157) be satisfied exactly: 

(D2 - a2)2 Wj = g(z)Tj,  (D2 - a2)2 Wj* = f(z)Tj*. (6.160) 

Thus this adjoint variational method is also equivalent to a Galerkin method. 
Chandrasekhar (1961) also treats cases for which a variational principle of 
the form (6.156) is not written down. Instead, a trial function is assumed for 
one of the, variables, it is substituted into one of the equations which is then 
solved exactly for the second variable, for example Eq. (6.160a). These trial 
functions are then substituted into the other equation which is made orthog- 
onal to the trial function: 

1 Aj(Tk, (D2 - a2)Tj + aR’/’ Wj f )  = 0. (6.161) 
i 

This method of solution is equivalent to a variational principle when Ti = 

?.* and f ( z )  = g(z), and it is equivalent in all cases to a Galerkin method in 
which one of the equations is satisfied exactly. It has been applied to many 
cases including the effects of magnetic fields (Chandrasekhar, 1961), con- 
vection in fluid spheres (Bisshopp, 1958) and Couette flow (Chow and Uberoi, 
1965; Debler, 1966). DiPrima and Pan (1964) compare calculations made with 
this “modified Galerkin method,” in which some equations are solved 
exactly, with the usual Galerkin method for a system of equations. They find 
that both give comparable results in higher approximations. 

We next illustrate some computations using the variational principles. We 
give a summary of the computations for the buoyancy problem (6.149) with 
f = g = 1 and boundary conditions 

W = D W = T = O .  (6.162) 
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Pellew and Southwell (1940) give the following variational principle: make 
stationary 

j ! / : i2 [ (DT)2  + a 2 T 2 ]  dz 
u J - 1 / 2  [(LIZ - a2)WI2 dz 2 = 2 1 / 2  (6.1 63) 

among functions T which satisfy the thermal boundary conditions and W 
satisfies 

( D 2  - u ~ ) ~  W = T.  (6.164) 

For the case of two rigid, good conducting boundaries they try 

T = 1 + cos 2xz + A cos n ~ ,  

cos 27tz cos xz (6.165) + Pa cosh az + Qa2z sinh az + A 
1 

( x 2  + a y  
W = - +  

u4 (4x2 + .2)2 

After two pages of additional calculations Pellew and Southwell obtain the 
results listed in Table 6.10. Clearly this is a very accurate method of solution, 

TABLE 6.10 

RAYLEIGH NUMBERS DERIVED FROM VARIATIONAL PRINCIPLES 

Pellew and Galerkin 
Southwell Reid and Chandrasekhar for system 
Eq. (6.165) Harris Eqs. (6.166), (6.167) Eqs. (6.16), (6.17) 
a =  3.117 a-3.117 a =  3.117 a = 3.1 I7 

~ 

First 
approximation 1707.87 1719.2 1715.1 1750.0 

Second 
approximation - 1708.8 1107.94 1708.5 

Third 
approximation - 1707.970 1707.775 1707.762 

Exact 1707.762 1701.762 1707.762 1707.762 

but requires considerable algebra, which must be repeated for each new 
problem. 

Chandrasekhar ( 1  961) used the same variational principle with the trial 
function 

T = 1 A j  C O S [ ( ~ ~  + l)xz], (6.166) 
j 
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where Wj is the solution to 

( D 2  - a 2)2 Wj = cos(2j + 1)7cz, W j  = D W j  = 0 at z = 0, 1. (6.167) 

Reid and Harris (1958) expanded the velocity in trial functions, (6.8), and 
solved the temperature equation, ( D 2  - a2)T = W approximately. Results 
are listed in Table 6.10. The first approximation is very good, although it 
requires a great deal of algebra. By contrast the first three approximations 
using the Galerkin method are listed for the polynomial trial functions as 
applied in Section 6.2. in  these computations the system of equations is 
satisfied approximately with no single equation solved exactly. It is thus 
simpler to apply. While the first approximation is not quite as good, the third 
approximation is better. The polynomial trial functions are easily program- 
med for the computer and can be used in other problems as well. Con- 
sequently this author prefers to use polynomial trial functions. When the 
thermal boundary conditions are changed a variational principle such as 
(6.163) becomes very tedious to apply since the functions for T,, and W,,, 
become very complicated. 

Chandrasekhar (1961) applies the same method to the case of the rotating 
fluid layer including oscillatory instability. In that case the temperature is 
expanded in the series (6.166). The velocity and vorticity equations are 
combined and the velocity function is taken as the solution to 

[(02 --a2 - io)2(D2 - a2) + T D ~ ]  wj = -cj R ' / ~ u  cos(2j + I ) ~ z ,  
(6.168) cj = (2j + 1 ) 2 d  + a2 + in. 

The velocity and temperature functions are then substituted into the tem- 
perature equation, which is made orthogonal to the temperature trial function. 
The result is a complicated expression involving complex numbers. Roots of 
the equation give the critical Rayleigh numbers. This method is also clearly a 
Galerkin method in which some of the equations are solved exactly. In the 
Galerkin method applied in Section 6.3, we obtained considerably more than 
a numerical solution. We obtained relations (6.103)-(6.109), indicating how 
various parameters influenced the solution. None of these results are obtained 
for rigid boundaries using Chandrasekhar's method. They are obtained, 
however, for the exact solution for two free boundaries. 

In conclusion, the Galerkin method applied to systems of equations is 
useful for delineating the role of various parameters, gives a first approxi- 
mation with a minimum of algebra, and, is easily extended on the computer 
to calculate higher approximations. The Galerkin method is equivalent to 
adjoint variational principles, so that the eigenvalue is stationary. As such, 
the Galerkin method is a very powerful method. 
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6.5 Nonlinear Convective Instability 

The problems above are for the linearized perturbation equations and 
therefore can only describe the onset of motion. When a system is unstable 
with respect to small perturbations it is unstable with respect to large dis- 
turbances, too. The development of a finite amplitude steady state is governed 
by the nonlinear equations. Expansion methods and the Galerkin method are 
applicable in these cases, too. The ideas are simple in principle but applications 
are limited primarily by computer storage and running times. We discuss 
some typical applications here. 

For the nonlinear problem, the first possibility is to expand the unknown 
solution in terms of the eigenfunctions of the linear problem with coefficients 
which are unknown functions of time. The nonlinear residuals are then made 
orthogonal to the eigenfunctions, in the case of self-adjoint linear problems, 
or orthogonal to the adjoint eigenfunctions, in the case of non-self-adjoint 
problems. This leads to a set of nonlinear ordinary differential equations in 
time. These are integrated as an initial-value problem to obtain the steady- 
state solutions. This approach was taken by Platzman (1965) and Eckhaus 
(1965). More recently it has been extended to vector eigenfunctions by 
Kogelman and DiPrima (1 970). An excellent description of this technique and 
its comparison to other techniques is given by DiPrima and Rogers (1969). 
For example, in the nonlinear Couette flow problem, the extension to Eqs. 
(6.92), the velocity component might be expanded in the form 

uo(r, z ,  t )  = V ( r )  + C C ,4,,(r)u,(r) cos q i z ,  (6.169) 

where the u p  ( r )  are the spatial eigenfunctions of the linear stability problem. 
Ordinary differential equations are then derived for the A,, ( t ) .  

Another possibility is to expand the velocity functions in a Fourier series 
with time-dependent coefficients (see Veronis 1966a,b, 1968a,b; Catton 
1966). Foster ( I  969a) studied two-dimensional, finite amplitude thermal 
convection in a fluid with infinite Prandtl number. He chose velocity functions 
to satisfy 

w = D ’ w = D ~ w = O  at z = O , I  (6.170) 

at the bottom and top free surface, where the temperature is specified. On 
lateral boundaries the boundary conditions were taken as free and perfectly 
insulating: 

q = o  p = l  

= azu/ax2 = 0, 

aejax = 0. 

awlax = a3wjax3 = 3, x = 0, L, (6.171) 
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The vertical component of velocity is then written as 

m ,  n 

w = 1 A,, (t)cos(mnx/l)sin(nnz). (6.172) 

The horizontal velocity was determined from the continuity equation and 
(6.172). The temperature function was obtained from the equation 

(6.173) 

which is obtained from the vorticity equation for infinite Prandtl number 

(6.174) 

by differentiation with respect to x. The trial functions are then substituted into 
the temperature equation, which is made orthogonal to cos(knx/l)sin(rnz). 
This gives a set of ordinary differential equations for the A,, (t) .  This Fourier 
series method as well as the vector eigenfunction expansion, are special 
cases of Galerkin’s method. For more general boundary conditions, when 
sines and cosines do not satisfy the appropriate boundary conditions, other 
expansion functions must be used and the method is a Galerkin method. 

The next level of sophistication is to solve for the steady state, which 
develops when R 2 R,, and study its stability. Busse (1967a) applied the 
Galerkin method of roll cells to three-dimensional disturbances in a layer of 
fluid heated from below. Busse treated fluids with infinite Prandtl number 
and deduced the band of wave numbers which give rise to stable steady states. 

Using these types of expansions it is also possible to predict the variation 
of Nusselt number with Rayleigh and Prandtl numbers. This has been done 
for a single convective mode by Platzman (1965) and Edwards and Catton 
(1969) and with more than 12 temperature terms and 16 velocity terms by 
Poots (1958) for a square box, infinitely long. Davis (1968) considers the 
problem of wave number selection for the nonlinear problem in a three- 
dimensional box (see Section 6.2). 

The choice of trial functions is somewhat specialized, depending on whether 
there are lateral boundaries, rigid or  free boundaries at the top and bottom. 
Either two or  three dimensional disturbances can be included. For problems 
with free boundaries, sines and cosines are useful, and combinations of sines 
are useful even for rigid boundaries [see Eqs. (6.28) and (6.122)]. Calculation 
of the integrals is tedious but not impossible, as the number of different choices 
demonstrates. The chief limitation in nonlinear problems is the number of 
modes that can be included, which is limited by computer storage and 
computation time. This limitation is more severe in the case of finite difference 
computations, due to the small grid that is necessary to resolve the higher 
Fourier modes (see DiPrima and Rogers, 1969). 
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6.6 Hydrodynamic Stability 

Next we consider the stability of an established, laminar flow. Laminar, 
rectilinear flow between two flat plates, in a direction parallel to the plates, is 
called plane Poiseuille flow when it is established by an applied pressure 
gradient. Plane Couette flow is established by moving one of the plates with a 
fixed velocity. We study plane Poiseuille flow first, for both linear and non- 
linear equations, and then treat linear and nonlinear plane Couette flow. 
Then we examine plane Couette flow with an established temperature 
gradient as well as the flow. The chief difference between these instabilities and 
convective instabilities is that here oscillatory instabilities are the rule, rather 
than the exception, and many more terms are needed in the Galerkin method 
for good results. A few of the methods described below are not identified by 
the authors as Galerkin methods, although it is clear they can be so inter- 
preted. 

Take a coordinate system with the flow in the x direction and the velocity 
gradient in they direction. There is no flow in the z direction or dependence 
on the z coordinate. The pertinent equations are derived from the Navier- 
Stokes equations. For the basic, steady flow we have 

dp d 2 U  
ax dy = (U(y) ,  0, O), 0 = - - + V Y ’  (6.175) 

subject to either 

9- - -y, U = 0 at y = +d/2, whence U = Uo(l - (2yid)’) 
(6.176a) dX 

or 

uo Y u=- U =  Uo a t y =  +d, JP 
- = 0,  
2X U = O  a t y = 0 ,  d 

(6.176b) 

Write the velocity as the sum of this basic flow and a perturbed flow, which is 
to be determined. We restrict attention to perturbations in the xy plane, 
and write the equations only for the linear case here: 

l?U’ 1 
- + u‘ * vu + u * VU‘ = - - Vp‘ + v V2U‘. (6.177) 

Take the curl of this equation and write the stream function in the form 
at P 

(6.178) 
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The vertical component of the dimensionless vorticity equation is then 

a 1 
- L 4  = ia(U” - U L ) 4  + - ~ ~ 4 ,  at Re 

(6.179) 

where Re = U, d/v, U ,  is the maximum speed, d is the separation between the 
two plates, and v is the kinematic viscosity. This is the time-dependent 
Orr-Sommerfeld equation. If an exponential time-dependence is assumed, 
exp[ - iat;t], the Orr-Sommerfeld equation is obtained 

L’4 - ia Re[(U - t;)L - U ” ] 4  = 0. (6.180) 

The flow is unstable if for some a, Im([) > 0. The boundary conditions on 
the perturbation at the boundary are 

4 = a4/ay = o (6. I8 1) 

for both the plane Poiseuille and plane Couette problems. 
Some general features of the solution are summarized. A plot of wave 

number a versus Reynolds number gives a critical value for instability. For 
Reynolds numbers below the critical, all perturbations die out, whereas for 
Reynolds numbers above the critical, the disturbances grow until the nonlinear 
terms in the equations become important. An early application of the Galerkin 
method to plane Poiseuille flow by Dolph and Lewis (1958) was somewhat 
discouraging. They used eight expansion functions and obtained poor agree- 
ment with previous work. When using twenty expansion functions the agree- 
ment was more satisfactory, but required a large computational effort. More 
recently the Galerkin method has been successfully applied, but the early 
computations give two warnings: a great many expansion coefficients must be 
used and this means that the expansion functions must be orthonormal, to 
retain computational accuracy, and the integrals must be easy to compute. 
The same requirements in Chapter 5 led to the use of orthogonal polynomials, 
and similarly for this problem the Galerkin applications had led to the gener- 
ation of special eigenfunction expansions. It is mainly these different trial 
functions which we examine below. 

Dolph and Lewis (1958) use as expansion functions the eigenfunctions of 
the problem 

L’4, = I ,  (a’ - D’)+, , (6.182) 

which satisfy the orthogonality requirement 

J - 1  
(6.183) 

The actual eigenfunctions are determined in the same manner used to solve 
Eqs. (6.119). Dolph and Lewis divide the eigenfunctions into even and odd 
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functions, and use only the even eigenfunctions in the calculations. These 
eigenfunctions, 4,, ( y ) ,  are used to expand the solution 

N 

~ J ( u >  = 1 ai 4i (v). (6.184) 

The series is substituted into the differential equation (6.180) to form the 
residual, which is made orthogonal to the eigenfunctions, 4,, . This leads to a 
system of homogeneous linear algebraic equations, which have a solution if 
and only if the determinant of the coefficients vanishes. They report that a 
2 x 2 matrix gives no instability at all, whereas a 6 x 6 matrix (using six 
terms in the stream function expansion) gave instability. The results were poor, 
however, and a 20 x 20 matrix was needed to obtain reasonable agreement 
with prior work. 

Later Crosch and Salwen (1968) studied the stability of steady and time- 
dependent plane Poiseuille flow. They expanded the stream function in the 
series 

i =  1 

N 

4 ( ~ ,  t )  = C A :  (t)4i (u> (6.185) 

with time-dependent coefficients. The trial functions were taken as the eigen- 
functions to the problem 

i =  1 

~ ~ 4 ,  = i."4, , $I n n  = 4 ' = 0  sty++. (6.186) 

For example, the even functions are 

For the steady flow, the calculations are done with 20 to 50 terms in the 
expansion. The number of terms needed increases as the product aRe 
increases. For (x = 2 and Re = 20,000 the results for N = 30 gave the first 
ten eigenvalues within 1 ".;I and for N = 40 the accuracy was about 0.1 %. 
(The accuracy was estimated by studying the convergence of the results as N 
increased.) For (x = 2.2 and Re = 70,000 the first eleven eigenvalues were with- 
in 1 % using N = 40. Values obtained by Thomas (1953) using a finite differ- 
ence method (100 grid points) are available for comparison for the first 
eigenvalue and a limited range of a and Re. The comparison is within four 
significant figures for the eigenvalues. The first eigenfunction compares within 
3 x ,  and the maximum deviation occurs near the wall where the function itself 
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is small. Grosch and Salwen were able to  compute higher eigenvalues and 
examine the behavior of the eigenvalues as a function of Reynolds number. 
This gives suggestive information on the relative importance of higher modes 
after the instability sets in. Grosch and Salwen then investigated the problem 
resulting from a pressure gradient which is the sum of a constant and a part 
varying sinusoidally in time. The basic velocity is then more complicated, 
and the problem is solved using an expansion (6.185) with time-dependent 
coefficients. The ordinary differential equations generated by the Galerkin 
method (not named) were integrated numerically using the Runge-Kutta 
method. The set of equations is in the form 

dA.  
2 = C F ~ ~ A ~ ,  
dt j = 1  

(6.188) 

and when the matrix F is periodic there exists a fundamental solution matrix 
W(t)  which satisfies 

(6.189) 

Thus the solution matrix is found by integrating (6.188) N times, with 
A,(O) = I ,  all other A i  (0) = 0, and taking j = I ,  . . . , N .  The eigenvalues of 
the solution matrix W thus generated determine the stability of the flow. The 
effect of modulation is to stabilize the flow, that is increase the critical Reynolds 
n um be r. 

Dowell (1969) studied plane Poiseuille flow including the full nonlinear 
equations (in two dimensions). His expansion functions are simpler than those 
of Grosch and Salwen, which is necessitated by the inclusion of the nonlinear 
terms and the necessity to  calculate them efficiently on the computer: 

M V  

$(x, Y ,  t )  = 1 1 [ A m ”  cos VEX + Brnu sin u ~ x I $ m ( ~ > ,  
m = l  v = O  

$,n(y) = cos(m - 1)ny - cos(m + l)ny, (6.1 90) 

atjlax = a$py = o at y = 0 , 1 .  

For the linear problem, comparison to  Thomas’s (1953) results showed good 
agreement provided 40 to 50 terms are retained in the expansion. In the 
nonlinear problem, it proved unfeasible to  include this many terms in the 
numerical integration, which were limited to V = 2 and M = 16. Dowell 
found that the even modes (for velocity), which are stable in the linear theory, 
are excited by the odd modes, which are the unstable modes in the linear 
theory. The even modes exhibit a steady time behavior, whereas the odd modes 
exhibit an oscillatory behavior. The inclusion of the nonlinear terms caused 
the disturbance to  exhibit a limit cycle. 
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Pekeris and Shkoller (1959) study the same problem using a method which 
can be interpreted as a method of weighted residuals. They expand the 
stream function 

V 

(6.191) 

and take V =  3 in the calculations. Each fn is then expanded in terms of 
eigenfunctions to the linear Orr-Sommerfeld equation : 

D44,," - 2x2niD24,,' + ci4n4$nv 

+ ici Re n[( 1 - y 2  - cny)(D2$,," - a2n2$,,") + 2$,"] = 0, 

$,"= D$,"=O at y =  +1, (6.192) 
S 

f n ( Y ,  t )  = 1 B!flYf)4,"(Y), fb ' (Y> f )  = 1 Au(t)cos(a - + b y .  
v =  1 u =  I 

These equations are substituted into the differential equation to form the 
residual. which is then made orthogonal to the adjoint to +,,", and 
cos(o - I)ny for n = 0. For the linear problem this would correspond to a 
variational method, using the adjoint equation, but for the nonlinear case it is 
a weighted residual method with the weighting function the adjoint, 
6,'. Calculations are done for K = 21 and s = 30 or 60. Only even eigenfunc- 
tions (for the stream function) are used. They study several different types of 
interactions giving rise to instability which leads to turbulence, and show that 
for Re less than the critical value, disturbances can grow provided the ampli- 
tude is large enough. If the disturbance is initially only the first mode, B\'), 
the nonlinear terms in the equations cause other modes to be excited, such 
as B$'),  thus leading to instability. 

Consider next plane Couette flow. Gallagher and Mercer (1962) applied 
the Galerkin method, without naming it as such. They studied the linearized 
equations using the expansion function 

where a ,  are complex numbers and the Yi ( y )  are orthogonal functions defined 
by (6.5) with the boundaries at y = 0, 7c. They made calculations with increas- 
ing values of N until the first latent root remained unchanged to the desired 
accuracy. Up to 20 terms could be included but this limited consideration to 
values of aRe I 1000. Prior to this time only limited information was available: 
it was known that the problem was stable at small and large values of aRe and 
also for x = 1. While Gallagher and Mercer's work could not be extended to 
large enough ciRe to connect with the asymptotic results, the results do suggest 
that the problem is stable for all values of aRe. 



6.6 HYDRODYNAMIC STABILITY 201 

The nonlinear problem was tackled by Kuwabara (1 967) using the Galer- 
kin method. He expanded the stream function in terms of the associate 
Legendre polynomials, (y) ,  each of which satisfies the boundary con- 
ditions, although he used only two terms in the nonlinear analysis. 

Ingersoll (1966) performed a linearized analysis of the plane Couette 
problem with a superposed temperature gradient established between the two 
plates. The equations are then 

[L  - im(y - C)]LW = R ~ R T ,  

[ L  - im P r b  - c)]T = - W ,  (6.194) 
L = D2 - CI’, E = Re M , / c ( .  

He expands the trial solution in the series 
N N 

where the trial functions are defined by 

L2fn = An gn 9 Lgn = - f n ,  (6.196a) 

f n  = Df, = g ,  = 0 at y = ki. (6.196b) 

These functions have convenient properties which simplify the solution. 
First we derive an orthogonalityproperty. Multiply (6. I96a) byfmand (6.196b) 
by g ,  and integrate over the region: 

(6.197a) 

(6. I97b) 

The second equation can be integrated by parts to deduce the fact that 
(gmfn) is symmetric in m and n. Interchange n and m in (6.197a) and subtract 
from (6.197a). Integration by parts gives 

(An - Am)(fmgn> = 0. (6.198) 

The Galerkin method applied to (6.194) then gives 

&,,a, - imBn,a, = ci2Rbn, -bm - I’m Pr Dmnb, = - a m ,  (6.199) 

where repeated indices are summed, except for A,,,. The first equation can be 
multiplied by Dkn and summed over n and this result for Dkn 6, substituted 
into the second equation. This can be solved for b,, , which is substituted back 
into the first equation. The result is 

[(A(,,) - a2R)6,, + icu(Pr Dn,A,,, - B,,) +a’&’ Pr DnIBlm]am = 0. (6.200) 



202 6 CONVECTIVE INSTABILITY PROBLEMS 

This reduces by half the size of the matrix and shortens the computations by 
a factor of 4. Ingersoll expands the matrix explicitly for the case of small 
Reynolds number and obtains 

R = 1707.76 + ~ ~ [ 0 . 5 5 9 8  Pr2 + 0.1270 Pr + 0.064511, (6.201) 

which shows that the steady flow increases the critical Rayleigh number. 
The same trends are confirmed in the detailed calculations (using 20 terms): 
the Rayleigh number is an increasing function of Pr and E .  Results are also 
available using (6.193) (Gallagher and Mercer, 1965). 

Rudakov (1967) and Birikh et al. (1968) treat similar problems using the 
Galerkin method. The trial functions are the solutions to 

and the flow is established on a plane inclined to gravity. From 8 to 14 terms 
were retained in the expansion and they found that with a small number of 
terms (such as 4) they obtained oscillatory instability which disappeared in 
higher approximations. This result, coupled with that of Dolph and Lewis 
mentioned above, points out that it is particularly important to examine 
the convergence of the results with successive approximations. 

Salwen and Grosch (1968) applied an expansion method such as (6.185) 
to pipe Poiseuille flow and found the first five azimuthally varying modes are 
stable for SI 5 10, Re 2 10,000. 

EXERCISES 

6.1. Apply the boundary conditions (6.2) to the polynomial (6.14) to derive 
the trial function (6.15). Apply the boundary conditions (6.58) to a 
third-order polynomial to obtain (6.66a). 

6.2. Solve tor the first approximation to the Rayleigh number for a fluid 
layer heated from below subject to the thermal boundary conditions 

T( - 5) 1 0, - LIT($) = NU T(f). 

For a first approximation best results are achieved if the trial function 
for T satisfies the boilndary conditions. Choose a second-order poly- 
nomial to do this and derive the Rayleigh number as in (6.50). Compare 
the approximate R, to the exact R, for Nu =a (R, = 1708), Nu = 3 
( R ,  = 1498), Nu = 0 ( R ,  = 1296). Then use the technique in Eq. (6.77) 
to predict an  improved value of R ,  for N u  = 3. 
Answer R,  = 1750, 1592, 1446, respectively. Using Eq. (6.77) gives R, = 

1494 for Nu = 3. 
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6.3. Calculate the growth factor as a function of Nusselt number for Exercise 
6.2 for a fluid such as water (take Pr = 7). See Eq. (6.51). Determine 
A for Nu = 0, 0.3, 3, 30, co, and various R - R,. 

6.4. Consider the fluid layer heated from below and subject to both buoyancy 
and surface-tension driven convection [see Eq. (6.62b)l. For the boundary 
conditions (6.58), T(0) = DT(I)  = 0, and R = 350, estimate M , .  
Answer: First approximation, M ,  = 43.5. 

6.5. Consider the eigenvalue problem 

(D2 - W + RaZ W = 0,  

subject to one of the following sets of boundary conditions 

(a) W =  D W =  (0’ -a2)’ W = O  at z = 0,  1, 
(b) W = D 2 W = ( D 2 - u 2 ) z W = 0  at z = O , I .  

For each set, is the problem self-adjoint? If not, what is the adjoint 
problem ? 
Answer: (a) No; (b) Yes. 

ditions 0 = u = 0. 
6.6. Show that Eq. (6.82) is a self-adjoint problem for the boundary con- 
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Chapter 

I 
Introduction to Variational Principles 

Many problems in engineering can be characterized by variational prin- 
ciples. The variational principle may succinctly summarize the equations, 
allow insight into the effect of parameters, and provide a means for approxi- 
mating the solution. The variational method is in many respects similar to 
the method of weighted residuals: the solution is expanded in terms of a 
trial function with undetermined constants or functions, which are found 
according to some prescription. A variational integral is made stationary, and 
possibly minimized or maximized with respect to the undetermined constants. 
The results are identical to those obtained by the Galerkin method. The func- 
tional in the variational principle may be the only part of the solution which 
is of interest, and the variational method approximates its value closely. For 
example, when certain non-Newtonian fluids flow past a sphere, upper and 
lower bounds can be derived for the drag using variational methods, even 
though the governing equations cannot be solved exactly. Many problems 
are not characterized by variational principles, others do not entail minimum 
or maximum principles, and the ones that are amenable to variational treat- 
ment are often classical problems or ones which have already been solved. 

An important question is then: does a variational principle exist for a 
given problem? In Chapter 8 we answer the question for applications in fluid 
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mechanics, and in Chapter 9 we treat the question systematically using Frkhet 
differentials. Variational principles are discussed for heat and mass transfer 
problems in Chapter 9 before discussing in Chapter 10 the various attempts 
to derive variational principles based on a principle of minimum rate of 
entropy production. 

Variational principles are very useful for approximating the solution for 
the wave function governing the molecular behavior of atoms and molecules. 
The trial functions are restricted to have the symmetry of the molecule in 
question, and calculations are made using as many as 100 terms in the trial 
function (see Kauzmann, 1957; Slater, 1960; Lowden, 1966). Variational 
principles are also used to solve the Boltzman equation (Hirschfelder et al., 
1954). In elasticity, the equations governing the position of membranes and 
plates can be derived from a variational principle. A great body of literature 
on variational methods has developed for these applications, which are 
discussed elsewhere. See Weinstock (1952), Moiseiwitsch (1966), and Forray 
(1968). In the field of nuclear engineering, the equations governing the 
distribution of neutrons in a reactor can be derived from a variational 
principle and many approximate variational methods have been developed 
for this case (Lewins, 1965; Kaplan, 1969). The equations governing the 
equilibrium position of a curved interface can be derived from a variational 
principle (Erle et a/., 1970, 1971; Schechter, 1967, p. 38). Optimization 
problems often employ variational methods, as discussed by Leitman (1962), 
Petrov (1968), and Denn (1969). For optimal control and optimization 
problems governed by partial differential equations (distributed parameter 
systems) the MWR can be used to reduce the problem to sets of ordinary 
differential equations. These are solved using standard methods. The Galerkin 
method has been used to reduce these ordinary differential equations to 
algebraic equations (Lynn et a/., 1970). See Wexler (1969) for a discussion 
of finite element and variational calculations in electrical engineering, as well 
as Harrington ( 1  968) for electrical problems without variational principles. 

7.1 Calculus of Variations 

The calculus of variations is introduced briefly since more detailed 
accounts are available (Courant and Hilbert, 1953; Gelfand and Fomin, 
1963). The calculus of variations is concerned with changes in functionals. 
A functional is a correspondence between a function in some class and the 
set of real numbers. Examples are 

h 

@(Y) = j f ( %  Y ,  Y ' )  dx-9 W Y )  = max I Y ( X )  I. (7.1) 
a a s x s h  
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The functionfis a known function of its arguments. Once a function y(x)  is 
specified the functional Q,, which is a real number, can be calculated. The 
domain of a functional is the space of admissible functions, which may be 
restricted to functions which satisfy certain continuity restrictions or boundary 
conditions. For the functional given above the space of admissible functions 
might be those functions which are continuous and have continuous first 
derivatives on the interval a to b. Call this class c’(a,b). In the calculus of 
functions a function is stationary when its first derivative vanishes. Similar 
ideas are applicable to functionals. We ask the following question. 

Consider the class of functions (called V) in c1 which satisfy y(a)  = y,, 
y(b) = y,. For what functions y ( x )  in %‘ is the functional @(x) defined in 
Eq. (7.1) stationary? 

The stationary property is defined by analogy with functions. A function 
is stationary at the point X when 

&+O & 

Consider the function y + E ~ ( x )  where y is in V and q is zero at a and h and 
is in c’. Then the sum y + ~ q ,  is in V, too, for all values of E .  Define the 
derivative of the functional, called the variation, as 

The functions which make this variation zero are called extremals. The con- 
ditions the extremals satisfy can be found from Eq. (7.3), but it is more 
instructive to obtain the result in a more direct way. Consider the functional 

where j and q are specified. Then Q, is a function of E .  Differentiate the 
function with respect to E and evaluate it at E = 0: 

Integrate the last term by parts: 
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The first term vanishes, however, because of the conditions on q and the 
derivative of Eq. (7.5) is 

Q,’(o) = J^”q(x) [ f y  - zfy.] d dx = 0. 
a 

(7.7) 

Next we must use the Fundamental Lemma of the Calculus of Variations, 
which says: 

If M ( x )  is in  c, q(x) is in c1 and vanishes at a,b and if 

for all possible functions q,  then 

M(x) = 0, a 5 x I b. (7.9) 

We only sketch the proof. If  M differed from zero in some small region of x, 
we could construct an q which was zero everywhere except near where M # 0 
and there had the same sign as M .  The value of the integral would necessarily 
be positive, leading to a contradiction, so the original assumption, M # 0, 
is false. I f  Q, is stationary to all possible variations q,  then 

d 
dx 

[ f l y  = f ,  - - f,. = 0. 

When written in full this is 

(7.10) 

(7.1 1) 

which is a second-order differential equation for j ( x ) .  This is called the 
Euler-Lagrange equation, or the Euler equation, after the mathematicians 
who pioneered the calculus of variations in the eighteenth century.? To relate 
this property of the function a(&) to a property of the functional @(y), write 
a Taylor series about E = 0: 

(7.12) 

t Lagrange solved the isoperimetric problem (7.26) at the age of 19. He sent his work to 
Euler, who was so impressed with the generality that he withheld his own publication until 
Lagrange could publish the work (Williams, 1969). 



7.1 CALCULUS OF VARIATIONS 215 

The functional can also be expanded : 

@(Y + &‘I) = @(Y) + E@I(Y, ‘I) + -1.E2Q,2(J, ‘I), 

where y” = J + p q  is evaluated for some 0 I p I E .  By the Mean Value 
Theorem this accounts for all higher terms in the Taylor expansion. We 
equate equivalent terms in Eqs. (7.12) and (7.13): 

(7.14a) 

and define 

h@ = &Q1(Y,’I). (7.14b) 

a@ is called the first variation of 0. Comparing Eqs. (7.3) and (7.13) shows 
that a functional is stationary if its first variation vanishes. Thus Eq. (7.10) 
represents a necessary condition for @ to be stationary. 

Is the extremum a minimum or maximum, or just a stationary property? 
From Eq. (7.13) we can say that Q, is a minimum for an extremal J only if 

@z(J,q) 2 0 (necessary condition for minimum). (7.15) 

We define the second variation 

h2@ = :E2@z(y , ‘ I ) ,  (7.16) 

and evaluate it for an extremal: 

b (7.17) 
@z(.ij, rl )  = Ja [fy, ‘12 + 2fYY’ ‘I’I’ + L,,,(‘I’)’l d x ,  

where f means the function f(x,y,y’) evaluated for y” = j + pq .  But for an 
extremal 

b 

Q,2(Y,‘I) =J <fyy ‘I2 + 2fyy’ ‘I’I’ +.fy&’>zl dx. (7.18) 
a 

This is integrated by parts to get 

(7.19) 
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The first two terms vanish for an extremal, which satisfies Eq. (7.10): 
.h 

(7.20) 

A necessary condition for a minimum is then 

f,.,. 2 0, a I x 2 b, (7.21) 

which is called the Legendre condition. A more detailed treatment shows 
(see Gelfand and Fomin, 1963, p. 100) that a suficient condition for @ to be 
a minimum is that there exists a positive number k such that 

W Y ,  rl )  2 k It rl I I  (7.22) 

for all q in some normed space. The inequalities (7.15, 7.21) do not ensure a 
minimum principle, but if they are satisfied, a minimum principle may be 
possible. Another way to prove the minimum nature of the variational 
principle is to show that for the extremal, 

@(Y + ‘1) = @(Y) + k(rl), (7.23) 

where k(q)  2 0 and the equality holds only when 9 = 0. 
This brief treatment of the calculus of variations illustrates the important 

features: given a functional, the extremals which make it stationary are 
solutions to the Euler equation. Whether the extremal makes the functional 
a minimum or a maximum is a separate question that is not easily answered 
definitively, although Eq. (7.15) or (7.21) are necessary conditions. 

Boundary Conditions 

Before the variation in a functional can be calculated it  is necessary to 
specify the admissible class of functions. The boundary conditions need not 
always be satisfied, and it  is convenient to distinguish between what are 
called essential and natural boundary conditions. For the functional defined 
by Eq. (7.1) suppose the admissible class of functions is defined as those 
functions in c’(a,h), which satisfy y(a)  = y ,  . Then in Eqs. (7.6) and (7.7) the 
boundary terms do not vanish since q(b) # 0: 

(7.24) 

If this equation is to be satisfied for arbitrary variations in q then it is neces- 
sary that both terms vanish. In addition to the Euler equation, it is necessary 
that 

f,, = dfiay’ = 0 at x = b .  (7.25) 
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This is a natural boundary condition. In applications trial functions need not 
satisfy the natural boundary conditions since the variational principle forces 
them to be satisfied. This is especially convenient when it is hard to find trial 
functions satisfying the boundary conditions. If the Euler equation is of order 
2n, the natural boundary conditions are generally those including deriv- 
atives of order n to 2n - I ,  while those boundary conditions involving deriv- 
atives of order n - 1 and less are called essential boundary conditions. 

Given a variational integral, the same steps are always followed to obtain 
the Euler equation, essential and natural boundary conditions. The first 
variation is calculated and the term in the integral (7.24) is the Euler equation. 
The natural boundary conditions come from the boundary term and the 
remaining boundary conditions are essential. A few of the more common 
variational integrals are listed in Table 7.1 together with Euler equations 
and natural boundary conditions. 

Lagrange Multipliers 

Variations can be taken subject to constraints and these are easily handled 

Make the functional J stationary among all functions in +2 subject to 

using Lagrange multipliers. 

the condition that the functional K has a prescribed value Kl : 

J = F(x ,  y ,  y’)  d x ,  K 5 G(x, y ,  y’) dx. (7.26) 

We solve this problem following the treatment of Courant and Hilbert 
(1953). Suppose j = j ( x )  is the desired extremal. Consider the family of 
curves y = j + clq(x) + E [(x), where q and i satisfy the homogeneous 
boundary conditions so that y is an admissible function. Then the function 

E ~ ) = ~ F ( X , B + E ~ ~ + E ~ ~ , ~ ’ + E ~ ~ ’  a + c 2 i ’ ) d x  (7.27) 

Jab Jab 

is to be made stationary at E~ = t2  = 0, subject to the constraint that 

$ ( E ~ ,  c 2 )  =J:G(x, j + c1 q + e2 i, j’ + c1 q‘ + c2 i’) dx = Kl (7.28) 

for sufficiently small values of c1 and e 2 .  As discussed by Courant and Hilbert 
(1953, p. 165) there exist two constants A, and A, not both zero, such that 
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TABLE 7.1 

SUMMARY OF FUNCTIONALS, EULER EQUATIONS, AND BOUNDARY CONDITIONS 

Essential Natural 
Functional Euler equation boundary conditions boundary conditions 

J x 1  

a a 
h - - fi, - - f = 0 z specified 

ax ay lY 

d 
dx 

d 

dx 

f, - -f,. = 0 

f - - f i . = O  

Y(Xd = Y l  

Z(X1) = ZI 

Y(0)  = Y o  

V + (k V T )  = f  T =  T, on S1 kn * V T  + h(T - T,) = 0 
on S2 
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From these equations we obtain 

jab[I,[Fl, + 4G1,Il dx = 0,  (7.30b) 

where [F], and [GI, represent the Euler equation corresponding to the 
functionals F and G, respectively. Since the first equation does not contain 
the arbitrary function (, the ratio of A. to I does not depend on l .  Since 5 
is arbitrary the second equation gives A,[F], + I[G], = 0. If I ,  # 0, or 

d 
dx 

[GI, = - G,, - G, # 0, 

we may set A. = 1 and Eq. (7.30a) gives for arbitrary v 
d a 

dx aY 
- [F,, + AG,,] - - [F  + AG] = 0. 

(7.31) 

(7.32) 

To derive the Euler equation for a constrained problem the Euler equation is 
derived for the integrand F* = F + IG, disregarding the subsidiary condition. 
The solution to Eq. (7.32), has two undetermined constants plus the unknown 
parameter A. These are determined by the two boundary conditions and 
K = K , .  

If the integrand is of the type F(x ,y ,y ' ,  z ,  z') and the constraint is 

G(x, Y ,  4 = 0,  (7.33) 

the Euler equation can be found using Lagrange multipliers in the same way. 
In this case, however, the A is a function of x rather than a constant. The type 
of constraint used in fluid mechanics problems is usually a differential 
equation, 

If this cannot be solved to express z =f(y) then the use of Lagrange multi- 
pliers is essential. The integrand is again F* = F + AG, with I = I(x). 

G(x, Y ,  y'z, z') = 0. (7.34) 

Reciprocal Variational Principles 

bounds. 
Reciprocal variational principles are useful for obtaining upper and lower 

PROBLEM I.  Make J stationary subject to the usual continuity restrictions, 
the boundary conditions 

u(u) - 241 = 0, u(b) - u* = 0 (7.35) 
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and the subsidiary condition 

J = F(x,  U, Z) dx. job 
We can employ Lagrange multipliers to form the following problem. 

(7.36) 

(7.37) 

PROBLEM 11. Make stationary the functional 

(7.38) 

Now there are no subsidiary conditions. The Euler equations are Eq. (7.36) 
and 

(7.39) 

and the natural boundary conditions are Eqs. (7.35) and 

I(Q) + pi = 0, I(b) + ~2 = 0. (7.40) 

When this variational principle is applied subject to the constraints (7.35) 
and (7.36) we obtain Problem I. If, on the other hand, we use as constraints 
(7.39) and (7.40) we obtain (7.36) as Euler equation and (7.35) as natural 
boundary conditions. In this case eliminate du/dx from the integral H by 
integration by parts. Then introduce new functions p and p’ and $(x, p ,  p ’ )  
defined by the Legendre transformation 

F, = p >  F,, = P I ,  P Z  + P ‘ U  - F = $. (7.41) 
The reader can verify by calculating $= and $,, that $ is a function of only 
x, p ,  and p ’ .  Then the reciprocal problem is the following problem. 

PROBLEM 111. Make stationary 

subject to the conditions 

(7.43) 

and no boundary conditions are imposed. 
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The Euler equation is 

d 
*Pj - 
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*, = 0 (7.44) 

and the natural boundary conditions are 

*,'IO - u1 = 0,  * , . I b  - u2 = 0. (7.45) 

To show that these are (7.35) and (7.36), invert the Legendre transformation 
(7.41) : 

* p ,  = U, $, = Z, PZ + P'U - = F. (7.46) 

The reciprocal variational problems are formed from a variational 
principle with constraints, which are incorporated into the variational principle 
using Lagrange multipliers. The Euler equations of the first principle are 
then used as constraints to obtain the variational principle. This is especially 
important when one of the principles is a minimum principle and the trans- 
formed problem is a maximum principle. In the calculations we then obtain 
upper and lower bounds for the functional H, as is illustrated below. The 
reciprocal variational principle is also useful when the trial functions are 
discontinuous (see Section 7.4). Quasilinearization can also be used to 
construct the complementary, or reciprocal, variational principle (Bellman, 
1962). 

7.2 Steady-State Heat Conduction 

A variational principle is presented for steady-state heat conduction. 
Consider (2.48) with the following restrictions: no velocity, u = 0, thermal 
conductivity and heat transfer coefficient functions of position but not of 
temperature. If the thermal conductivity depends on temperature the trans- 
formation (1.49) reduces the problem to the form of (7.47) provided there 
are no boundary conditions of the third kind (2.50). These are treated as a 
special case in (7.52): 

V - (k  V T )  =f(x, T )  in V ,  (7.47a) 

T =  TI on S,, (7.47 b) 

- k n . V T = q ,  o n S 2 ,  (7.47c) 

-kn * VT = h(T - T3)  on S ,  . (7.47d) 

To establish a variational principle with these equations as the Euler equations 
and natural boundary conditions, we must find a suitable functional. This can 
often be found by multiplying the differential equation by T, integrating 
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over the volume, and integrating by parts. Various boundary terms can also 
be added. FrCchet differentials (Chapter 9) provide a systematic way of 
finding the functional, and here we merely present the result. 

Minimize @(T)  among all functions satisfying T = TI on S,  , which are 
continuous and have continuous second derivatives : 

@ ( T )  = j [ ;k  V T  - V T  + /L;(x, T ' )  d T r ]  d V  
v 

+ j q 2  T d S  + 4 / h(T - T3)' dS .  (7.48) 

To verify that this is the proper variational principle we need to calculate 
the first and second variations. Substitute T +  ~q into the variational integral 
and calculate @'(O). After applying the divergence theorem (see p. 29) we 
obtain 

5 2  s3 

(7.49) 

This gives (7.47a) as the Euler equations and (7.47c,d) as the natural boundary 
conditions. The second variation is 

(7.50) 

This satisfies the necessary condition for a minimum principle, Eq. (7.15), 
if k > 0 (as assumed) and df/dT 2 0. For k = 1 and f =  0 Mikhlin (1964, 
Section 22) shows that the sufficient condition is satisfied as well. If k(x)  
is bounded below by a positive constant, k 2 c > 0, and aflaT2 0, then 
(7.50) satisfies (7.22) and the variational integral is a minimum. Having 
verified that the variational principle (7.48) gives the equations (7.47), we 
can regard (7.48) as an alternate statement of the problem. 

If k = k (T)  and there is a boundary condition of the third kind, the last 
boundary term in (7.48) must be modified. After applying the transformation 
(2.49) the condition becomes 

--n * v4 = h(d))t f(4) -f(4dl on S3 * (7.51) 

The boundary term on S ,  in (7.48) is then 

(7.52) 
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Similarly, if the boundary condition is 

- k(x)n * VT = h(x)(T" - T3") (7.53) 

the boundary term in (7.48) is 

1 h 
h(T'" - T3") dT' d S  = [- (T"" - T!") - hT3"(T- T 3 )  dS.  

s3 n + l  

(7.54) 

Thus the completely general problem (7.47) can be treated using variational 
methods, even when k = k(T) and h = h(T) and the boundary conditions are 
nonlinear. 

The variational method is applied by expanding the solution in a trial 
function [see (2.51)]: 

(7.55) 

where Ti = 0 on S,  . This trial function is substituted into (7.48) which is 
minimized with respect to the constants ci : 

(7.56) 

This is the equation which determines the approximate solution. Comparing 
it to (2.54) we see that they are the same when the weighting function ivj = Ti 
in (2.54). That choice corresponds to the Galerkin method, so that the varia- 
tional and Galerkin methods give identical results, even though the trial 
functions do not satisfy the natural boundary conditions. The equivalence 
is not restricted to this problem: there is ahtnys a Galerkin method that 
corresponds ro the variational method. There may be several ways to apply 
the Galerkin method, only one of which corresponds to the variational 
method. For example, in the variational method if a more general trial 
function were used, TN = g(x, ci) then in (7.56) we would have dg/dcj every- 
where Ti appears. The corresponding Galerkin method would be equivalent 
only if the weighting function in (2.54) was dg/dcj .  

The variational method is known as the Rayleigh-Ritz method, although 
some authors call it the Ritz method. Close examination of Rayleigh's works 
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indicates Rayleigh used the variational method to calculate successive 
approximations to both boundary and eigenvalue prob1ems.t 

In the variational method the approximate solution gives a value of Q, 

which is above the true value, since @ obtains its minimum for the exact 
solution. The functional @ decreases (or remains the same) as terms are added 
in the series, since the minimum with N parameters is going to be the same 
or lower than the minimum with N - 1 parameters, the Nth one being 
restricted to be zero. For some problems error bounds can be determined 
in terms of the value of the functional @(TN) [see ( 1  1.44)]. Thus @(TN) and its 
change as N is increased provide a means for assessing theapproximate solution. 

In the variational method, as in MWR, the trial function need not depend 
on all the independent variables. Trial functions of the form (2.23) are 
possible, and the variational method leads to ordinary differential equations 
as in MWR. In the example treated in Section 2.2 the Galerkin calculations 
are equivalent to the variational calculations. Shown in Table 2.2 are values 
of the functional. For the Galerkin and variational method, as N is increased 
the functional @ decreases. Furthermore, the variational method gives the 
smallest value of @, compared to other MWR, which should happen since 
the variational method minimizes 0. Note also that the best values of Q, do 
not always correspond to the best values of flux at the wall. Thus the varia- 
tional integral, while i t  gives a means for assessing the accuracy of the 
solution, does not always give the “best” solution in all respects. 

In special cases the functional can be given a physical interpretation. 
Consider the simpler problem 

V - k V T = 0, T =  0 on S , ,  T =  a = constant on S,. (7.57) 

The functional in this case is the Dirichlet integral. Integration by parts and 
application of (7.57) gives 

@(T) = (a/2) I kn * VTds .  
s2 

(7.58) 

t For example Rayleigh ( I  873) treats eigenvalues which are stationary, although he does 
not give any approximate method of determining them. He added the comment (Rayleigh, 
1896, p. 110) that the eigenvalue is a minimum (the equilibrium is absolutely stable) and gives 
a method for approximating the eigenvalues. In 1899 Rayleigh clearly applies the variational 
method to calculate the frequency of vibration of a fluid partially filling a horizontal cylinder, 
including a second approximation (Rayleigh, 1899). Even earlier Rayleigh (1871) applied the 
variational method to  a boundary value problem. He calculated the approximate solution 
for flow through a cylindrical hole in a flat plate, including a second approximation, using 
the variational principle (8.20). See also Rayleigh (1896, Section 307 and Appendix A). 
Rayleigh himself (1911) commented on Ritz’s paper (1908), saying he was surprised that 
Ritz thought his method new. As Courant (1943) remarked, it was probably the tragic 
circumstances of Ritz’s work that caught the general interest. Ritz wrdte his papers (1908, 
1909) while aware that he was soon to  die of tuberculosis. The variational method is also 
more clearly presented in Ritz’s papers. 
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Thus the functional is proportional to the average heat flux on S ,  . For more 
general situations this interpretation is not valid. 

Lower bounds on the functional can be found using a reciprocal varia- 
tional principle. Yasinsky (1966) presented such a principle applicable to 
heat conduction. Stewart (1962) and Sani (1963) had used the same principle 
in a similar problem (Section 7.3). The reader can derive the reciprocal 
principle as outlined above. The result is: 

Maximize $(q, T )  among functions T and q which are continuous and 
have continuous first derivatives and which satisfy 

f ( T )  = - V  . q in V, 

(7.59) 

1 
h(T2 - TJ2)  d S  - n - q TI dS. 

- 5 s,, s,, 
The Euler equation and natural boundary condition are 

q / k + V T = O  in V,  (7.60a) 

T - T , = O  i n s , ,  (7.60b) 

and the necessary condition for a maximum is satisfied if dfdT 2 0, k,  h > 0. 
In that case we have the bounds 

Y(q, T )  5 Y(q, T )  = @(T) @(T). (7.61) 

Similar principles are applicable to heat conduction in anisotropic media 
when q = - K - VT, provided the matrix K is symmetric. Herrmann (1963) 
has presented such a principle and the variational integral (7.48) is easily 
generalized to this case by replacing t k  VT * VT by 4 VT * K * VT. 

7.3 Laminar Flow through Ducts 

Laminar flow through a duct is also amenable to variational treatment. 
Write Eq. (4.1) in dimensionless variables: 

V z u  = - 1  in A :  

u = O  o n C .  

(7.62a) 

(7.62 b) 
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The variational principle for this equation can be derived as a special case 
of Eq. (7.48). For reasons which become apparent below we define the 
functional to be the negative of (7.48). 

z1 = 0 on C. which are continuous and have continuous first derivatives: 
Maximize @(u) among all functions satisfying the boundary condition 

@(u) = [u - 4 V u  - V u ]  CIA. (7.63) 
A 

The functional can be related to the flow rate. Integrate by parts and 
apply the diveigence theorem: 

@(u)  = 5 1 11 ([A + + JAu[l + Y'u] t lA - + I un * vu d s .  (7.64) 
A C 

Evaluate the result for the exact solution. The second and third terms vanish. 
Since the flow rate is defined 

(7.65) 

the functional is proportional to the flow rate. Any trial function substituted 
into (7.63) gives a lower bound on the true maximum, and hence a lower 
bound on the flow rate: 

@(u) 5 @(U) = + P A .  (7.66) 

The variational method is applied as before. For the problem in Section 
4.1 the Galerkin results are identical to the Rayleigh-Ritz results. Thus the 
orthogonal collocation method, which is equivalent to the Galerkin method 
for this problem, provides lower bounds on the flow rate. The results shown 
in Table 4.1 indicate the lower bound is very close (0.05%) to the exact 
answer. 

Upper bounds can be derived using the reciprocal variational principle. 
Sani (1963) has presented a principle similar to (7.59) for the flow problem, 
but we simplify i t  and present the treatment due to Stewart (1962). Suppose 
we require (7.60a) to be satisfied in the variational principle (7.59). 

Minimize Y(u) among all continuous functions zi which have continuous 
first derivatives and satisfy (7.62a): 

Y(u) = 1 V u  * Vii clA. (7.67) 

The only equation left to be satisfied is the natural boundary condition 
u = 0. (7.60b). The fact that this is an upper bound follows from (7.61) 
(remember we have multiplied the functionals by - 1 which changes the 

A 
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direction of the inequalities). It is instructive to also prove the inequality 
using the Cauchy inequality. 

Define the inner product D(u, u) for any functions u, u which are con- 
tinuous along with their first derivatives 

D(u, u) = s V u  * Vt' dA. (7.68) 
A 

Evaluate the inner product for the solution to (7.62). Thus 

D(U, U) = (-ii V'U) d A  + iin - Vii ds  = U d A  = QA.  (7.69) 

Suppose we have a function u1 which satisfies V2ul = - 1. The inner product 

s, Jc JA 

D(U - u l ,  U) = [ -ii V2(ii - u,)] dA + 1 iin . V(U - ul)  ds (7.70) 
JA C 

is then zero. The first term vanishes because both U and u1 satisfy the differ- 
ential equation, and the second term vanishes because ii = 0 on the boundary. 
Using the properties of scalar products we have 

D(U, U) = D(U1, U). (7.7 1) 

The Schwarz inequality,? combined with (7.67) gives the bounds : 

D(U, U) I D(u,, 241). 

The upper and lower bounds can be combined: 

(7.72) 

@(u) < @(U) = 3 Q A  = Y(U) I Y(ul). (7.73) 

Use of both variational principles allows a direct measure of the error in the 
functional, which in this case is directly related to the error in the solution 
(1 1.44). 

The application of the principle is called the Trefftz method, after Trefftz 
(1927) who applied variational boundary methods. For the example in 

t It is easily verified by direct substitution that 

D(u + W, u )  = D(u, U) + D(w, V )  

and the inequality 

D2(u, v )  5 N u ,  u)  D(v, 0) 

is proved by considering D(u + ku, u + ku) and using the fact that the quadratic in k must 
be positive. The quantity a + 2bk + ck2 is positive for any real k if a > 0 and (2b)' < 4ac. 
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Section 4. I ,  the same trial function (4.7) is used except that the cl is dropped 
because it  makes no contribution to the integral (7.67): 

N N 

(7.74) 
i =  I i = f  

Minimization of D ( u N ,  uN) with respect to ci gives 

1 aD 
- = 2  acj j l i j c i u i + u o  n . v u j d A = O ,  j = 1 ,  ..., N .  (7.75) 

The result for N = 1 happens to be the same as that achieved using boundary 
collocation with N = 2 (Villadsen and Stewart, 1967), and is listed in Table 
4. I .  Combination of the upper and lower bounds on flow rate gives 

0.5622 < QL/(Ap a") < 0.5630. (7.76) 

Note that the same result (7.75) would have been achieved using a boundary 
method of MWR with weighting function n - V u j ,  but there is no apparent 
reason to pick such a weighting function without knowledge of the varia- 
tional principle. The reason the orthogonal collocation method gave the 
same results as (7.75) is because integrals are evaluated as follows: 

where 0 < x i  < I are the interior roots to the Legendre polynomial P N ( x 2 )  = 0. 
The integral is evaluated exactly if f(x) is a polynomial of degree 4 N  - 1 .  
Since the trial function is of degree 2 N  and the derivative is of degree 2 N  - 1 ,  
(7.75) can be rewritten as 

(7.78) 

Provided the matrix A,,  = W k n  * vujlxk has an inverse, this gives just 
N 

1 c i u i  + uo = 0 at x k ,  (7.79) 
i =  1 

which are the equations used to solve (4.7) and (4.8). 
The same trial functions used in MWR (Section 4.1) are suitable for the 

variational method as well. Delleur and Sooky (1961) suggest solving (7.62) 
for a convex polygon using the trial function 

n N 

U = f l ( A i X  + B i y  + Ci) 1 AjkXiyk, (7.80) 

where A i x  + Biy + C ,  = 0 defines boundary of the ith side. Then (7.80) 
satisfies the boundary conditions and is a suitable trial function for (7.63). 

i =  I j ,  k =  1 
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The integrals needed are tedious to calculate, however. Probably a better 
strategy is to do the computations using either orthogonal collocation in the 
interior or on the boundary, or by point matching on the boundary. Since 
the interior collocation uses trial functions which satisfy the boundary 
conditions, it provides an admissible function for (7.63). Similarly, the 
boundary collocation trial function satisfies the differential equation, and 
hence is an admissible function for (7.67). Thus the inequality (7.73) is valid 
even though the bounds are not the best possible using those trial functions, 
since the best bounds are obtained only by the variational principle. If the 
integrals are tedious to evaluate in the variational method, the value of 
(7.63) and (7.67) for the collocation solutions can be obtained by numerical 
integration once the approximate solution is determined. 

7.4 Relation to Galerkin and Finite Element Methods 

There is always a Galerkin method which is equivalent to the variational 
method. This was first noted by Galerkin himself (191 5 )  and has been proved 
several times since. To  show the equivalence consider a nonlinear equation 
N(u) = 0. The variational method always reduces to the form 

1 6 u  N(u) dV = 0 

for the Euler equation. Application of the variational method gives 

au s,, N(u) dV = 0 

(7.8 1) 

(7.82) 

to determine the approximate solution. This is the same as the Galerkin 
method provided the weighting function is aulac,. There may be other ways 
to apply the Galerkin method, and these would not necessarily be the same 
as a variational method. This is particularly true in the handling of natural 
boundary conditions, as illustrated in (7.56), (7.75), and (2.54). The variational 
method cannot always be applied because there may be no variational 
principle for the problem, but the Galerkin method is always applicable 
because it does not depend on the existence of a variational principle. 

The finite element method is easily applied to variational principles. 
Consider the same problem (5.133) with different boundary conditions: 

V - k V T -  Q = O ,  (7.83a) 

kn.  VT + q + hT= 0, (7.83b) 

where k, Q ,  q, and h are constants. The variational principle is a special case 
of (7.48). 
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Minimize @(T) among all functions which are continuous and have 
piecewise continuous first derivatives: 

@ ( T )  = j [+k VT  * V T  + QT] d A  + 1 qT d S  + t 1 hT2  dS. (7.84) 
A C C 

In  the finite element method this variational integral is minimized with 
respect to the nodal temperature; consider the contribution of an interior 
element: 

(7.85) 

The summation is taken over all nodes of the element Qe. The last equation 
is the same as that derived by the Galerkin method (5.140) and (5.141) so 
that the result can be used directly: 

(7.86) 

Itmq = (k/4A)(bm 6, + C, c,), F," = Q Ai3. 
For an element on the boundary there is an additional contribution to 

(7.85). Along the boundary l j  write 

T = d + cs, Tj = d + c s j ,  T, = d + cs, . (7.87) 

Integration of the boundary terms gives 

Y J  Lq 7J 1 Lh 
/%, qT ds = -(TI + T ) ;  - hT2 d s  = - (T j2  + T, T + T2),  (7.88) 2 71  2 6 

where L = sj - s, is the length of the boundary for that element. Differentia- 
tion with respect to the boundary nodal temperature Ti gives 

JOBe L h L  I 
-- - 4 - + -(Ti + -T) 
d Ti 2 3  2 (7.89) 

to add to (7.86) whenever the nodal point is on the boundary. 
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Another approach which is similar to the finite difference method is to 
approximate the derivatives in the functional (7.84) with difference expres- 
sions, and then minimize the functional with respect to nodal temperatures. 
For (7.83) with boundary conditions of the first kind this gives 

1 aa, - T + r , j  + 2 T , , j -  T-I, j  
- O = k  

AX AY a?, Ax2 

(7.90) 

-Ti, j +  1 + 2Ti, j - T,, j -  1 
+ k  + Q = O ,  

AY2 

which is the second-order difference expression for (7.83a). This approach has 
been used by Greenspan and Jain (1966; see also Greenspan, 1967) to study 
the subsonic flow of a compressible gas past a cylinder. The variational 
principle for this problem is given below (Section 8.2) .  Atkinson et af .  (1969) 
apply it to developing flow entry-length problems. 

Another variation is to use reciprocal variational principles to allow dis- 
continuous trial functions. We present the treatment of Kaplan (1969). Take 
the principle (7.38) with F = tkz2 + iau' + Qu and 1 = F, = k z .  Remember 
that z is a substitute for u'. Expand both z and u in terms of piecewise con- 
tinuous trial functions, so that the variational integral must be modified for 
discontinuities at x i  : 

(7.9 1) 

The trial solution is taken in the form 
N N 

u(x) = ' Vfl(X)Ufl, z(x) = c Z,(z)z,. (7.92) 
fl= 1 n = O  

The functions are pictured in Fig. 7.1. The functional is then 
N 

H =  C [ - tkh,zn2 + 3 ( k  + h,-i)(+auf12 + Qu,) + kZfl(Un+i - ufl>l, 

uo = UN+1 = O? 
(7.93) n = O  
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Fig. 7.1. Discontinuous trial functions. 

and the stationary conditions yield 

These are recognized as difference expressions for the Euler equations for 
the variational principle: 

- kz  + ku' = 0, au + Q - kz' = 0. (7.95) 

Variational principles using discontinuous trial functions have proved very 
useful in nuclear engineering applications (Yasinsky and Kaplan, 1967; 
Yasinsky. 1968; Becker, 1969; Kaplan, 1969). 

7.5 Variational Principles for Eigenvalue Problems 

Variational methods are highly developed for eigenvalue problems, 
principally because many problems of mathematical physics yield minimum 
principles, and thus the variational methods provide upper or lower bounds 
(or both) on the eigenvalue. Eigenvalue problems arise in heat and mass 
transfer problems after applying separation of variables to an initial-value 
or entry-length problem (Section 3.3) or from some of the stability problems 
treated in Chapter 6. We present a general treatment first and then discuss 
several applications. 

Consider the general linear self-adjoint partial differential equation 

(7.96) 

where 12, q, and p are known functions of position. Obviously the simpler 
case of a second-order ordinary differential equation is a special case. The 
boundary conditions are 

d U  
- + 0.u = 0,  
dn 

(7.97) 

where 0. is a piecewise continuous function which is positive on the boundary. 
In order to simplify the notation, the following bilinear functionals are 
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defined for continuous functions 4 and $ with piecewise continuous first 
derivatives. A bilinear functional is just a functional depending upon two 
functions : 

(7.98) 

H[4, $1 = p$ d x  dY, H[41 = H[4> 41- 

Note that the bilinear functionals are symmetric, which results from the 
self-adjointness of the problem (see Section 9.2) and they satisfy 

%#J + $1 = %41+ 2%4> $1 + W$l (7.99) 

with a similar equation for H .  Courant and Hilbert (1953, p. 399) give the 
following variational principle. 

The admissible function, which minimizes the Rayleigh quotient? 

1 = % 4 / H ( 4 ,  (7.100) 

is an eigenfunction u1 for the differential equation (7.96) and satisfies the 
natural boundary condition (7.97). The minimum value of 9 / H  is the cor- 
responding eigenvalue 1. If the orthogonality conditions 

H [ + , u i ] = O  i = l ,  ..., n - I ,  (7.101) 

are imposed then the solution is an eigenfunction u, of (7.96) satisfying the 
same boundary condition, 

mn)/H(u,) = 4. (7.1 02) 

An alternative statement is to minimize 9 ( u )  subject to H(u) = 1. First 
verify that the Euler equation is (7.96) with natural boundary conditions 
(7.97). Consider the functional for the variable ii + E V :  

This can be integrated by parts to obtain 

(7.104) 

t The Rayleigh quotient is named after Lord Rayleigh, who first realized that the 
eigenvalue is the ratio of kinetic to potential energy (Rayleigh, 1873, 1896). 
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thus yielding the correct Euler equation and natural boundary condition with 
R(0) = 1.. 

To show that the principle is a minimum principle, we show that the 
value of the functional for any admissible function u is above the value I , .  
The eigenfunctions {u,} form a complete system of functions; expand the u 
in terms of that set. Furthermore due to (7.101) the eigenfunctions are 
orthogonal. Then 

n 

L‘ = 2 cj l i j ,  ci = ( 0 ,  U i ) ,  
I =  I 

since 
Q(u , ,  uj )  = iWj H ( u j ,  uj) = Ai H(uj)  aij,  A j  2 Al .  

Thus the functional achieves its minimum value for the eigenfunction ul .  
Similar proofs hold for the other eigenvalues due to (7.101). The fact that 
the minimum is achieved and that a minimizing eigenfunction exists is a 
difficult theoretical question (see Chapter 11). 

When the boundary condition (7.97) is replaced by u = 0, the condition 
u = 0 is added to the admissibility condition for the variational principle. 

Next consider the Rayleigh-Ritz method of calculating approximations 
to the eigenvalues. Consider the first eigenvalue. Using the trial function 

(7.106) 

the expansion functions each satisfy the admissibility conditions for the 
variational principle, so that rN is admissible for all values of the constants 
c i .  Substitute this into (7.100) and minimize with respect to the c i :  

I f  this set of linear homogeneous equations in c ,  is to have a solution the 
determinant of coefficients must vanish 

I 2 ( r 1 ,  r k )  - AH(u,, r k )  I = 0, (7.108) 

which provides N values of A, with A(,) being an upper bound on I , .  Call 
dl’ the eigenfunction corresponding to A(1). 

Next consider the higher eigenfunctions and eigenvalues. The variational 
principle (7.100) cannot be used since we do not know the first eigenfunction, 
only an approximation t o  it.  Instead we use the maximum-minimum prin- 
ciple of Courant and Hilbert (1953, p. 406). 
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Given n - I functions u l ,  u 2 ,  . . . , u n W 1  which are piecewise continuous in 
the domain, let d(ul,  u 2 ,  . . . , u , , - ~ )  be the greatest lower bound of the set 
of values assumed by the functional 9(b)/H(b), where 4 is any admissible 
function which satisfies 

H ( $ , u i ) = O ,  i = l ,  ..., n - 1 .  (7.109) 

Then A,, is equal to the largest value which this lower bound d assumes if 
the functions u1 , u 2 ,  . . . , u , , - ~  range over all sets of admissible functions. 
This maximum-minimum is attained for u = u, and v1 = u l ,  u2 = u 2 ,  . . . , 
u"-1 = u,-1. 

We next show that the application of this principle gives the same results 
obtained from (7.108), following the treatment of Mikhlin (1964, p. 231). 
For the first approximation 

N 

1 c!'){B(ui,  u k )  - i ( ] ) H ( u i ,  u k ) }  = 0. (7.110) 

For the second eigenvalues we wish to minimize 9 ( C c i v i )  subject to the 
conditions H(u) = 1 and 

i =  1 

N N 

H ( u ( ' ) ,  ci ui )  = 1 ci C ; . ' ) H ( U ~ ,  v i )  = 0. 
i =  1 i ,  j = l  

(7.111) 

Use the method of Lagrange multipliers and minimize (with respect to ci) 
the quantity 

9 ( u )  - A H(u) - 2 p  H(u, u(1)). (7.112) 

This gives 
N c { C i [ g ( u i ,  u k )  - A I f ( u i >  u k ) ]  - P C j ' ) H ( U k  9 ui)} = 0. (7.113) 

i = l  

Multiply by cil) and sum over k :  
N N  N 

N N  2 ci 1 Cp)H(ui,  U k ) ( l (  1) - A) = p.  (7.115) 

This is zero by (7.1 11). Consequently (7.1 13) with p = 0 is the same as (7.107), 
and the approximation to the second eigenvalue is therefore the second root 
of (7.108) for A. Similar results hold for higher eigenvalues. 

The variational method is illustrated by application to problem (3.6). 

i = l  k = l  
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The Rayleigh quotient (7.100) is 

i = J0(X’)2  dx/J’(l  - x 2 ) X 2  d x .  
0 

A trial function is taken in the form 
N 

X = c cj xi, Xi’(l) = Xi (0 )  = 0, 
i =  I 

and the Rayleigh quotient becomes 
N N 

i = c c i c j  J : X i ’ X j f  d x / . , c  c ic j  Jo1(1 - x 2 ) X i X j  d x .  
i ,  j =  1 1 J = 1  

The numerator can be integrated by parts to give 

X i  X ; d x  + [ X i X j ‘ ] A  

(7.1 16) 

(7.1 17) 

(7.118) 

(7.119) 

and the boundary term vanishes. Equation (7.108) for the approximate 
solution, obtained by minimizing (7.118) with respect to the c i ,  is then 

(7.120) 1 N 

c j X ;  + A ( l  - x 2 )  C c j  Xi d x  = 0. 
j =  1 

The term in the brackets is just the residual, which is made orthogonal to the 
approximating functions. Thus the variational method is equivalent to the 
Galerkin method, and this result holds for other problems as well. The 
Galerkin results in Section 3.1 are thus upper bounds on the exact values, 
as is shown in Table 3.1. It is in problems such as these that the power of the 
variational method is evident. The calculations are the same as the Galerkin 
method, but only the variational principle shows the results to be upper 
bounds on the solution. 

The second approximation gives a good result for the first eigenvalue 
and a poor result for the second eigenvalue. The reason is clear from the 
minimax principle. The second eigenfuntion has only one degree of freedom 
(say c2) since cl is determined by the requirement that the approximate 
second eigenfunction be orthogonal to the approximate first eigenfunction. 
Furthermore, the exact second eigenfunction is orthogonal to the exact first 
eigenfunction, whereas the orthogonality condition (7.1 1 1) involves the 
approximate first eigenfunction. The reduced number of degrees of freedom 
and the approximate orthogonality condition give rise to the poor approxima- 
tion of the second eigenvalue. For the third approximation, when these 
conditions are relaxed, the approximate second eigenvalue is much better, 
and the third eigenvalue is approximated poorly, for the same reasons. 
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The variational method can be applied to entry-length and initial-value 
problems, provided they are linear and separation of variables can be applied 
to reduce the problem to an eigenvalue problem. Thus the treatment in 
Section 3.3 applies equally well to variational methods, which are used to 
solve the eigenvalue problem (3.33). Sparrow and Siegel (1960) have applied 
the variational method to the entry-length problem with a constant heat 
flux on the wall in parallel plate and circular pipe geometries. For the circular 
pipe the eigenvalue problem is a special case of (3.38a) and (3.56a): 

( l / r ) ( rX’) ’  + A(1 - r 2 ) X  = 0, X’ = 0 at r = 0, 1. (7.121) 

Sparrow and Siegel choose trial functions which are the exact solution 
when the velocity is uniform: 

N 

X = c ci cos iny. 
i = O  

(7.122) 

These satisfy the natural conditions of the variational principle. The results 
of the computations are shown in Table 7.2, and can then be substituted 

TABLE 7.2 

LAMINAR FLOW IN A CIRCULAR TUBE WITH UNIFORM WALL 
HEAT FLUX“ 

First Second 
approximation approximation Exact 

(N = 1) ( N = 2 )  

A 2  28.997 25.6956 25.6796 

cz 0.40680 0.40348 
R A I )  -0.8391 1 - 0.49262 -0.49252 

R:” = 0.080445 + 0.91 956 cos 7ry 
Ri2’ = 0.109207 + 0.746309 cos 7ry + 0.144484 cos 27ry 

a Sparrow and Siegel (1960). 

into (3.58a) to determine the temperature. The value of R,(l) is needed to 
evaluate the wall temperature. 

Sparrow and Siegel (1960) also treat the entry-length problem for a 
square duct and uniform heat flux on the wall. The eigenvalue problem is 
then 

z,, + zyy + h ( x ,  y)z = 0, 
(7.123) 

z x = O  a t x = + l ,  z,=O a t y = + l .  
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The velocity is a function of both x and y ,  and thus separation of variables 
cannot be applied. An approximate velocity profile is calculated from the 
variational principle of Eq. (7.63), Sparrow and Siege1 (1959): 

21 = ( x 2  - I)($ - 1 )[2.0983 + 0.2918(x2 + y') + 0.8755~*y']. (7.124) 

Trial functions for temperature are chosen which satisfy the boundary 
conditions, are symmetric about x = 0 and y = 0 and are symmetric in  x 
and J': 

z, = I ,  z, = cos ns cos ny, z, = cos 7rx cos 2ny + cos 2nx cos 7ry. 

(7.125) 

The results show that the temperature varies around the periphery, partic- 
ularly near the corners. Earlier Dennis et al. (1959) applied the Galerkin 
method to the same problem, using the exact infinite series for velocity, trial 
functions as solutions to 4,, + 4 y y  + A 4  = 0, and taking many terms in the 
expansion. Due to the equivalence between the Galerkin and Rayleigh-Ritz 
methods, their calculations were also variational calculations. Schechter 
(1967, p. 209) treats a similar equation for a rectangular duct under boundary 
conditions of constant wall temperature. 

The fully developed Nusselt number is determined by the first eigenvalue, 
as discussed in Section 3.3, Eq. (3.50d). To determine it the velocity must 
first be found by solving (7.62), either exactly or approximately. This velocity 
is then used in the eigenvalue problem, which is solved for the first eigenvalue. 
Very good upper bounds can be achieved, as illustrated in Table 3.1. In' 
some cases lower bounds can be derived as well, and these are discussed 
in Section 7.7. 

7.6 Enclosure Theorems 

There is another feature of the minimum formulation of eigenvalue 
problems which is important: it may be possible to predict the effect of 
parameters on the solution without solving the problem. To do so we use 
the following Lemma, and follow the treatment of Courant and Hilbert 
(1953, p. 407). 

Let C,, and C, be two classes of functions and let C, c C,. Then if 

1, = niin cD(u), 1, = min @ ( r ) ,  
11 v 

(7.1 26) 

then 

A, 2 I,, . (7.127) 
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The notation C,, c C, means that the class of functions C,, is contained within 
the class of functions C,.  Since we widen the class of admissible functions 
when going from C,  to C, we get a lower value of 1, or at the least the same 
value. Consider the following applications. 

APPLICATION 1 .  Consider two problems with the same differential 
equation but different domains V,  and V , ,  with V ,  c V,. Define Ci as the 
class of functions having the appropriate continuity requirements and 
obeying u = 0 on Si,  the boundary of V i .  Then C, c C ,  since a function 
in C,  can be extended as zero to the boundary of V ,  , and hence is in C , :  

(7.128) 

Thus if the domain is enlarged the eigenvalue is lowered. 
This is useful information when treating problems with irregularly shaped 
domains. 

APPLICATION 2. Consider the effect of a boundary condition of the third 
kind. Take the two problems 

( V U ,  V U )  + 4 u ,  u), 
p = min 1 = min ___ 

CA: all continuous u with C,: all continuous u with (7.129) 

( V U ,  V U )  

c i  (u, u> c, (u, u )  

piecewise continuous piecewise continuous 
first derivatives and first derivatives. 
u = O o n S .  

The Euler equations for these two problems are the same [see Eqs. (7.96), 
(7.97), (7. IOO), and (7.104)] and the boundary conditions are 

u = 0 for 1 (essential BC), 
(7.130) 

&/an + BU = 0 for p (natural BC). 

The two problems correspond to one with boundary conditions of the first 
or third kind. Because C,  c C, i t  follows from the lemma that 

A 2: p. (7.131) 

The imposition of a boundary condition of the third kind always lowers 
the eigenvalue compared to its value for a boundary condition of the first 
kind. In transient heat transfer problems, the eigenvalues determine the 
speed of response to a change in the boundary conditions, with a higher 
eigenvalue indicating a faster speed of response. Thus a system always 
responds fastest if the temperature remains fixed on the boundary rather 
than having the heat flux proportional to the temperature there. 
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APPLICATION 3. It is clear from the definition of 9, Eqs. (7.98), that if 
the function CT is either increased or decreased at every point, then each 
individual eigenvalue can change only in the same sense. This means that 
as the heat transfer coefficient is increased the eigenvalues increase, and the 
time-response becomes faster. 

APPLICATION 4. If in (7.96) the function p increases (or remains the same) 
at each point, then the nth eigenvalue decreases (or remains the same). We 
can use this principle to predict the relationship of the eigenvalues of the 
following two problems 

X ”  + AX =o, X” + p(1 - X 2 ) X  = 0,  

X ( 0 )  = 0, 
X’(1) = 0, 

X(0)  = 0,  

X’(1) = 0,  
(7.132) 

Thus  

pk 2 (7.133) 

The problem with eigenvalues I corresponds to a diffusion or heat transfer 
problem with uniform flow rate, whereas the other problem allows a para- 
bolic profile of velocity (see Section 3.4). The principle says the eigenvalue 
for parabolic flow is above that for uniform flow. 

Similar theorems are useful in more complicated situations, such as the 
uniqueness of steady-state solutions to chemical reaction in catalyst particles 
(see Section 9.5). 

7.7 Least Squares Interpretation of D.H. Weinstein’s Method 

The variational method developed by Weinstein ( 1  934) can be related to 
the least squares method. To do so we need to explain the proper way to 
apply the least squares method to eigenvalue problems. 

Consider the least squares method for the problem, 

y(0)  = Y(1) = 0,  y” + I y  = 0,  (7.134) 

which has eigenvalues /?k = k2nr2. Take y = c1 x(l  - x) so that the mean- 
square residual, which is to be minimized, is 

I = j ‘ R 2  dx = c12 + ix (1  - x)]2 LIX = c,2[4 - $2 + &A’]. 
0 

(7.135) 
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This gives the approximation 

A = 10 2J5i. (7.136) 

This is clearly a poor approximation to n2.  A better approach is suggested 
by Becker (1964). For the first approximation take dZ/dA = 0. Then 

- # + & A = O ,  A=10, (7.137) 

which is a good approximation. Becker’s method depends on the fact that 
for linear problems one can write 

Z(CI, c 2 ,  . . . C N ,  A) = c,21(1, c I 2 ,  . . . , c I N ,  A); (7.138) 

that is, the mean-square residual is a function of only txi = ci/cl, i = 2, . . . , N,  
so that there is no point in minimizing I with respect to cl. In the correct 
application of the least-squares method, then, the weighting functions are 

Now investigate Weinstein’s method of obtaining upper and lower bounds 
ailaa, ailaa,, ..., ailau,. 

for eigenvalue problems. Consider the problem 

Lu = Au, (7.139) 

where Lu is a self-adjoint operator, positive bounded below, so that 
(u, Lu) = 9 ( u )  and 9 ( u ,  v) = 9 ( v ,  u). The variational principle corresponding 
to this problem is 

Minimize A = (u, Lu) subject to (u, u )  = 1 

Define the following integrals: 

I1 = (u, Lu), I 2  = (Lu, Lu), I - (Lu - A u ) ~  dV, (7.140) 
3 - 1  

and consider 13(u) under the restriction (u, u) = 1. Expand u in terms of the 
eigenfunctions of the operator (7.139), and assume that the eigenfunctions 
are orthonormal : 

(7.141) 
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since the eigenfunctions are orthogonal. Call Aj the eigenvalue closest to A. 
Then 

(AJ - A)’ I (Ai - A)’, all i, 
I3 2 ( A j  - A)’ Cci2 = ( A j  - A)’. 

(7.142) 

When A j  - A 2 0,  

JI, 2 I ,  - A 2 o or Ji3 + A 2 2 A, (7.143) 

whereas when Aj  - A 5 0,  

J I ,  2 - A j  + A 2 0 or A -JZ3 5 Aj  5 A. (7.144) 

Hence 

%/I3 + A 2 Aj 2 A - J I , .  (7.145) 

In order to get the best estimate we need to choose A to minimize Z3: 

I ,  = Z2 - 2A11 + A’ 

= (Z2 - I,’) + (Zl - A)’. 
(7.146) 

Clearly this choice is A = I , .  The estimates on Aj are then 

I ,  + (I’ - I1’)i 2 A j  2 I ,  -(Z2 - Z1’)’. (7.147) 

This formula can be used to assess the error of the Rayleigh-Ritz method, 
or it  provides a method to minimize the error in the approximation of the 
eigenvalue. 

This method is just the least squares method, an application of MWR. 
Consider the functional 

I (u)  = (Lu, Lu) - (u,  Lu)’, (7.148) 

which is to be minimized subject to (u, u) = 1 in the Weinstein method. 
The mean-square residual 

J(u)  = J(Lu - Lu)’ dV = (Lu, Lu) -2A(u, Lu) + A’(u, U )  (7.149) 

is to be minimized in the least squares method: 

Thus the functional J(u)  takes the value at the minimum 

(7.150) 

(7.1 51) 
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when (u, u)  = 1. Thus the Weinstein method gives results identical to the 
least squares method. The error bounds (7.147) can be calculated for any 
method-variational or MWR-although they are the smallest for the least 
squares method. There are also ways to improve the bounds (7.147) (Wilson, 
1965). 

As an example consider 

y” + Ay = 0, y(0) = y(1) = 0, (7.152) 

which has the solution y i  = sin ircx, li = i2rc2. Eigenvalues have been cal- 
culated using Eq. (7.147). The trial functions used were 

N 

y = CiX’(l - x). 
I =  1 

(7.153) 

The eigenfunctions fall into two classes: symmetric about x = f and an odd 
function about x = f. Both classes are included in (7.153). The results are 
shown in Table 7.3. The bounds are poor for low-order approximations, but 

TABLE 7.3 

ERROR BOUNDS FOR EIGENVALUES‘ 

Number Lower Upper 
of terms bound Eigenvalue bound 

1 
3 
5 

2 
4 
6 

3 
5 

4 
6 

N = 1, h = 9.86960440 
5.52 10.00000 
9.56 9.86975 
9.8621 9.86960443 

N = 2, = 39.47842 
14.50 42.0000 
34.81 39.5016 
39.12 39.47847 

N =  3, = 88.82 
18.80 102.13 
67.86 89.17 

N = 4 ,  A =  157.91 
10.81 200.50 

100.53 159.99 

14.48 
10.18 
9.8771 

69.50 
44.19 
39.84 

185.46 
110.49 

390.18 
219.45 

Eigenvalues calculated using Rayleigh-Ritz 
method. Bounds calculated using (7.147). Value 
listed under “ Eigenvalue” is the Rayleigh-Ritz 
upper bound. 
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improve as more terms are added in the trial expansion. Even so the bounds 
are conservative: for N = 1 and 5 terms, the error bounds give a possible 
error of 0.08 % whereas the actual error is 3 x %. The Rayleigh-Ritz 
eigenvalue is actually an upper bound, too. Using the Rayleigh-Ritz result 
as the upper bound gives an error of 0.04% for N = 1 and 5 terms. Another 
method of finding lower bounds on eigenvalues is suggested in the next 
section. 

7.8 Lower Bounds for Eigenvalues 

We consider lower bounds for the eigenvalues of 

Ly + Af(x)y = 0 in V ,  

B i y  = O  on S, 
(7.154) 

where L is a self-adjoint operator (see Section 9.2) and appropriate homo- 
geneous boundary conditions are satisfied. Weinstein's method does not 
give lower bounds for this problem unless f is a constant. Although the least 
squares method gives approximations to the eigenvalue, it does not provide 
upper and lower bounds. We present here two techniques applicable to 
(7.154), as well as to more general problems. We limit consideration to 
(7.154) because of its importance in engineering applications, such as the 
asymptotic Nusselt or Sherwood number in entry-length problems (Sections 
3.3, 3.4, and 7.5). Indeed in these problems often the only information desired 
is the first eigenvalues to (7.154), which is closely approximated using these 
methods. 

Variational methods for eigenvalue problems, including lower bounds, 
are treated in  the comprehensive treatise by Gould (1966). We present the 
method due to Weinstein ( 1963) which constructs comparison equations, 
which are easier to solve than (7.154), and which are constructed such that 
the eigenvalues are lower bounds to the eigenvalues of (7.154). The second 
method we consider relies on the Schwarz quotients and involves an iterative 
procedure, outlined by Collatz (1948, p. 182) and Crandall (1956, p. 298). 
.\nother review, although not applicable directly to (7.154) is by Fox and 
Rheinboldt (1966). Pnueli (1967) calculates rough lower bounds by finding 
a function g(x)  such that f ( x )  2 g(x) ,  and using the enclosure theorems. 
It is necessary to solve exactly the problem Ly + g(x)y = 0. Pnueli (1969) 
gives a method for obtaining lower bounds to the eigenvalue of Helmholtz 
equation, V4y + 1.y = 0, in arbitrary, plane regions, and McLaurin (1968) 
gives bounds for the first four eigenvalues corresponding to elliptical clamped 
plates. 
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First consider Weinstein’s method, following the treatment of Gould 
(1966, p. 203). Rewrite the problem (7.154) as 

Ly  + Aay - A(a - f ) y  = 0,  (7.155) 

where a 2 maxf(x) and introduce the intermediate problem, 

(7.156) 

where y ,  is any eigenfunction of the problem L y  -+ Ay = 0, normalized so 

We first calculate the Rayleigh quotient for the intermediate problem : 
that (Yn 9 Y k )  = 6 k n .  

By the Schwarz inequality (p. 227) we have 

( y ,  y,)’ = (J@ - f ) ” 2 y y n  dV)’ 5 (pa - f)y’ d V )  (1-1 Yn‘  dV 

(. - f ) ” 2  a - f  

Thus the denominator of (7.157) is greater than or equal to (fy. 
less than or equal to a(y,  y) .  This implies 

(7.157) 

(7.158) 

y )  and is 

(7.159) 

The first intermediate problem is easy to solve. For k # n the eigen- 
function is y, and the eigenvalue is pk = A,/a. For the nth eigenvalue y = y ,  
is an eigenfunction with 

The eigenvalues then satisfy 

(7.160) 

(7.161) 

and the value pq = A,/D(cr) must be inserted in its proper numerical position 
in the sequence (7.161). We wish to choose c! to obtain the best bound for 
A,. A,,/D(c!) is above A,/c! for a 2 f f r o m  (7.160). The function D(u) decreases 
with increasing a. To see this calculate 

(7.162) 



246 7 INTRODUCTION TO VARIATIONAL PRINCIPLES 

From the Schwarz inequality 

so that dD/cla is negative. Thus A,/D(x) increases with increasing a. The other 
eigenvalues in Eq. (7.161) obviously decrease with increasing a. Thus for 
small s( the eigenvalue A,/D(cc) fits between AJu and As CI is increased 
we reach a point where A,/D(a)  = ~ l , , + ~ / a .  Any further increase in CI gives 
no improvement, because the lower bound for A,, is then A,,+l /x  and An/D(cc) 
is a lower bound for A n + l ,  and so forth. Thus the best value of ci satisfies 

An/D(z> = (7.164) 

There is one further complication. Consider a = M = positive maximum 
off. 1s 

&+lIM I A n / D ( W ,  (7.165) 

then the best lower bound for I.,, is An+l/M. The ci cannot be taken any lower 
(the integrals are then undefined) and any larger ci gives worse bounds, 
An+, /%.  We thus have the procedure: check (7.165). If not satisfied, choose 
a to satisfy (7.164), which gives the best lower bound for A,, . 

As an application consider the problem solved in Section 3.4: 

y” + ;.( 1 - x2)y = 0, y’( I )  = 0,  y (0)  = 0. (7.1 66) 

The base problem and its solution is then 

y” + Ay = 0,  y’( I )  = ~ ( 0 )  = 0, (7.167) 
y ,  =./2 sin [(2k - I)nx/2], Ak = (2k - 1)2rr2/4. 

The intermediate problem is (7.156). Calculation of the integrals in (7.165), 
where M = 1, shows that they are not satisfied, so that the best bounds are 
achieved from (7.164). We thus choose x to satisfy a rearranged form of 
(7.164). 

(7.1 68) 

The integrals were evaluated numerically to obtain the bounds shown in 
Table 7.4. The first eigenvalue is determined within 0.1 ”/,. but the lower 
bounds on the other eigenvalues are not as precise. For heat transfer prob- 
lems, the first eigenvalue is of primary interest. When higher eigenvalues 
are important, we need the eigenfunctions and all the quantities given in 
Section 3.3. Lower bounds on just the eigenvalues are not as useful. The 
same procedure can be applied to partial differential equations, although the 
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TABLE 7.4 

LOWER BOUNDS FOR EIGENVALUES 
USING THE WEINSTEIN METHOD 

n Lower bound Upper bound" 

1 5.1 12095 5.121 670 
2 30.94142 39.660957 
3 81.25363 106.2502 1 
4 153.6031 204.85999 
5 247.1393 335.48423 

Obtained using Rayleigh-Ritz, 
10 expansion functions; see Section 
3.4. 

results would not be expected to be as good as the number of dimensions is 
increased. This is clearly a very simple method of obtaining a very good 
estimate of the first eigenvalue. All that is necessary is to solve (7.168) for CI. 

The second procedure uses Schwarz quotients, as presented by Collatz 
(1948, p. 182) and Crandall (1956, p. 298). We outline the mechanics without 
proving the relevant theorems. Define the boundary value problem 

- L u k + l  = '!f(x)uk, B i u k + l  = O, (7.169) 

which is to be solved iteratively. uo is specified, and satisfies the boundary 
conditions, and Eq. (7.169) is used to calculate u i ,  i 2 1 .  Define the integrals 

Crandall gives the bounds 

(7.171) 

where 1,+1 and up-l are lower and upper bounds on the p + 1 and p - 1 
eigenvalues, respectively. It is necessary that the operator be self-adjoint 
and satisfy 

- SuLu dV 2 0, S f i i 2  dV 2 0 (7.172) 

for (7.171) to hold. 
To apply this to (7.166) take uo = x - +x2. A formula for the successive 

solutions to - u : + ~  = '!(I - x 2 ) u k  is easily generated and the u k  are found 
conveniently on a computer. Then the integrals (7.170) are evaluated. For 
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the first eigenvalue we need a lower bound for the second eigenvalue. This 
can be a rough bound, since the numerator of the error term in (7.171) goes 
to zero as the iteration proceeds. We use the bound in Table 7.4. The lower 
bounds are listed in Table 7.5 and are very good. After three iterations the 

TABLE 7.5 

LOWER BOUNDS FOR EIGENVALUES 
USING SCHWARZ QUOTIENTS 

k Lower bound Upper bound 

1 5.1213174 5.1219856 
2 5.1216674 5.1 216734 
3 5.12166928 5.1 2 1 66937" 

"The best upper bound by the 
Rayleigh-Ritzmethod is 5.121670, for 
10 trial functions (see Section 3.4). 

lower bound and upper bound differ by only one digit in the eighth significant 
figure. Note that for p = 1, R ,  is an upper bound, since it is just the Rayleigh 
quotient, which is an upper bound for the first eigenvalue. The correction in 
(7.171) is needed for higher eigenvalues, since then the admissible trial 
functions must be orthogonal to the other eigenfunctions. This procedure 
is less suitable for higher eigenvalues because the iterations tend to converge 
to the first eigenvalue unless the first guess is close to the exact eigenfunction. 
The technique is suitable for partial differential equations, although the 
solution of (7.169) may be more difficult. 

The two techniques given here give very good lower bounds on the first 
eigenvalue. The problem (7.154) is important in engineering applications 
when f(x) represents the velocity distribution. Then for arbitrary geometries 
we must solve 

V2u = -1 in A ,  u=O on C, (7.173a) 

V2y  + Auy = O  in A ,  Biy=O on C. (7.173b) 

The exact solution for u may not be known, but bounds can be derived as 
illustrated in Sections 4.1 and 11.5. Then we can use the monotone property 
of the eigenvalues (Application 4 in Section 7.6). Use an upper bound for u, 
which decreases A, to calculate a lower bound for the exact 1. Use a lower 
bound for u to calculate the upper bound for A. The combined results give 
upper and lower bounds for the eigenvalue of (7.173). Moler and Payne 
(1968) provide error bounds for (7.173b) when u = 1. Their approach, 
extended to u(x), would be particularly useful for arbitrary geometry. 
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EXERCISES 

7.1. For the functionals listed in Table 7.1, verify the Euler equations, 
essential and natural boundary conditions. 

7.2. Find the Euler-Lagrange equation for f ( x ,  y ,  y’) = y’2 + g(x) y for 
y(x) subject to y(xl) = yl, y(x2) = y 2 .  Show that the Legendre condition 
is satisfied by any admissible y(x). What are the admissibility conditions ? 
Answer: g - 2y” = 0; &,,,, = 2 2 0; y(x) continuous, satisfies the 
boundary conditions, and has continuous second derivatives. 

7.3. One of the first problems in the calculus of variations was solved by 
Euler: find the closed curve of given circumference and greatest area. 
It can be formulated as the following. Find y(x)  > 0 which maximizes 

subject to 
1 

c = 1 [ 1 + (y’)2]1’Z = n/2, y(0) = y( 1) = 0. 
0 

Find the Euler equations, verify that a semi-circle with center x = f ,  
y = O  and diameter 1 satisfies the equation, and show the Legendre 
condition is satisfied by any admissible y(x). 

7.4. Consider the variational principle: make I ( y )  stationary among all 
yeC’  and y(0) = 0, y(1) = 0: 

1 

Z(y) = 1 ( y r2  - y 2  - 2y) dx. 
0 

(a) Find the Euler-Lagrange equation. Are the boundary conditions 

(b) Find the exact solution to the Euler-Lagrange equation in the form 
y = a sin x + b cos x + c. 

(c) Use the variational method to find an approximate solution of the 

essential or natural ? 

form 
N 

y = x(1 - x) c qxi-1. 
i =  1 

Find the first and second approximations and compare to the exact 
solution: y(0.25), y(0.5), y(0.75), y’(O), y‘( 1). 
Answer: N = 1 : c1 = 519. 

7.5. Consider the problem of heat conduction in a square: 
Txx+Tyy=O, O < X <  1, O < y <  1, 

T,+NuT=O at x = l .  
T(x,  0)  = 1, TX(O, y )  = Ty(x, 1) = 0,  
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Derive a variational principle and apply the variational method using 
the trial function 

T = 1 + aIyx2(2 - y). 

Which boundary conditions does this satisfy ? Calculate the average 
heat flux along x = 1. 
Answer: a, = - 15 Nu/(22 + 12 Nu); for Nu = 1 average flux is 0.706; 
exact result is 0.640. 

7.6. Use the enclosure theorems to derive upper and lower bounds for the 
flow rate of a fluid in rectilinear flow through a pipe with the cross 
section of an equilateral triangle with sides of length a. The flow rate 
through a square of side-length b or a circle of diameter c are 0.0351b4 
and 0.0245c4, respectively. The flow is governed by (7.173a). 
Answer: Using the circle for the lower bound and the square for the 
upper bound gives 0 . 0 0 2 7 2 ~ ~  < Q < 0 . 0 3 5 1 ~ ~ .  

7.7. Prove Eq. (7.72). 
7.8. Verify Eq. (7.88). 
7.9. Are the approximate eigenvalues calculated in Exercises 3.1-3.3 and 3.8- 

3.10 upper bounds on the exact answer? Why? Would the integral or 
collocation method have given results known to be upper bounds (i.e., 
known without knowledge of the exact result) ? Formulate the variational 
principles for the asymptotic Nusselt numbers in Exercises 3.8 and 3.10. 
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Chapter 

8 
Variational Principles in Fluid Mechanics 

The variational principles governing equations in fluid mechanics are 
summarized below, including perfect fluids, magnetohydrodynamics, non- 
Newtonian fluids, and flow around suspended drops and particles. In Section 
8.6 it is shown that there is no variational principle for the Navier-Stokes 
equation, and in Section 8.7 a variational principle is presented for the 
Reynold’s number below which any solution of the Navier-Stokes equation 
is stable. There are many other areas governed by variational principles : the 
Rayleigh-Taylor instability of two superposed fluids of different densities 
(Chandrasekhar, 1961, Chapter 10; Selig, 1964). Many problems of hydro- 
dynamic stability are governed by variational principles, specialized for the 
particular case (see Chandrasekhar, 1961, for example; also see Chapter 9 for 
the generation of variational principles for new problems). Water waves are 
governed by variational principles (Luke, 1967; Whitham, 1967; Simmons, 
1969). Variational principles have been found for some problems in rarefied 
gas flow (Cercignani and Pagani, 1966; Su, 1970; Strieder, 1970). Rocket 
exhaust nozzles are designed for optimum thrust using variational principles 
(Rao, 1958; Fanselau, 1959; Guderley and Armitage, 1965; Hoffman, 1967; 
Hoffman andThompson, 1967; Kraiko, 1964; 1967; Kraiko and Osipov, 1968). 

253 
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8.1 Basic Equations 

The equation underlying fluid mechanics is the Cauchy momentum 
equation (1.13): 

This vector equation must be augmented by a constitutive relation for the 
stress tensor, which depends on the material. For one type of non-Newtonian 
fluid, 

where 
rji = - p  sji + g,,(d), (8.2) 

(8.3) d.. J I  = ' ( u .  2 1.J . + u .  J . 1  .) 

is the rate of deformation. This simplifies for an incompressible, Newtonian 
fluid to 

(8.4) Tji = - p  dji + 2j.i dji. 

For a perfect fluid there are no viscous terms, 

(8 .5)  T . .  = - p  6. .  
J l  J I  ' 

The equation of continuity is 

and when the density is constant (for an incompressible fluid) 

u i , i  = 0. (8.7) 

v x u = o ,  (8.8) 

u = vcp. (8.9) 

When the motion is irrotational, 

then the velocity can be represented in terms of a gradient, 

If electromagnetic forces are important the force term in (8.1) becomes 

p P  = peE + pj x H. (8.10) 

The equations must then be augmented by Maxwell's equations and an equa- 
tion for the current density, 

(Pai, 1962) 

aD 
V x H = j + -  

at, 
(8.11a) 
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V * D = O ,  (8.11b) 

aB 
V x E = - - - ,  

at (8.1 lc) 

V * B = O ,  (8.1 Id) 

j - i + p , u ,  (8.1 le) 

where p ,  is the electric charge density, j is the electric current density, H is the 
magnetic field, B is the magnetic flux density, D is the electric flux density, and 
E is the electric field. intensity. Constitutive relations are also needed to relate 

D = D(E), B = B(H) (8.12) 

as well as a relation for the current, i. 

The equations are written above in Eulerian form in terms of the velocity 
u(x, t )  as a function of position and time. If Lagrangian coordinates are used, 
the position of a particle is denoted by x(a, t ) ,  where a is the position of the 
particle at t = 0. The equation of motion for a perfect fluid is 

(8.13) 

The conservation of mass is 

The equations in this form are particularly useful for deriving variational 
principles, although both forms are used below. 

Some of the variational principles are motivated by Hamilton’s principle, 
which governs the equations of mechanics and dynamics of discrete particles. 
The variational principle is the following. 

Make stationary the variational integral I subject to variations in the 
generalized coordinates qr which vanish at t ,  and t ,  : 

12 

I = ( L(qr, 4;) dt, L = T - V. (8.15) 
J t l  

T is the kinetic energy and V is the potential energy, which depends only on 
the generalized coordinates, qr ,  not their derivatives, 4,’. The Euler equation 
is easily found from Eq. (7.10), 

(8.16) 
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The form of the Lagrangian-the kinetic energy minus the potential energy- 
is common to many of the variational principles described below. Finally, 
throughout this chapter the variational shorthand (7.14) is used. 

8.2 Variational Principles for Perfect Fluids 

Many attempts have been made to obtain the momentum equations from a 
variational principle patterned after Hamilton’s principle, which is so power- 
ful and useful in particle mechanics. These attempts have not all been suc- 
cessful except in the case of perfect fluids. As Truesdell and Toupin (1960, 
p. 595) point out, “the lines of thought which have led to beautiful variational 
statements for systems of mass-points have been applied in continuum me- 
chanics also, but only rarely are the results beautiful or useful.” We consider 
first the steady, irrotational flow of an incompressible fluid, then admit 
compressible fluids, and finally treat unsteady flow of compressible fluids. 
Some of this treatment is summarized in the elegant treatise by Serrin (1959a). 

Consider the steady irrotational flow of an incompressible fluid. Assume 
the body force is a potential function, pi? = -V@, and rearrange the con- 
vective terms in (8.1) to get 

(8.17) 

The last relation gives a form of Bernoulli’s theorem, 

(8.18) P +u - u + @ + - = constant, 
P 

which determines the pressure once the velocity is found. The velocity 
equations are then Eqs. (7.7) and (7.9), subject to a specified mass flux on the 
boundary: 

(8.19a) 

(8.19b) 

(8.19~) 

(8.19d) 

Reciprocal variational principles are found using (8.19a) or (8.19~) as ad- 
missibility conditions and the other as the Euler equation and vice versa. 
They are special cases of Eqs. (7.48) and (7.59). 

The first principle is due to Lord Kelvin (Thomson, 1849) and minimizes 
the kinetic energy, known in his day as vis-viva. 

I u = vf$ 
or V x u = O  i n V  

v * u = o  

p n - u = f  onS .  
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Among all motions of an incompressible fluid in V which have a specified 
mass flux on S, Eq. (8.19d), the irrotational motion has the least kinetic 
energy, T. 

T(u) = +p IU - u dV. 
v 

(8.20) 

The stationary character is proved using a Lagrange multiplier. Consider the 
variational integral 

I = + p I u - u dV + p 1V * u d V. (8.21) 
V 

Calculation of the first variation, and use of the divergence theorem gives 

6 1  = p J [ 6 ~ *  (U - VA) + 61V * U] dV + J Apn. 6~ dS. (8.22) 
V S 

The boundary term vanishes since the variations vanish on S,  and the Euler 
equations are Eqs. (8.19a,c). 

The minimum property is proved by considering a motion u = V 4  + uo , 
where 4 satisfies (8.19) and uo satisfies V * uo = 0 in V and n * uo = 0 on S.  
Then 

T(V4  + U) = 4 p J:V4 . V 4  + 2u0 . V 4  + u0 * u0) dV. (8.23) 

The divergence theorem is applied to the middle term 

/ ; , - V 4 d V =  / 4 n . u o d V -  J v 4 V . u o d V = 0 ,  (8.24) 
S 

which is zero by the conditions imposed on uo . Thus 

T(V6 + uO) = T(V4) + T(u~). (8.25) 

Since T is positive, the kinetic energy of any other permitted motion is 
greater than that corresponding to 4. 

This principle is obtained by imbedding the problem in a vector space 
which is solenoidal but not irrotational. The reciprocal variational principle 
uses a vector space which is irrotational but not solenoidal [see (7.48)]. 

Among all irrotational motions in V,  the one satisfying Eqs. (8.19c,d) 
maximizes the functional J(4 ) :  

J ( 6 )  = -+p / V 4  * V 4  dV + J” 4f dS. (8.26) 

The Euler equation is clearly V 2 4  = 0 and the natural boundary condition is 
p n -  V 4  = f on S.  The maximum nature follows as a special case of Eq. 

u S 
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(7.48). The two variational principles thus give bounds on the kinetic energy: 

J ( 4 )  5 kinetic energy I T(u). (8.27) 

These principles are not widely used, however, since few situations are 
governed by Eqs. (8.19).7 Reciprocal variational principles are also valid for 
the compressible fluid, which is of more interest. 

The first variational principle for the irrotational flow of a compressible 
fluid is due to Bateman (1929, 1930) [Serrin (1959a) calls it the Bateman- 
Dirichlet principle]. Hargreaves (1908) first showed that the pressure integral 
is a potential of the motion, although he did not use this fact to write a 
variational principle. The formulation presented here is due to Lush and 
Cherry (1956). 

In a compressible fluid the density is no longer constant and an equation 
of state must be given to relate the pressure and density. The internal energy 
is a function of entropy and specific volume, but here we consider the case 
for constant entropy. Then the internal energy and thermodynamic pressure 
can be written as 

au 
d U =  - p d V = - d p  P2 P , 

p + .  S 
(8.28) 

The U is specific internal energy, V is specific volume, and S is specific 
entropy, i.e., all quantities are per unit mass. The equation is integrated to 
give the internal energy function 

P dP 
= s,, p2 (8.29) 

once thep(p) relation is specified. The momentum equation takes a particularly 
simple form-called the Bernoulli theorem. Take u - into Eq. (8.1), assume a 
conservative force, a perfect fluid, Eq. (8.5), and add to it the energy 
equation, pu - V U  = - Tj i  u ~ , ~ :  

P P 
P P P 

+ 4 2 + U + c D + -  = - - , u . v p - - v . u = o  (8.30) 

by the continuity equation. The term in parentheses is a constant, whose value 
is taken as zero. If  0 = 0 and we use the thermodynamic relationp = pz dU/dp 
this is 

t U 2  + - d ( p U )  = 0. 

dP 
(8.31) 

t One application is of historical interest, however, since it relates to the historical 
justification for naming the variational method after Rayleigh. S e e  the footnote on p. 224. 
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This is the equation of motion for this problem. 

Maximize the variational integral 

J = J  p dV+J 4f dS (8.32) 

among all continuous functions 4 satisfying the following equations: 

p = p2U', Jfu - u + (pU)' = 0,  u = V$. (8.33) 

The prime refers to differentiation with respect to density, p .  Here it is more 
convenient to regard these equations as constraints which the variations must 
satisfy than to use Lagrange multipliers. The first variation of J is 

6J = J 6 p  dV + J 6 4 f  dS. (8.34) 

The variations in p ,  p ,  and u are related by the variations of (8.33). 

6p = 2p U' 6p + p2  U" 6p = p' 6p = c2 6p, 
(8.35) 

U '  6u = -2U'6p - pun 6p = -6plp = -c2  6plp, 

where dpldp = c2. The first variation is then 

6 J =  - J p u * 6 u d V +  J 6 4 f d S .  (8.36) 

Write u = V 4 ,  6u = VS4, integrate by parts and apply the divergence theorem 
to obtain 

6J = 154 V - (pu) dV + J 6 4 ( f  - pn * V4)  dS, (8.37) 

which gives the Euler-Lagrange equation and natural boundary condition 

V 0 (pu)  = 0 in V ,  f - pn * V 4  = 0 on S. (8.38) 

To examine the maximum property we calculate the second variation: 

d2J = - 1 p  6u - 6u dV - 6pu * 6u dV. (8.39) J 
Combination with (8.35) gives 

P 3  d2J  = - (c2di j  - u i u j )  6ui 6uj  dV. 
C i , j = 1  

(8.40) 

When the flow is everywhere subsonic, that is, when c2 > u * u, the second 
variation is negative definite for the extremal and the principle satisfies the 
necessary condition for a maximum principle. 
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The reciprocal variational principle is called the Bateman-Kelvin principle 
by Serrin (1959a). This principle was formulated by Lush and Cherry (1956) 
in terms of a stream function for two-dimensional flow. Here we present the 
principle for three-dimensional flow. The proof is given by Serrin (1959a).. 

The variational principle uses (8.38) as constraints and obtains Eq. (8.33~) 
as the Euler equation. 

Minimize the integral 

Z(u) = / ( p  + pu * u) dV 
v 

among all velocity fields which satisfy 

(8.41) 

p = pzU‘ ,  t u  * u + (pU)’ = 0, V - (pu) = O in V,  

p n . u = f  o n S .  (8.42) 

The velocity fields which do so are irrotational Eq. (8.8). 
The two variational principles (8.32) and (8.41) are reciprocal to each 

other and for the extremal the two variational integrals are equal to each 
other. This can be seen by setting u = V 4  for one of the u in (8.41), integrating 
by parts, applying the divergence theorem and (8.42) to obtain (8.32). The 
variational principles thus provide upper and lower bounds on the sum of 
pressure and twice the kinetic energy: 

4 4 )  I J ( p  + pu * u) dV i Z(u). (8.43) 

Wang (1948, 1961) and Lush and Cherry (1956) have used the principle 
of Eq. (8.32) to calculate the flow past a circular airfoil and a thin curved 
surface. In these cases the flow is in an infinite region and the integrals do  
not exist. I t  is necessary to reformulate the variational integral as follows 
(for a two-dimensional region). The proposed extremal flow is taken as 
4 = Vx  + x, where Vx is the flow potential at infinity. Lush and Cherry then 
subtract from Eq. (8.32) an integral whose variation vanishes at infinity: 

In the numerical work, Wang (1948,1961) restrict attention tocompressible 
fluids with the equation of state ppPy = constant, with y / ( y  - 1) an integer. 
This is done for convenience in calculating the integrals. Lush and Cherry 
(1956), however, treat more general values of y using a polynomial approxima- 
tion to calculate the integrals. This difficulty is avoided in the study by Wang 
and Rao (1950), who used the linearized equations for flow around a circular 
cylinder, ellipse, and Kaplan’s bump, and by Wang and Brodsky (1949) who 



8.2 VARIATIONAL PRINCIPLES FOR PERFECT FLUIDS 261 

used Galerkin’s method rather than a variational method. More recently 
Greenspan and Jain (1967) have applied the variational principle (8.32) and 
(8.44) using difference expressions for the derivatives appearing in the 
integrand, and maximizing the integral with respect to the potential at the 
nodes [see (7.90)]. 

Shiffman (1952) proves an extremal exists for the infinite region using the 
modified integral (8.44). Modifications are possible in certain cases: Lin and 
Rubinov (1948) derive a principle for isoenergetic flows, and this was later 
modified by Lin (1952) to include the equations written in terms of Crocco’s 
stream function. Giese (1951) and Skobelkin (1957) also present variational 
principles when the velocity assumes a particular form in terms of stream 
functions. 

Next consider the time-dependent equations, first in the Lagrangian for- 
mulation and then in the Eulerian formulation. The results for the La- 
grangian form of the equations are due to Herivel (1955) and Eckart (1960). 
Consider the equation of motion (8.13), the conservation of mass (8.14), and 
the conservation of the entropy? : 

(aslat) ,  = 0. (8.45) 

The pressure term in the momentum equation is rewritten as 

(8.46) 

and the forces are assumed to be conservative, P = -V@. The momentum 
equation is then 

where Jij is the cofactor of xi ,  in J :  

axi aa, J , ~  
aa,’ axi J 

- .  aJ 
J . . = - ,  x . . = -  

I J  
l J  ax,, 

(8.47) 

(8.48) 

The variational principal uses a Lagrangian which is the kinetic energy minus 
the potential and internal energy. 

Make the variational integral stationary among functions x(a, t )  which 
have continuous second derivatives, and p(a, t )  and S(a, t )  which have 
continuous first derivatives, subject to the constraints (8.14) and (8.45). 

t S is used to represent both entropy and the boundary of V. The usage is clear from the 
context. 
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Sand x take prescribed values in V, at t = t ,  and t ,  and n, - x takes prescribed 
values on S for all t :  

I = s " S  [' zpu - u - p ( U  + @ ) ] J  da dt,  (8.49) 
f l  v, 

where V, is a region in a space (i,e., fixed mass), with 

j ( cix = 1" ( ) J  da. (8.50) 

The constraints are handled using Lagrange multipliers. The first variation is 
macs 

(8.51) 
The variations in density and entropy are elementary [use the definition of p 
in  Eq. (8.28)]: 

P 
P 

6 p :  + l * u  - ( U + @ )  - - - CI = 0, 
(8.52) 

The variation in x is more complicated since J is an implicit function of x: 

The variation is then 

(8.53) 

(8.54) 

In the variational integral this term is integrated by parts and the divergence 
theorem applied (with respect to a) to give 

6x: - p J r $ )  - p J  [ t p u  - u - p(U + a) - p ~ ]  
a ax,  aaj  ax,, 

(8.55) 

Equation (8.52a) can be used to rewrite this as 

ao a a P  a + p o  - = - - ( p J .  .) = - J . .  - - p - ( J . . ) .  (8.56) 
a ax, aa, lJ  I J  aaj aa, " 
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The last term vanishes, as may be seen by expanding it, so that we obtain the 
equation of motion (8.47). 

The variational principle for the Eulerian formulation is more difficult 
and can be approached in two different ways. A Lagrangian may be assumed, 
as in (8.49), which is varied subject to the constraints: equation of continuity, 
entropy balance, etc. An alternative is to use a representation for the velocity 
and choose a Lagrangian which automatically incorporates some of the 
constraints. We choose the former approach here, while Seliger and Whitham 
(1968) illustrate the second approach. In the next section on magnetohydro- 
dynamics the representation of magnetic field, electric field, etc. is more 
important. See Bretherton (1970) for an interpretation of the geometric co- 
ordinates, CL, p, and y in (8.60) and the Lin constraint (8.58b). 

The variational principle was first presented by Herivel (1955). Herivel’s 
treatment, however, allowed only irrotational flows. A modification, attri- 
buted to C. C. Lin, permits more general flows, as shown by Serrin (1959a). 
Drobot and Rybarski (1959) also use the same modification. ’4 less general 
principle due to Eckart (1938) applies to irrotational flow when the internal 
energy depends only on density. Taub (1949) presents a principle (without 
using Lin’s constraint) in which the temperature replaces entropy as a primary 
variable. Stephens (1 967) presents variational principles for the canonical 
form of the energy-momentum tensor and Penfield (1966) treats the equations 
in relativistic form. 

The equation of motion is (8.1) for a perfect fluid, and we assume the body 
force is conservative: 

(8.57) 

In addition we have the equation of continuity (8.6), the entropy conservation 
relation (8.45) and the additional equation, added by Lin, 

dSldt = 0, (8.5 8a) 

daldt = 0. (8.58 b) 

The vector a(x, t )  establishes the initial position of the particle which is at 
position x at time r .  The variational principle is as follows. 

Make the variational integral stationary among functions u, p,  S which 
have continuous first derivatives in space and time, take prescribed values in 
V for r = t ,  and t,, n * u, p,  and S take prescribed values on S for all t ,  
subject to the constraints (8.14) and (8.58): 

I = l: sy[+pu - u - p(U + a)] dV d t .  (8.59) 
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Introduce Lagrange multipliers and make the integral (8.59) stationary: 

Variations of a. /I. and y give the constraints, 

d p  dS da 
- + V * ( p u ) = O ,  - = o ,  -- - 0. 
?t  dt  d t  

Variations of the other quantities leads to 

6u: u + V x  - PVS - y - Va = 0, 

(8.60) 

(8.61) 

(8.62a) 

p da d S  cla 
6 p :  +u - u - ( U  + @) - - + - - p - - y * - = 0, (8.62b) 

p d t  d t  dt 

(8.62~) cjb 6s :  -pT + p - = O ,  
d t  

- 0,  (8.62d) 6a: -- 
dy 
d t  

where we remember that 

(8.63) 
d a  
- + u . v .  P 

dt  d t  

When we ignore the constraint (8.58b), as Herivel did, the velocity must be 
irrotational in any isentropic motion. 

To obtain the equations of motion we write (8.62a) in the form 

(8.64) 

and evaluate duldt = du/o't + u * Vu: 

The last term is u,u,,, = ;(u,u,),, . Substitution for 5 ,  and q,, using (8.61) and 
(8.62) gives 

dt 
(8.66) 
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This becomes the equation of motion (8.57) after using the thermodynamic 
relation dU = T dS + p d ( l / p ) .  This shows that every extremal satisfies the 
equations of motion. Serrin (1959) shows that every flow is an extremal as 
well. As Seliger and Whitham (1968) point out the expanded Lagrangian 
(8.60) is just the pressure. This can be seen by integrating the a-term by parts 
and applying (8.62b). The pressure, of course, occurs in the Lagrangian for 
the steady state (8.32). 

We summarize then: A stationary principle (8.59) exists for the most 
general case of a compressible perfect fluid in unsteady motion. If the motion 
is steady and irrotational we have reciprocal variational principles, (8.32) and 
(8.41), for a compressible fluid and (8.20) and (8.26) for incompressible fluids, 
which give upper and lower bounds to the variational integral. 

8.3 Magnetohydrodynamics 

We extend the previous section to include electromagnetic phenomena, 
treating first Maxwell’s equations, then magnetohydrodynamics in various 
simplifications: magnetostatic case, steady state with flow, and unsteady state 
with flow. 

Maxwell’s equations for free space are a simplification of (8.11). Write 

D = E,, E, (8.67a) 

B = p , , H ,  (8.67b) 

j = 0, (8.67~) 

where c0 and po are the dielectric constant and permeability of free space, and 
1/c0 po = c2 ,  where c is the velocity of light. Then (8 .1  1 a-d) can be rearranged 
to give 

c2 v x B = aE/at, (8.68a) 

V . E = O ,  (8.68b) 

(8.68~) 

V . B = O .  (8.68d) 

We present a variational principle for these equations following Seliger and 
Whitham (1968). Penfield and Haus (1966) treat the more general case for 
time-dependent phenomena with motion and more general relations than 
(8.67), and Katz (1961) and Seliger and Whitham (1968) treat a collisionless 
plasma, in which the charged particles do not collide but interact with the 
electromagnetic fields. See also Merches (1969) who uses different electro- 
magnetic potentials than arise in (8.71a,b). The first variational principle 
for (8.68) is the following. 

V x E = -aB/dt, 
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Make the variational integral stationary to variations in E and B which 
have continuous first time and spatial derivatives, 6E = 0 in V at t = I ,  and 
t ,  , n * 6E = 0 and n x 6B = 0 on S for all t ,  subject to the restrictions (8.68a,b): 

I(E, B) = s 1, ? (c2B * B - E * E) dV dt .  (8.69) 

Use Lagrangian multipliers A and 4 to form the expanded variational 
integral : 

f2 

I ,  

+ E ~ A .  7 - c 2 V x B  + E ~ ~ V . E  d V d t = 0 .  (: i 1 
The variations are easily seen to be 

6E: E + dA/dt + V 4  = 0, 

6B: B - V x A = O ,  

6A: 

64: V * E = O ,  

dE1i.t - c2 V x B =0, 

where we have used the vector identity 

A . V X B =  - V * ( A x B ) + B . V  x A. 

The Euler equations (8.71a,b) are the usual representation for 
field intensityand magneticfluxdensity. If this representation isemployed from 
the start we have the variational principle as follows. 

(8.70) 

(8.71a) 

(8.71b) 

(8.7 1 c) 

(8.7 1 d) 

(8.72) 

electric 

Make the variational integral stationary to variations in A which have 
continuous second derivatives, take prescribed values in V at t = t ,  and t ,  
and on S for all f ,  and variations in 4, which have continuous first time 
derivatives and second spatial derivatives and vanish on S for all t :  

[(A, 4)  = f* I ,  ’ Y  [ 2 [c”(V x A)’ - (g + ~41’1 dl.’ d t .  (8.73) 

The Euler equations are 

(3V * A dZA (3 + V’4 = 0, - + - V 4  + c 2  V x ( V  x A)  = 0, (8.74) 
dt  ? t2  at 

which are the combined form of (8.71). 
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Next we consider magnetohydrodynamics of plasmas, assuming displace- 
ment currents are small [D = 0 in (8.1 I)], no free charges (p, = 0), Eq. (8.67b), 
and a perfectly conducting fluid. The generalized Ohm’s law is 

and in a perfectly conducting fluid c --f 00 so that the right-hand side vanishes. 
Then the equations are 

du 
dt 

p - = -vp + j x B  

dp - _  - - p v . u ,  
dt 

dS 
- = 0, 
dt 

(8.76a) 

(8.76 b) 

(8.76~) 

V x E + dB/dt = 0,  (8.76d) 

V . B = O ,  (8.76e) 

E + u x B = O ,  (8.76f) 

V x B E poj. (8.768) 

For the static case the equations reduce to 

V p = j x  B, (8.77a) 

(8.77b) 

V * B = O .  (8.77~) 

We present the treatment due to Grad and Rubin (1958). Other treatments by 
Kruskal and Kulsrud (1958) and Bernstein et a/. (1958) were published at the 
same time. See also Greene et a/. (1962). Grad and Rubin show that if B is 
solenoidal, it can be represented by 

V x B = poj, 

B = V + x V $  (8.78) 

provided the region of space is simply covered by B lines which intersect on a 
transverse surface S and + is constant on the B lines. Equation (8.77a) also 
implies that B * Vp = 0, so that we can set 4 = p .  Using this representation we 
arrive at the variational principle: 
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Make the variational integral stationary to variations in functions p ,  $ 
which have continuous first derivatives and take prescribed values of the 
boundary S :  

The variation then gives (using j = V x B/pJ 

- p dV. (8.79) 1 
V p ) ]  dV = 0, (8.80) 

which gives the Euler equations. These can be combined to give 

V p  = Vpj * V$ - V $ j  - Vp = j x B. (8.81) 

For the more general case including flow but still considering steady state 
the appropriate equations are (8.76) with the convected time derivative, 
d/dt replaced by u - V. We present a variational principle for these equations 
following the treatment of Greene and Karlson (1969). See Woltjer (1958) and 
Frieman and Rotenberg (1960) for other variational principles for the same 
problem. Equation (8.76d) for steady state and (8.76f) give 

E =  - V 4 ,  (8.82a) 

B - V 4  = O .  (8.82 b) 

This means that the field lines must lie on constant potential surfaces which 
are also magnetic surfaces and are a set of nested toroids. The centerline of 
the set is called a magnetic axis. Following Kruskal and Kulsrud (1958), we 
introduce two new coordinate functions 8 and g .  The continuous function q 
increases by unity in one traversal around the (bounded) system along the 
magnetic axis, and the function 0, which is continuous everywhere except at 
the magnetic axis, increases by unity in one traversal looping that axis. We 
then take the coordinates 4, 0, and g to be right-handed. 

For each magnetic surface define the following integrals, integrated over 
the interior of the magnetic surface identified by 4: 

$(4) = J B  - Vg dV, 

V ( 4 )  = J p u  * Vg dV,  

~ ( 4 )  = J B  * VQ dV,  

W ( 4 )  = s p u  - VO dV. 
(8.83) 

The integrals represent the magnetic flux in two directions and the correspond- 
ing mass fluxes. 

The variational integral is suggested by the form of the Herivel-Lin 
principle, namely, the integrand should be the kinetic energy minus the sum of 
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internal, potential and magnetic energy. Other equations must be added as 
constraints. We consider then the variational integral 

I 1 
L = J [; pu2 - B2 - p u  dV,  (8.84) 

which is to be made stationary among functions satisfying the following 
constraints : 

V * B = 0,  V * (pu) = 0, 
4 has toroidal level surfaces, 

4 = C at wall, min 4 = 0, max 4 = C, (8.85) 
u x B = v47 * = 1clo(4), x = X O ( 4 1 ,  V = Vo(4), 

w = WO(41, S = So(4), 

where the fluxes $, X, V,  and W are defined by (8.83) and the subscript zero 
means they are prescribed functions of the potential. Equation (8.76~) means 
the entropy is constant along a streamline and (8.76f) and (8.82b) makes the 
streamlines lie on the magnetic surfaces. Then we can write S = So(4) which 
is used in the above constraints. 

To verify the variational principle the constraints are absorbed into the 
notation following Greene and Karlson (1969) and Kruskal and Kulsrud 
(1958). The most general magnetic field and velocity satisfying conditions 
(8.85) is 

(8.86) 

where v, = I, - qx’(4) + O*’($) and v, = I, - q W’(4) + OV’(4). If  these 
equations are substituted into u x B = V 4  we obtain 

p = V 4  ’ (Vv, x vv,). (8.87) 

This last equation is included in the Lagrangian by means of a Lagrange 
multiplier. The variational principle is then to make stationary the Lagrangian 

B = V 4  x VV,, pu = V 4  x VV,,  

+ G[P - v4 * (VV, x VV,)lJ dV, (8.88) 

subject to S = So(4), and 4 = C at the wall, min 4 = 0, max 4 = C. The 
details of the verification of the variational principle are given by Greene and 
Karlson (1969). 

Wenger (1 970) presents a variational principle for magnetohydrodynamic 
channel flow including viscous effects, and the principle is considerably simpler 
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than the one given here due to the simplifications, which are possible in channel 
flow. 

For the time-dependent problem, the Lagrangian density is similar to that 
used by Herivel and proper formulations using Lin’s constraint have been 
given by Lundgren (1963), and Penfield and Haus (1966), Cotsaftis (1962), 
and Newcomb (1962). Lundgren gives a variational principle for the equations 
in Lagrangian form when a perfectly conducting, inviscid, compressible fluid 
is bounded partly by a stationary, rigid, perfect conductor and partly by a 
vacuum. When he treats the Eulerian form of the equations he considers a 
simpler boundary condition, that of a fixed boundary on which all variations 
vanish. The variational principle is the following. 

Make I stationary to variations in p ,  u, U,  B subject to the constraints 
(8.76b,c) and 

da 
dt 
- = O ,  V . B = O ,  

dB _ _  
at 

V x (U x B) = 0, (8.89) 

f 2  

I = s,, [fpu2 - p U  - B2/2po] dVdt .  

If Lagrange multipliers are introduced [adding - h *  (dB/at - V x (u x B)) 
- B2/2po to (8.60)] the variations are given by 

sp :  
6 s :  dP/dt = T, 

da: dy/dt = 0,  (8.90) 
Su: 

6B: 

$ 4 2 -  ( U  + pip)  + da/dt - p dS/dt - y * da/dt = 0, 

u = -Va + P V S  + y -  Va - (B/p) x (V x h), 

dhldt = u x (V x h) + B/po. 

These equations can be rearranged to give the correct momentum balance, 
(8.76a); see the article by Lundgren for details. 

8.4 Non-Newtonian Fluids 

The equations for a perfect fluid have no viscous terms but include 
inertial terms. Next we include the viscous terms, omitting the inertial terms. 
Consider non-Newtonian fluid in steady flow? : 

(8.91) T . .  J 1 . J  . - /I , I  . + pFi = 0, ~ i , i  = 0 .  

Note that now, in contrast to (8.1), the symbol TJ,  does not include the pressure term 
-P S j i .  



8.4 NON-NEWTONIAN FLUIDS 2 71 

The constitutive relation for the stress tensor is taken as 

Tji = dr(d,, > xr>/ddij 7 (8.92) 

where is a given, symmetric function of the rate of deformation tensor 
d,, and x r r  and the stress tensor is taken as symmetric throughout, even when 
(8.91) is an Euler equation. The most general relation between the stress and 
rate of deformation is given by the Reiner-Rivlin constitutive relation 

Tji = G,d i j  + G2dikdkj, (8.93) 

where GI and G2 are arbitrary functions of the invariants 

11 = d i jd i j ,  111 E dijdjkdki . (8.94) 

The boundary conditions are: the velocity is specified on S, and the surface 
traction is specified on S ,  , where S = S, u S , :  

ui =fi on S, ,  Tjinj - p i  = gi on S , .  (8.95) 

The variational principle is presented in a form similar to that used by 
Johnson (1960, 1961 ; see also Hill, 1956). Consider the functional 

Jo  = S { [ + ( U ~ , ~  + u ~ , ~ )  - dij]Tji  - pFiui + r - pui , ,}  dV 

- J (T ip j  - pni)(ui  -A)  dS - J giui  dS. 
Su S t  

(8.96) 

The variation of Jo with respect to all variables, u i ,  d i j ,  T , ,  p ,  gives as Euler 
equations the terms in brackets, which are just (8.91)-(8.92), along with 
natural boundary conditions (8.95) : 

SJ,, = / { [ + ( u ~ , ~  + u ~ , ~ )  - d i j ]  STji - + pFi - p , ; ]  6ui 

- Js (STji nj - Sp ni>(ui -fi) dS + 1 Sui[Tjinj - pni  - g i ]  dS. (8.97) 
st 

An alternate variational principle can be obtained by inverting (8.92): 

d ,  = df(T,, , x,)/dTji .  (8.98) 

Then the Legendre transformation exists 

w,, > xr> - dijTji = - f(Tpq 9 xr) (8.99) 
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and the variational integral takes the form 

I - { ; ( u i , j  + Uj,,)Tj, - pFiui - P - pu,,,} dV 0 - I  

(Tjinj - pni)(ui  - f i )  dS - J’ giui  dS. (8.100) 
S t  

The variation of I gives the Euler equations and natural boundary conditions 
i ti brackets : 

dIO = J { [ f ( ~ ~ , ~  + u ~ . ~ )  - 2f/dTji] STji - [Tj , , j  + p F i  - p , , ]  611, - ui , ,  Sp} 

x dV - (STji  nj - Spiii)(ui -fi) dS + J’ Gu,[Tjinj - p n ,  - g,] dS. 
S *  

(8.101) 

A variational principle in terms of the velocity is obtained by imposing 

Make J ( u )  stationary among all vector functions u E C2 subject to the 

certain equations as admissible conditions. 

restrictions (8.91 b), (8.92), (8.93), and (8.95a): 

(8.102) 

The first variation gives the Euler equation, (8.91a) and the natural boundary 
conditions (8.95b). The second variation is 

When the quadratic form in the integral is positive at  the extremum U, the 
principle exhibits a local minimum. When the quadratic form is positive for 
all arguments then the functional J(u) attains an absolute minimum for the 
extremal. 

A reciprocal variational principle can be obtained from the alternate 
functional I,. 

Make Z(T) stationary to tensor functions T E C’ subject to the  restrictions 
(8.91a) and (8.95b): 

I ( T )  = - 1’ f dV + J’ (Tjinj - pni ) f i  dS. (8.104) 
.\ u 

The first variation is found using a Lagrange multiplier: 
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The first variation then gives Euler equations (8.91a) and 

(8.106) 
a f  

- + ( y . . + y . . ) = -  y i + f i = O  onS, .  
I,’ J , ’  aTji’ 

The second variation gives, for the extremal, 

(8.107) 

When the term in the integral is positive then the functional achieves a local 
maximum. When the quadratic form is positive for all Tp4 then the principle is 
an absolute maximum principle. Under conditions that J and I give minimum 
and maximum principles, respectively, upper and lower bounds are obtained, 

I (T )  i I ( f )  = J(ii) 2 J(u). (8.108) 

The equality holds for the extremals, because then I ,  = J ,  [Eqs. (8.96), (8.99), 
and (S.lOO)]. 

Consider next several specific constitutive relations, Eq. (8.92). For the 
Newtonian fluid 

T i j  = 2pd i j .  (8.109) 

The functions r and f and their derivatives are given by 

1% = p d i j  d i j ,  
1 f = - T. .  T.. 

(8.110) 4P ” ”’ 

Thus the principles given above represent maximum and minimum principles 
for a Newtonian fluid. When the forces are derivable from a potential, 
Fi = @,i  and S, = 0, the functional J can  be given a special interpretation: 

J(u) = I p dij  d ,  dV - 1 p i n i @  dS. (8.111) 
5 

The boundary term is a constant since ui = f i  on S,, , so that it can be dropped 
from the definition of J without altering the Euler equations or second 
variation. Then the functional J(u)  is one-half of the viscous dissipation. 
The variational principle says that the velocity minimizes the viscous dis- 
sipation among all possible velocity functions satisfying the boundary 
conditions. Unfortunately this physical principle is not valid in more general 
situations. It was first stated as a minimum principle by Helmholtz in 1882 
(see Lamb, 1945, p. 617) and proved to be an absolute minimum by Korteweg 
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(1883). The reciprocal principle for Newtonian fluids was presented by Hill 
and Power (1956) and Lippmann (1963). 

For the generalized Newtonian fluid the constitutive relation is of the 
form 

Ti,  = 2q(I1) d j j ,  (8.1 12) 

where the viscosity is a function of the second invariant. The function r is 

(8.113) 

and 

I I ,  = TjjTi j  = 4q*(ll)Il, (8.114) 

which is inverted to give I1 = g(11,). Then d j j  = Tij/2q(g). The function f is 
then 

(8.115) 

The constants of integration are chosen so that (8.99) is satisfied. To examine 
the possibility of a maximum or minimum principle the second derivatives 
are 

(8.116) 
drl - 

S2J = ( ~ ( 1 1 )  adjj 6dij + 2 - ( d ,  6djj)’) dV.  I d l l  

Clearly if q > 0, dq/dll  > 0, which is the case for a dilatant fluid, the varia- 
tional principle for velocity is a minimum principle. For a pseudoplastic 
fluid ( q  > 0, dqjdll < 0) the velocity principle is a minimum principle if 

q + 2(dq/dII)II > 0 (8.1 17) 

holds throughout the region of integration. This follows by means of the 
inequality? 

The velocity variational principle for a generalized fluid was first given by 
Pawlowski (1954) and was stated as a minimum principle, although the 
minimum nature was not proved. Later Bird (1960) independently presented 

t See Exercise 8.2. 
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an identical principle. The variational integral is no longer the viscous 
dissipation for the generalized Newtonian fluid. 

For the power-law fluid the viscosity function is 

where n and m are given constants. Then the stress functions are 

Ti = 2m(I1)("+'"2 dij.  

Values of n > 1 correspond to dilatant behavior and the velocity principle is 
a minimum principle and the functional is 2/(n + 1) times the viscous dis- 
sipation. Values of n below unity correspond to pseudoplastic flow and the 
condition (8.1 17) becomes simply II > 0. The first minimum principle specifi- 
cally for a power-law fluid is due to Tomita (1959). 

For the more general case of a Reiner-Rivlin fluid, the stress function 
depends upon 111 as well as 11. Then (8.92) becomes 

Equation (8.93), compared to Eq. (8.121) requires that 

(8.121) 

(8.122) 

The total differential for r(II, 111) is 

(8.123) 
ar ar 

dT = - dlI + - dlll .  
at1 dIII 

I f  r is a continuous function of its arguments then 
1 aG, 1 ac2 

a m  a i r  - a11 ~ I I I  2ai11 3 at1 . 
or - - = - ~  (8.124) 

a2r a2r 

Then the function is given by the line integral 
11,111 r = / (tG, dlI + JG2 dlll). (8.125) 

It is clear that in general the minimum or maximum conditions are not 
satisfied for the Reiner-Rivlin fluid. 

The type of non-Newtonian fluids considered here are not the most general 
type, since the stress can depend on the deformation as well as its rate 
(e.g., visco-elastic materials) or on the entire previous history of the 
fluid (see Fredrickson, 1964, for example). Variational principles have not 



2 76 8 VARIATIONAL PRINCIPLES IN FLUID MECHANICS 

been developed for all these cases, however (see Hill, 1956). Prager (1954) 
presents both maximum and minimum principles for a Bingham plastic, 
which has the constitutive relation 

if J < k ,  

(8.126) 
(O 

where J = ( $TijTj j )”2 and k is a yield stress which must be exceeded before the 
rate of deformation differs from zero. One fluid which is modeled well by the 
Bingham plastic model is drilling mud, which is a water-based suspension 
used to remove chips of rock from the bottom of an oil well. 

Two problems are frequently of interest: flow past a sphere or  other body 
(see Section 8.5) and rectilinear flow in ducts. For rectilinear flow of a 
Newtonian fluid, the reciprocal variational principles (7.63) and (7.67) give 
upper and lower bounds on the flow rate. A similar theorem applies to some 
non-Newtonian rectilinear flows. Consider the momentum equation in the 
absence of body forces: 

0 = - p , ;  + Tj; , j .  (8.1 27) 

Take the scalar product with u, integrate by parts and apply the divergence 
theorem t o  obtain 

o = -  I p  * uiui dS + - ui,jTji] d V +  /uiTj inj  d S .  (8.128) 

For a n  incompressible fluid u i , i  = 0 and since Ti j  is symmetric ui,jTij  = 

d j j T j j .  On the sides of the duct u = 0 so that the surface integrals vanish there. 
On the ends the last surface integral involves T,, which vanishes, at  least for 
the Newtonian and power law fluids, when dzz = 0. On the ends n = f e z ,  the 
pressure is constant, and 

Je,,,pui 1 7 ~  tlS = - p o  / u Z  dS + p I .  js U ,  d S  = ( p L  - p o ) Q ,  (8.129) 
s o  L 

where So and S,, are the surfaces at  z = 0 and z = L,  respectively. Thus 

(8.130) 

For Newtonian fluids 

d,, T,, = 2p d,, d,, = 2 F  (8.131) 

and the variational integral (8.102) is proportional to flow rate Q. Thus the 
two variational principles (8.102) and (8.104) provide upper and lower 
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bounds on the flow rate, as developed in Section 7.3. The same result applies 
to the non-Newtonian fluid provided d, Ti j  is proportional to r. This is true 
for a power-law fluid, but not for the generalized Newtonian fluid: 

dij  Tij = 2m(11)("+')'z = (n  + I)r, 

dij Ti, = 211v](ll) # 2 v] ( l l ' )  dll', generalized Newtonian. 

power law, 

II (8.132) 

These results can be used to provide a priori inequalities on the flow rate. 
Denote by U and U' the class of vector functions which vanish on S and S', 
respectively. Suppose that S is contained within S'.  Then U c U ' ,  that is any 
function in U (vanishes on S )  can also be extended to be zero on the boundary 
S', and hence is inU'. Thus as the cross section of the duct increases, the 
admissible class of functions increases, and this decreases the minimum J(u). 
Thus we have the following theorem. 

For rectilinear flow in ducts of a Newtonian or power-law fluid, the product 
of pressure drop per unit length times mass flow rate is decreased when the 
cross section of the duct is enlarged. 

Calculations for Newtonian fluids are reported in Section 7.3, and 
Schechter (1961) treats a power-law fluid in rectilinear flow between infinite 
flat plates (to check with the known exact solution) and flow through a rect- 
angular duct. He uses the trial function 

(2i - 1)nx (2 j  - 1)nx 
u = C c i j  sin sin 

i ,  i 2a 2b ' 
(8.1 33) 

which is the form of the solution for a Newtonian fluid. In this way Schechter 
obtains upper bounds on the flow rate, and the productfRe. For small values 
of the power-law model parameter n low-order results can possibly be im- 
proved using a different trial function (see Section 4.3). For the Newtonian 
fluid between flat plates the solution is u = 1 - (x/a)' and for flow in a 
rectangular duct good results were achieved (Sections 7.3, 4.1) using the trial 
function u = u,,,[l - (x/a)'][l - (y/b)']. For the power-law model, the 
solution to flow between flat plates is u = (1 - x("+')'"). Thus a suggested 
profile for the power-law fluid is 

u = u,,,[l - (x/a) '"+ "'"][I - (y/b)'"+ I)'"]. (8.134) 

Calculations have not been made with this profile. Mitsuishi and Aoyagi 
(1969) present calculations for both power law and Sutterby fluids flowing 
through noncircular ducts, in particular, rectangular and isosceles triangular 
ducts. Thompson er al. (1969) use the variational principle (8.102) in a finite 
element calculation for a non-Newtonian fluid squeezed between two plates. 
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8.5 Slow Flow past Drops and Particles 

A useful application of the principles in Section 8.4 is to the slow flow past 
drops or particles. The inertial terms are assumed zero or negligible, which 
is valid for small Reynold's number, Re = dU/v. We consider the flow of a 
fluid containing solid particles, liquid drops or gaseous bubbles. Keller ef al. 
(1967) presented the first variational principle which determined the equations 
of motion of the particles as well as the equations for the basic flow. Skalak 
(1970) extended the results to include deformable drops, so that the shape can 
change during the motion. These authors used Newtonian fluids in the main 
stream and in the drops. We generalize their results to include non-Newtonian 
fluids in the main stream and drop, using the constitutive relations developed 
in Section 8.4. 

Consider first a finite domain, or an infinite domain in which all integrals 
exist. Take N fluid drops and M solid particles, of arbitrary shape, and the 
fluid drops can be deformed. The configuration of the particles and drops is 
specified. The main fluid is in volume V, enclosed by the surface S,  u S , ,  and 
the particles and drops are in nonintersecting volumes V k ,  which are bounded 
by the surface S , ,  with normal pointing outward from the drop dk).  The 
subscript k takes values from I to N ,  referring to drops, and N + 1 to N + M ,  
referring to solid particles. A superscript k denotes a function defined in Vk or 
on S , .  All fluids are incompressible and non-Newtonian, with a constitutive 
relation given by (8.92). The ATji denotes a jump condition at a boundary and 
is the value outside minus the value inside the boundary. The equations are 
collected into two groups in anticipation that some will be Euler equations 
and the rest admissibility conditions for a variational principle, with the 
reverse interpretation applying to the reciprocal principle. The equations are 

( I )  - 
I / ; ,  i = 0, I/ ; . ;  - 0, 

ui = .f;. on s,, 
(8.13%) 

(8.135b) 

u i  = U j h )  + (8.135~) 

u i  = t p  on s,, I< = I ,  . . . , N ,  (8.135d) 

on S,,  k = N + I ,  . . . , N + M ,  

n,!"ui = n l k ) u l k )  = , I ~ ~ ) [ U , ! ~ '  + E ~ , ~ ~ w ! , : ) ~ : ? ) ]  on S, , k = 1 ,  . . . , N 

(8.135e) 

The terms U(k) is a rigid body motion of a reference point in Vk and dk)  is an 
angular velocity about an axis through this point. The surface tension is dk) 
and R ,  and R, are the two principal radii of curvature (positive into drop). 
The remaining equations are 

T ~ ~ ,  - p, + pFi = 0 in V, (S.136a) 
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\ 

<Ti - p d j i ) n j  = g i  on S,,  

A(Tji - p dji)njni = dk)  - (d, + k) ’ 
(8.136~) 

(8.136d) 
i 

k = I ,  . . . , N 

F j k ) + (  n j . k ’ (T i -p6 . . )dS=0 ,  J I  k = N + I ,  ..., N + M ,  (8.136f) 

(8.13 6g) 

Sk 

E~~~ rF)ng)(Tj, - p 6,J d S  = 0. 

Fjk) and N j k )  are the external force and torque on particle k. The following 
two variational principles are reciprocal to each other. 

Minimize the functional among functions u, dk),  U(k’, dk)  which satisfy 
Eqs. (8.135) and u and d k )  are continuous and piecewise continuously dif- 
ferentiable : 

~ ( u ,  U ( k ) ,  w), m( ) - {r - p ~ , u ~  dv - J g i  t l i  (is 
k ,  - s  st 

The details of the proof are sketched as follows. Introduce the incompres- 
sibility constraint using Lagrange multipliers - p  in V and - - I ) ( ~ )  in V k .  The 
first variation is 

(8.138) 
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The Euler equations in V and V, are easily identified. Remember that the 
outward pointing normal to V on S,  is the inward pointing normal to V , ,  
n = -n( , ) .  The variations on S, are not independent, however. Consider one 
drop surface. By Eq. (8.135d) 6u = 6u(" on S,. The surface terms then become 
(for one drop) 

The velocity variation and the vector AT,,n("' can be split into their tangential 
and normal components. For examplc, 

6 u ,  = ( 6 u ,  - n:,) 6u, n l k ) )  + nj") 6u,  n:,) 

and the curface terms in Eq. (8.139) become 

Since the variations in tangential and normal components are independent 
we obtain Eqs. (8.136d,e) as natural boundary conditions. For the solid 
particles we substitute for Su, from the variation of (8.135~) and obtain 
(8.136f,g) directly, since BU',) and 6 d k )  are independent variations. The 
minimum nature follows. of course, only for non-Newtonian fluids for which 
(8.103) is positive. Keller et a/. (1967) demonstrate for the Newtonian fluid 
that the principle is a minimum principle. The reciprocal principle is the 
following. 

Maximize the functional among tensor functions T and T'k)  which satisfy 
(8.136) and are symmetric, piecewise continuous and piecewise continuously 
differentiable in V and V'')  respectively, and on surfaces of discontinuity of T 
(other than surfaces of drops) the traction n' - T is continuous, where n' is the 
normal to the surface of discontinuity: 

The principle is verified using the Lagrange multipliers -u, -u(,), -U(,), 

For an infinite domain Skalak (1970) gives additional conditions needed a t  
- " ( A )  , and - n!,) ( U!,)  + ~,,,,~co$)rjk)) for (8.136a,b,d,f,g), respectively. 

infinity.  The variations must satisfy 

6u = O ( r - ' ) ,  ATji - p hji  = O(r- ' )  as r --+a, (8.142) 
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while the limit 
p* = lim ( p  + @) 

r-+ m 
(8.143) 

must exist, the forces are derivable from a potential, and the flow is zero at 
infinity. Skalak (1970) also extends his results t o  include spatially periodic 
flows. Both Skalak and Keller et al. prove uniqueness theorems, which follow 
immediately from the minimum principles. 

The solution u of (8.135) and (8.136) is unique within a rigid body motion 
and the stress is unique within a uniform pressure. 

Consider the minimum principle for a Newtonian fluid and assume there are 
two solutions. Then they satisfy 

J(u,, up), uy, m y >  I J(u,, u p ,  uy), my)) (8.1 44) 

as well as the reverse inequality. Thus the equality must hold. Integration 
by parts and application of the differential equations and boundary conditions 
shows that the equality holds only for rigid body motion. The same results 
apply to non-Newtonian fluids when the term r can be integrated by parts, as 
is the case for the power law fluid. 

Keller et al. (1967) use these variational principles to obtain bounds for the 
viscosity of a suspension. They construct admissible functions as follows : 
around each sphere construct a sphere of radius b,, where 2b, is the distance 
to the nearest particle. Assume each particle is within one such sphere, and 
they do  not overlap. In the region outside the spheres the trial functions are 
taken as either the velocity for a uniform shear flow or the stress for the same 
flow. Within the sphere of radius 6, a flow problem is solved exactly satisfying 
a boundary condition which makes the velocity or stress match continuously 
with the flow exterior to the sphere. Then the particles are assumed to be on a 
simple cubic lattice (this assumption weakens the bounds) and thc viscosity 
of the suspension is calculated to be 

7tA3[5(1 - q)A7 + ( 5 q  + 2)] b < l -  
P 

P s  - 2 1  
P 

+ 

3[4(1 - q ) A I O  + 5(5q - 2)A7 - 4 2 ~ 1 . ~  + 5(5q + 2)1.3 - 4(1 + q ) ] '  

7tA3[-80(1 - v])IW7 + 19(2 + 5q)]  

6[-48(1 - v)%" - 40(2 - 5 ~ / ) 1 . ~  - 3 3 6 ~ 1 . ~  + 45(2 + 5 ~ ) / 1 . ~  + 38(1 + q ) ] '  

(8.145) 

where q = pl/p, ib = a/b, p ,  = viscosity of fluid in a spherical drop of radius 
a, in a sphere of radius b. The volume concentration is c = 7d3/6  and (8.145) 
provides good bounds for c ? 0.1. 



282 8 VARIATIONAL PRINCIPLES IN FLUID MECHANICS 

Variational principles of the type (8.137) and (8.141) have been applied 
mainly to non-Newtonian flow past a single spherical particle. For power law 
fluids, the functional is proportional to the drag. Thus upper and lower 
bounds are achieved for a parameter of interest, and the bounds give a 
measure of the accuracy. Consider the calculations by Wasserman and Slattery 
(1964) for the flow of a power-law fluid past a sphere (see also Slattery, 1962). 
The velocity is represented by a stream function, as in the case of a Newtonian 
fluid. The continuity equation is then satisfied identically: 

The trial function is a generalization of the exact solution for a Newtonian 
fluid, and satisfies the boundary conditions: 

$ = - -  ur2 sin2 0 [ I  - ( ~ / r ) " ] ~ ,  

u, = uo = 0 at r = R ,  (8.147) 
Liz = u at r + EN. 

The parameter u is determined by minimizing the functional (8.1 37). Both the 
evaluation of J and the minimization are done numerically. 

In  this problem S = S,, and F, = 0. Then the functional is related to the 
drag coeflicient : 

c,) Re = 24Q, 
Q = J(u)/xC,  x = 3nn1U"+'D~-"/(n + I ) ,  (8.148) 

cD = 8F/(pU2nD2), Re = pU2-"D/t71, 

where Q depends on n, D is the diameter of the sphere, F is the force on the 
sphere, and c,) is the drag coefficient. 

To determine a lower bound it is necessary to find stress functions satis. 
fying the equations of motion, Eq. (8.136a). For flow past a sphere the 
equations reduce to 

(8.149) 
? ( I )  + 4/11 1 (3 I d  

- _ _  - ( 1 . ~ 7 ; ~ )  + - (Too sin 0) + T,, - T,, cot 0. 
i: 0 I' i;r sln 0 do  

These can be combined by taking ?/(?I of the first, d/?r of the second and 
subtracting. The \tre$s distributions are taken in the following form, arrived 
at through some trial and error and knowledge of their form for the New- 
tonian fluid: 
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T,, = - A x B  sin 0 m(2V/D)",x = R/r ,  

T,, = - (CxD + C'x') cos 0 m(2 V/D)", 

TO, = - (FxD + F'x') cos 0 m(2V/D)", (8.150) 

T#+ = - (ExD + E'x') cos 0 m(2VID)". 

Equation (8.149) then gives an expression involving powers of x, the radial 
coordinate, R/r .  The coefficients of different powers of x are set to zero in 
order that the equation be satisfied identically, giving the following relations: 

E =  F, E ' =  F', D = 2 ,  
(8.151) 

A B 2  - B(3A + C' - F') + 2 ( A  + C' - F')  = 0.  

Wasserman and Slattery arbitrarily assume that 

B = 4 ,  C ' =  -C, F ' =  - F  (8.152) 

which requires that C' = 3A + F'. The functional Z(T) becomes a function of 
A and F' .  I t  is minimized analytically to obtain A = - F = (2/K)",  where K is 
an integral evaluated numerically for each parameter n. The value of Z(T) gives 
the lower bound for the constant in (8.148). The results are shown in Table 8.1 

TABLE 8.1 

UPPER AND LOWER BOUNDS ON p 

n P u p p e r  Q ~ o w c r  n Quoper Q,ower 

1.0 1.005 1.006 0.7 1.366 1.173 
0.9 1.140 1.141 0.5 1.499 0.916 
0.8 1.260 1.199 0.3 1.617 0.527 
~ ~~ ~~~ ~~ ~ 

Wasserman and Slattery (1964). Used by per- 
mission of the copyright owner, the American In- 
stitute of Chemical Engineers. 

as values of the coefficient Q. For M > 0.8 the upper and lower bound are 
within 5 %  of each other. The values for n M 1 are in error because the lower 
bound is above the upper bound, which is impossible and probably is due to 
the numerical integration. For the lower bound and n = 1 an analytic result 
is possible which gives a value of 1.0 instead of 1.006 found numerically. 
These results can be compared to experimental measurements on power-law 
fluids which should fall between the bounds. Unfortunately, this is not the 
case, and Wasserman and Slattery conclude that the power-law model, 
using constants obtained from viscometric measurements, is not adequate 
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to describe these fluids. This is an illustration of the power of the error 
bounds provided by the variational principle. Since the error bounds are 
rigorous, the lack of agreement with experiment is due to the model, not to the 
approximate solution of the equation. If there were no error bounds, the 
analyst would have difficulty deciding if the discrepancy was due to the 
approximate solution or the model (constitutive relation). 

Tomita (1959) has solved the same problem, using a less general trial 
function: Eqs. (8.147) with a = n. His results were later corrected (Slattery 
and Bird, 1961 ; Wallick et al., 1962) and the upper bound is considerable 
above that listed in Table 8.1. This illustrates the general guideline that the 
trial function should have some free parameters in order to achieve good 
results. Other non-Newtonian fluids have been treated as well. Ziegenhagen 
r t  al. (1961) treat the generalized Newtonian fluid with the constitutive 
relation 

(8.153) 

They provide bounds for the constant Q = Fdrag/(6nqOUR). For a trial 
function appropriate to a Newtonian fluid they obtain 

I I  = 'lo - yI111. 

Q = 1 - 0.414H, H = (q,/q0)(U/R)' ,  (8.154) 

and with one free parameter the result is 

Q = 1 - 0.376 H - 1.508 HZ. (8.155) 

Ziegenhagen ( 1965) treat a Powell-Eyring fluid with a generalized viscosity 

(8.1 56) 

and Slattery (1961) studies the flow of a non-Newtonian fluid whose viscosity 
changes abruptly at a certain shear rate. Ehrlich and Slattery (1968) study 
power-law fluids as lubricants and obtain upper and lower bounds for the 
torque exerted by a journal bearing. Hopke and Slattery (1970) compute the 
drag on a sphere for slow flow of an Ellis-model fluid. The bounds are not as 
good as for a power-law fluid, since the variational integral gives bounds on 
the drag, but is not proportional to it. Even when the exact solution is known, 
so that the exact value of the variational integral is known, the drag is not 
determined exactly (in terms of the variational integral). It could be de- 
termined exactly, of course, by a direct calculation of the viscous dissipation 
or drag. Flumerfelt and Slattery (1965) use a more complicated variational 
principle (similar to an adjoint variational principle) for flow of a Newtonian 
fluid past a sphere. 

Nakano and Tien (1968) report a calculation for the creeping flow of a 
power-law fluid past a Newtonian fluid sphere. Inside the sphere they apply a 
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method of moments [see Eqs. (4.76) and (4.77)], while outside they apply a 
variational principle. The integral used by Nakano and Tien is the first term 
of Eq. (8.137). Thus they obtain the correct Euler equation, but the boundary 
term is 

ls:ui(Tjinj - pn,) dS = 0 (8.157) 

The boundary conditions on velocity are 
e, * u = 0, e, - dk) = O , e, * u = e, * dk) on S, . (8.158) 

The radial components clearly satisfy 6u, = 0 but the azimuthal components 
do not. The natural boundary condition is then 

e ,  * [T * e, - per] = 0 or T,, = 0. (8.159) 
This is not the correct condition. In fact, the correct condition is a jump 
condition (8.136e), so that their results are in error. 

A priori bounds can be obtained for the drag on a particle just as was done 
for the pressure drop through ducts (Section 8.4). For the power-law fluid the 
variational integral is proportional to the drag (8.148) when the forces are 
conservative and the solid particle is stationary. Employing the same reason- 
ing used in Section 8.4 we denote by U and U' the class of vector functions 
which vanish on S and S' respectively. If S is contained within S' then 
U' c U. Thus as the size of the particle is increased the class of admissible 
functions decreases, so that the minimum is increased. Thus we have the 
following theorem. 

For creeping flow of a power-law (or Newtonian) fluid past a solid 
particle, the drag is increased when the particle size is increased. 
This theorem can be used to find bounds on the drag for irregularly-shaped 
particles, provided we know the solution for a particle which either contains 
or is contained by the irregularly-shaped particle. Spheres are useful, but 
other shapes have known solutions (disks, ellipses, etc; see Happel and 
Brenner, 1965). In addition, the effect of a wall is immediately evident. Since 
the velocity is constrained to be zero at a wall, the class of admissible func- 
tions is decreased, and the minimum increases. Thus the drag on the sphere 
increases as well. Hill and Power (1956) obtain bounds in this fashion for a 
torus. 

8.6 Variational Principles for the Navier-Stokes Equations 

In Section 8.2 we obtained variational principles for the equation of 
motion for perfect fluids, including the inertial terms but in the absence of 
viscous terms. In Section 8.4 we obtained variational principles for the 
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equations of motion including viscous terms but not inertial terms. We next 
consider hotl7 viscous and inertial terms, but find that there is no  variational 
principle which gives the equation of motion as a n  Euler equation. 

We assume the simplest type of viscous terms, those appropriate to a 
Newtonian fluid, take an incompressible fluid, constant physical properties 
and a conservative body force field. The equation of motion is then 

u * v u  = - (  l /p)Vp - V@ + v v2u.  (8.160) 

Using the vector identity 

u r n  Vu = V(iU - u) - u x ( V  x u). (8.161) 

Equation (8.160) is rewritten in the form 

V ( ~ U . U ) - U X ( V X U ) =  - ( l / p ) V p - V @ + + v V 2 u .  (8.162) 

The Helmholtz-Korteweg principle, Eqs. (8.102) and (8.1 1 I ) ,  gives a 
variational principle for Eq. (8.162) when the inertial terms are absent. 
Brill (1895) was the first to recognize that the Helmholtz-Korteweg principle 
could bc generalized to include the term V(tu  - u). 

Minimize the functional among vector functions u E C 2  which satisfy 
I I  = f o n  S a n d  V * u = 0 in V :  

J(u) = J v djjdj j  dV. (8.163) 

The Euler equation is derivedusinga Lagrange multiplier, adding I. V - u dV 
to the variational integral. The Euler equations are derived in the usual 
fashion, and interpretation of the Lagrange multiplier ,I = - u 2  - 2(p/p) 
-2Q gives Eq.(8.162) without the u x (V x u) terms. A similar generalization 

obviously applies to the principles in Section 8.4 for non-Newtonian fluids. 
Lord Rayleigh (1913) also noted that the viscous dissipation (8.163) was a 
minimum whenever the velocity satisfied 

V'U = VH,  V 2 H  = 0. (8.164) 

This is of course the same as (8.162) without the u x (V x u) term. 
It was Millikan (1929). however, who gave a definitive treatment of the 

question of the existence of a variational principle for (8.162). He  concluded 
that a principle existed only if u x (V x u) = 0. Because of the widespread 
interest in deriving the equations of motion from a variational principle, we 
outline his arguments here. 

Millikan asked the qucstion: is there a Lagrangian L such that the 
variational integral J = s  L LIV gives as Euler equations the Navier-Stokes 
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equations for the steady motion of an incompressible fluid? The answer he 
obtained was no. Millikan proved the following theorem. 

If L is restricted to be a non-singular function of the velocity and its 
first-order space derivatives only, then it is impossible to find a Lagrangian L 
which will give (8.162) as the Euler-Lagrange equations. 

His argument goes as follows. He first tries a Lagrangian of the form 

J = (+p dij  di j  + +pu * Vu2 - AV * U) dV, (8.165) 

where 1. is a Lagrange multiplier. The corresponding Euler equations are 

+ p  v u 2  + VA = p v 2 u .  (8.166) 

This means that a variational principle exists whenever u x (V x u) = 0. 
In the next step of the proof he examines the term ex * [u * Vu] = 

uu, + uu, + wu, and asks what L gives uuy in the Euler equation. The 
general expression for the Euler equation is 

(8.167) 

Terms of the form dfdx or &/dz cannot give rise to uuy , however, so that the 
important terms in the Euler equation reduce to 

(8.168) 

Millikan then tries a power series for L, 

L = U a " B W Y U ~ ' U ; 2  . . . w;3 (8.169) 

and through a detailed examination of the resulting Euler equation concludes 
that such a Lagrangian will not give rise to a term DU, alone. In cases where the 
term uu, appeared in conjunction with other terms, the other terms could not 
be cancelled as required to obtain the correct Euler equation. In addition a 
sum of power series will not give rise to uuy alone. He then assumes that the 
Lagrangian has no singularities in the volume V,  so that any power series 

m 
s = c cizi 

- -m  
(8.170) 

converges uniformly to L inside V, where zi represents one term of the form 
(8.169). Consequently, any possible L can be represented as a power series 
in the form (8.170), which cannot give rise to the term uuy in the Euler equa- 
tion. Thus there exists no Lagrangian (without singularities) which gives the 
inertial terms u * Vu in the Euler equation. Gerber (1949) reached the same 
conclusion for the equation in Lagrangian form. 



288 8 VARIATIONAL PRINCIPLES IN FLUID MECHANICS 

Millikan's analysis is tedious to apply and we would like a simpler way to 
decide whether there is a variational principle for (8.162). Frechet differen- 
tials can be used to do this, and they are introduced in Chapter 9. We use them 
here, with the understanding that the reader unfamiliar with them will read 
Sections 9.1-9.3 first. Consider the four-vector w = ( u , p )  and the four 
equations 

.f" = -W4, ,  + pM',,B~, f "  = W'B,B = 0. (8.171) 

Greek indices run from one to three and Latin indices go from one to four; 
repeated indices are summed over their range. If a Frechet differential is to 
exist for the set (8.171) it is necessary that Eqs. (C) of Table 9.1 be satisfied. 
The derivatives are 

zero otherwise, -- - Pd, ,6 ,*;  
?P 

dwl, . y6  

6.f' 

a M',> - = 0. 

Equation (9.C1) is easily satisfied. Equation (9.C2) is 

( 8.1 73) 

and is zero for other indices; it is thus satisfied. Equation (9.C3) is satisfied 
since all terms are zero. The functional is determined from (9.19) to be 
t w i f i ,  which gives 

J = - t J PU,,f lU,J dV + J P U , , ,  dV. (8.1 74) 

This is the variational integral (8.163) with the Lagrange multiplier intro- 
duced. To derive a variational principle for (8.166) we use the same equations 
but with w4 = p  + fu'. 

Consider the full equations (8.162): 

f" = - "4, a + pwJa ,  Bp + APE,B,E.,~~wB~I',, 6, f " = w B ,  0 = 0. (8.175) 

We take w4 = p  + fu '  and A is a constant, introduced for convenience, 
which takes the values 0 or 1 .  The various derivatives are 
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-- - pSUpSy6;  zero otherwise 
aw,, Y6 

"J 

a !  
aw, 
- = A ~ E , ~ ~ E ~ ~ ~ W , , ~ ;  zero otherwise. 

Equation (9.C2) gives for I ,  s = 1, 2, or 3 

AP(EudeE,yS + E,6&%y01)W6 = 0. 

Taking tl = 1 and p = 2 gives 

(8.176) 

(8.177) 

A P ( E 1 6 3 E 3 y 2 W d  + E Z 6 3 E 3 y l W 6 )  = (8.178) 

or  Awl  = A w ,  = 0. f i  = 3 gives A w ,  = 0. Thus we obtain 

AU = O  (8.179) 

as the equation which must be satisfied if the FrCchet differential is symmetric 
and a variational principle exists. This gives only a trivial result. We 
conclude then that a variational principle exists for the steady-state Navier- 
Stokes equations (8.162) only if u x (V x u) = 0 or u Vu = 0. 

The problem (8.162) can be expanded to include "adjoint" equations and 
a variational principle exists for this expanded system. 

Make Z(w, w*) stationary among vector functions w, w* E C2, w = 

(u,  P), w, = g a ,  w,* = ga* on S ;  

Z(w, w*) = Jw* * f dV 

The variational integral is deduced from (9.75). A principle applicable to 
more general boundary conditions is given by Finlayson (1972). The first 
variation gives 

61 = J- S W a * ( - P W , W u , p  - W 4 , a  + llwO1,yy> d V +  j S P * W , , .  dvJ  
U 

+ ju d w 4 w ~ , ,  dV.  (8.181) 
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The “adjoint” equations are thus 

We have found a variational principle for the system of equations (8.7), 
(8.160), and (8.182), and it is similar to that suggested by Dryden el af. 
(1956, p. 156). The variational integral has no apparent physical inter- 
pretation, and the variational method is MWR. When the same trial functions 
are used for w and w*, the variational method is a Galerkin method. Since 
these computational techniques are well-developed, there appears no im- 
portant use for the variation.al principle (8.180). 

We conclude by summarizing the equations for which variational prin- 
ciples have been found. For perfect fluids there are stationary principles for 
unsteady motion, (8.49). The steady flow of perfect fluids is governed by 
minimum and maximum principles (8.32) and (8.41) for compressible fluids 
and (8.20) and (8.26) for incompressible fluids. For viscous fluids when 
u x (V x u) = 0 or u - Vu = 0 stationary principles exist for certain types of 
non-Newtonian fluids (8.102) and (8.104). These reduce to minimum and 
maximum principles for Newtonian, power-law and certain types of genera- 
lized Newtonian fluids. A variational principle does not exist for (8.162) 
although it does for (8.162) and its adjoint. The lesson to be learned is: in 
many (but not all) cases stationary principles have been found, and under 
additional restrictions maximum and minimum principles hold. Under even 
more restrictive conditions we can give the variational principles a physical 
interpretation, such as minimizing the kinetic energy or viscous dissipation. 
The final conclusion is, however, that variational principles do not exist for 
all the equations of interest in fluid mechanics. We return to this point in 
Chapter 10, after looking at variational principles in heat and mass transfer 
in the next chapter. 

8.7 Energy Methods for Stability of Fluid Motion 

Although the full Navier-Stokes equations cannot be derived from a 
variational principle, there are variational principles associated with certain 
stability theorems applicable to the equations. Serrin (1959b) has developed 
an energy method for deducing the stability, with respect to arbitrary dis- 
turbances, of solutions to the Navier-Stokes equations, and the best possible 
bounds are deduced from a variational principle. We present Serrin’s treat- 
ment. 
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Consider two solutions, v and v’, to the Navier-Stokes equations, (1.18) : 

p - + v  v v  = p P -  V p + p V % .  (i; * 1 (8.183) 

The perturbation motion, u E v‘ - v, then satisfies 

(8.1 84) 

Take the scalar product of (8.184) with u, integrate over a bounded region V, 
apply V - v = V - v‘ = 0 and u = v = v’ = 0 on S to obtain 

a u  - + u * v v  + v‘ - v u  = v(-J P - P  + 1’ v 2 u  
a t  

d *  
- j f u 2  dV = - j (u * D * u + v Vu : ( V U ) ~ )  dV, (8.1 85) 
d t  

where D i j  = f (v i , j  + u ~ , ~ )  is the deformation matrix of the basic motion. 
Clearly viscous terms tend to damp the motion, whereas, for high enough 
rates of shear in the basic motion (D) the disturbance can grow. Equation 
(8.135) can be rewritten using the incompressibility condition, 

u i f ( U i , k  + O k , i ) u k  = ( V i U i U k ) , k  - uk‘i,kUk 9 (8.186) 

and the divergence theorem: 

d 
- Jfu2 dV = J [u - (VU) * v - v v u :  (VU)T] dV. 
dt 

(8.187) 

The stability theorem depends on the following inequality, proved by 
Serrin (1959b): 

CI 
- s u 2  dV 5 J V u :  ( V U ) ~  dV 
d 2  

(8.188) 

for any u satisfying u = 0 on S and V - u = 0 in V. The symbol d stands for the 
edge of a cube which encloses V. Serrin proves (8.188) for CI = (3 + J13) 
7c2/2. In addition we need 

u - (VU) * v 5 f v v u :  ( V U y  + - (8.189) ( u 2 L ’ 2 ) .  V 

This follows from 

(A - UV): (A - UV) =A:A - 2~ * A * v + u 2 V 2  2 0 ( 8.190) 

with A = v Vu. Combining the results gives 
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where V,,, is the maximum velocity of the base flow. Clearly the flow is stable 
if 

V,,,d/v 5 Jci < 8.98, (8.192) 

where the last value is an improved estimate by Payne and Weinberger (1963), 
for a sphere of diameter d. For different geometries better values of ci are 
determined by Velte (1962), who obtains upper and lower bounds: 

Straight channel, width d 
Straight pipe, diameter d 
Plane flow in bounded region, maximum diameter d 

( i )  Three-dimensional (8.193) 
disturbances 

(ii)  Two-dimensional 
disturbances 

Cube with width d 

3 . 7 4 ~ ~  I ci I 3 . 7 8 ~ ~ .  
4 . 7 0 ~ ~  5 ci 5 4 . 7 8 ~ ~ .  

4 . 7 0 ~ ~  I ci I 4 . 7 8 ~ ~  

5 . 3 0 2 ~ ~  5 ci i 5 . 3 1 2 ~ ~  
6n2 5 c( I 6 . 3 3 ~ ~ .  

The goal of the variational principle (8.198) is to improve these results. 
Write (8.185) and (8.188) in dimensionless notation, using the standards 

V,,, for velocity and d2/v for time. We desire the maximum coefficient c( such 
that 

x j u 2  d V <  ~ V U :  ( V U ) ~  dV, (8.194) 

which is Eq. (8.188) in dimensionless notation, for any u satisfying 

V . u = O  in V ,  (8.1 95a) 

u = O  on S.  (8.195b) 

Similarly for Eq. (8.185) we want the largest Be such that 

- d [ j u 2 d V =  -Re ! " [ u - D - u + ~ e - ' V u : ( V ~ ) ~ ] d V < 0  (8.196) 
dt - 

subject to the same restrictions (8.185). Consider the following variational 
principle. 

Maximize I (u )  among all vector fields u which have continuous second 
derivatives and satisfy Eqs. (8.195) and (8.197): 

JVu:  ( V U ) ~  dV = 1,  (8.197) 

I ( u )  = - J u * D * u dV. (8.198) 
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The solution gives Eq. (8.196) and for D = - I  we get Eq. (8.194). The Euler 
equations are derived using a Lagrange multiplier: 

6 [us D - u  + Re*-' Vu: ( V U ) ~  - 21 V * u ]  d V  = 0. (8.199) s 
Variations with respect to u, and p give Eq. (8.195a), and 

2 ~ S U  - [D - u +VA - Re*-' V'u] dV = 0. (8.200) 

When D = - I  the Euler equation is 

u -VA -k Re*-' V2u = 0. (8.201) 

A function satisfying the Euler equation (8.201) gives Z(u*) = 1/Re*, as may be 
seen by substituting for D * u in Eq. (8.198) and integrating by parts, applying 
the conditions (8.195) and (8.197). 

The stability theorem which uses these results is due to Serrin and Joseph 
(see Joseph, 1966). Equation (8.196) can be rewritten using K = Stu' dV, 
Eq. (8.194), and the maximum nature of the eigenvalue l/Re*: 

- = - ~ V U :  (Vu)'dV 1 - Re - 
dK 
dt 1 J Vu: ( V U ) ~  d V  (8.202) 

THEOREM. Let Eq. (8.191) and Re < Re* hold. Then 

K(t) < K(O)exp{-(1 - Re/Re*)at} (8.203) 

and K(t)+ 0 and the flow is asymptotically stable in the mean. 

Thus the flow is stable for Re less than the Re* determined from the varia- 
tional principle (8.198). 

Serrin (1959b) applies these results to Couette flow between two rotating 
concentric cylinders. He solves the Euler equation (8.200) exactly, for the 
small gap approximation, and obtains 

(8.204) 

where R and R denote the angular velocity and radius, with the subscript 
one referring to the inner cylinder and two to the outer cylinder, R, > 0. 
For R, = 3.55 cm and R2 = 4.03 cm this gives 

' *, - * l '  < 45.5, 
V 

(8.205) 
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whereas experiments show instability if the number on the right-hand side is 
greater than 50. Serrin proves these results assuming the normal modes are 
complete, but this restriction has been removed (see Theorem 11.29 and the 
references listed there). 

Bounds on the transport of momentum in turbulent shear flow are derived 
by Busse (1969, 1970) using variational methods. Averaged equations of 
motion are the Euler equations of variational principles applied to plane 
Couette flow, channel flow and pipe flow. The technique is very similar to that 
used by Howard (see Section 9.6) to derive bounds on the heat transport by 
turbulent convection. 

EXERCISES 

8.1. Use the definition of the variation, Eq. (7.3), to prove that the operations 
differentiation and variation commute, that is, G(dy/dx) = d(dy)/dx. 

8.2. Verify the inequality (8.118). First the tensor sums can be transformed to 
vector sums, c:j= I aij  ddij = etc. Then 
consider the quantity 

sib,, a ,  = a,, , a2 = 

( a ,  + kbi)’ 2 0 for all real k (see p. 227). 
8.3. Verify the variational principle (8.141). 
8.4. Show that Eq. (8.145) yields the Einstein approximation for the apparent 

viscosity as iW3 + 0. 
Answer: p ,  = p[1 + c(2 + 5~)/2(1 + q ) ] ;  as q + 00, p s  = p(1 + 2.54. 
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Chapter 

9 
Variational Principles for Heat and 
Mass Transfer Problems 

Variational principles do not exist for many heat and mass transfer 
problems of interest. The variety of problems, and hence the number of 
different differential equations involved, makes it necessary to examine the 
question of the existence of a variational principle in a more systematic 
fashion than was done in Chapter 8. We introduce FrCchet differentials and 
Frechet derivatives in order to give a general treatment of variational prin- 
ciples for nonlinear differential equations, followed by a discussion of 
applications of variational principles to heat and mass transfer problems. 

9.1 FrCchet Derivatives 

As an analogy, consider the vector field, v. Can v be derived from a 
potential? If the curl of the vector is zero, 

v x v = o ,  (9.1) 

then the vector can be represented as a potential 

v = v4. 
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When Eq. (9.2) holds, the integral of v along a path in position space x is 
independent of the actual path taken and depends only on the end points 
x1 and x2, 

fv  - dx = 42 - (9.3) 

This provides an equivalent method of determining whether a vector field 
can be derived from a potential. Calculate the integral along two paths 
starting from x and each ending at x’ = x + &+ + v J I .  If the integral is the 
same for every x and x’ then the vector can be derived from a potential. 

Consider the two paths 

(9.4) 
I: 

11: 
x + x + &+ + x + &+ + V J I ,  

x --t x + V J I  -+ x + &+ + V J I ,  

where &+ and v J I  are infinitesimal vectors. The integrand is 

v(x) * &++V(X + &+) * v\) = v(x) * V J I  + v(x + V J I )  - &+ (9.5) 

and this can be rearranged to give 

(9.6) 
v(x + V J I )  - v(x) 

* J I =  -4.  
v(x + &+) - v(x) 

& V 

In terms of a Cartesian coordinate system this can be written as 

Equation (9.7) represents a condition equivalent to Eq. (9.1) for the existence 
of a potential for the vector field v. 

It is clear from these concepts in vector calculus that if we regard the 
Euler equation in a variational principle as the gradient of a functional, 
analogous to a potential, then we should not expect every differential equation 
to be derivable from a potential, because every vector field is not derivable 
from a potential. In order to make the concepts concrete we must define the 
gradient of a functional and the derivative of a differential operator. The 
discussion follows closely that of Tonti (1969), although the basic theorem 
was proved by Vainberg and is available in his book (1964). 

Consider the differential equation 

N(u) = 0, (9.8) 

which can be nonlinear. We consider here thedifferentialequations and ignore 
complications introduced by boundary conditions, which are best treated in 
the context of specific applications. Systems of equations are treated below, 
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but here consider a single equation. The derivative of the operator Eq. (9.8) 
in the direction 4 is defined 

N(u + t$) - N(u)  
Nu‘4  E lim (9.9) 

&+O & &= 0 

The result, Nu’+ is called the Frtchet differential of the operator in the direc- 
tion 4 while Nu’ is called the Frtchet derivative of the operator N .  The 
subscript u in Nu’ means that the differentiation of the operator is done 
with respect to the argument u. 

The gradient of a functional is defined similarly. Given a functional 

F(u) =JL(u) dV, (9.10) 

the Frtchet differential in the direction 4 is given by 

The Frtchet differential Lu’+ depends on both u and 4. Integrate by parts to 
remove the derivative operating on 4 to obtain 

lim - = L,,’4 dV = j 4 N ( u )  dV + boundary terms, (9.12) 
&-to AF E I 

and the operator N(u) is the gradient of the functional F(u). 
To test if an operator N(u) is the gradient of a functional we must see if 

the path integral, Eq. (9.12), depends on the path of integration. Consider 
two paths 

(9.13) 

If the path integral is independent of the path taken then the following 
equation must hold: 

~ N ( u ) E ~  dV + I N ( .  + E ~ ) v $  dV = jNCu)v+ dV + fN(u + v $ ) E ~  dV.  

I :  
11: 

u+ u + a#) -+u + &4 + v*, 
u + u  + v* + u  + v* + &4. 

(9.14) 
This can be rearranged to give 

4 dV.  (9.15) 
& V 

In the limit as E + 0 and v -, 0, 

(9.16) 
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This is the extension of Eq. (9.7) to function spaces and expresses the fact 
that the operator Nu' is symmetric. The fact that Eq. (9.16) is the condition 
for existence of a functional giving the operator N(u) as its gradient follows 
from the following theorem given by Vainberg (1964). 

THEOREM 9.1. Suppose that the following conditions are fulfilled: 

(1) N is an operator from E into the conjugate space E*. 
(2) N has a linear Gateaux differential D(x ,  h) at every point of the ball 

(3) The functional ( D N ( x ,  h l ) ,  12,) is continuous in x at every point of D. 
D :  IIx - xoIJ < r .  

Then, in order that the operator N be potential in the ball D, it is necessary 
and sufficient that the bilinear functional (DN(x ,  hl), h2) be symmetric for 
every x in D, i.e. that 

(DN(x ,  hi) ,  A,) = ( D N ( x ,  hi) (9.17) 

for every h, ,  11, in E and every x in D .  

If a FrCchet differential exists then so does a Gateaux differential. Equation 
(9.17) is just the symmetry condition (9.16). Under the conditions that an 
operator is the gradient of a functional, i.e., 

N(u) = grad F(u), (9.18) 

the functional itself can be written as 

(9.19) 

The variation of the functional F(u) due to a variation in u is shown below to 
be 

6F =s N(u) 6u dV. (9.20) 

Clearly if F is the functional in a variational principle, then N(u) is the 
Euler equation. Consequently, the question of whether a variational principle 
exists for a given operator depends on whether the operator has a symmetric 
Frtchet differential, Eq. (9.16). 

We turn next to concrete examples. Suppose the differential operator is 
of the form 
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then from Eq. (9.9) we have 

(9.22) 

Test the symmetry requirement of Eq. (9.16) by integrating by parts 

d V + boundary terms 

E j+n,,'$ d V .  (9.23) 

The last equation is the definition of the FrCchet derivative Nu' which is 
" adjoint "t to Nu'. The symmetry requirement is then 

f6iV:$ dV = j4N:$ d V ,  

(9.24) 

If this is to hold for arbitrary 6 nd $, then 

These are equivalent to 

(9.25) 

(9.26) 

t The adjoint is usually defined for linear operators (see Section 9.2) but the concept is 
useful for nonlinear operators as well. 
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Equation (9.26) is then the condition for Eq. (9.21) to be derivable from a 
potential, and hence have a variational principle. Table 9.1 presents similar 
conditions for other forms of the operators. Applications of this table for 
transport problems are discussed in other sections of the' chapter. 

TABLE 9.1 

SUMMARY OF CONDITIONS FOR AN OPERATOR TO BE DERIVABLE FROM A POTENTIAL 

Function Operator Conditions 

(9.C1) 

(9.C2) 

The variation of the functional is evaluated as follows: 

F(u + E+)  = J(u  + E + )  / 'N (Au  + A&+) d l  d V ,  
0 

= J & [ J ; N ( l u )  d l  + J 1 f l ; u ~ l  0 d l ]  d V  

(equation continues) 
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where we have used a symmetric FrCchet differential and 

It is clear that Eq. (9.20) provides the Euler equation. 

equations for illustrative purposes: 
We next consider systems of equations but limit consideration to two 

M(u, V )  = 0,  N(u, V )  = 0. (9.29) 

Represent this system as a vector system operating on a vector function 

R(z) = 0, (9.30) 

then the condition for the existence of a potential is Eq. (9.16), 

j +RZ’4 dV =I4RZ‘$  dV. (9.31) 

Written in full this is 

(9.32) 

The symmetry condition is then that N is symmetric in v and M is symmetric 
in u, 

and that 

= [4l(K’ *1 + Mu’ * 2 )  + 4 2 W U ’  *1 + Nu’ *2)1  dV. 

Nu‘ = flu‘, Mu‘ = A?,,‘, (9.33) 

Nu’ = A?u’. (9.34) 

Evaluate these conditions for the set of equations 

f(u; v ;  u , k ;  0 . k ;  u , j k )  = O? g(u; 0; u , k  ; u , k  ; v , j k )  = 0. (9.35) 

Equation (9.33) can be tested for the individual operators using Table 9.1. 
To test Eq. (9.34) we evaluate the Frechet differentials in the direction 41 
and $ 2 .  

(9.36) 
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The " adjoint" operator is 

+ boundary terms 

= J * z  M"'4 d v. (9.37) 

Equation (9.34) then requires 

(9.38a) 

(9.38b) 

in addition to the restrictions imposed by Eq. (9.33) as evaluated in Table 
9.1. The functional is 

If N is a linear operator, that is, N = L,  

L(UU + b ~ )  = ULU + bLv, 

then the Frechet derivative in the direction 4 is given by 

L(u + 6 4 )  - L(u) 
L,'4 = lim = L4,  

F - 0  & 

Consequently, L,' = L. Condition (9.16) then reduces to 

$LAP dV = j 4 L $  dV 

and the functional (9.19) is 

F(u)  = tJ U L U  dV. 

(9.39) 

(9.40) 

(9.41) 

(9.42) 

(9.43) 

If (9.42) holds the operator is self-adjoint, and this concept is discussed in a 
more direct fashion below. 

Note that we have an easy method of determining if a variational principle 
exists for a given operator. When the FrCchet derivative is symmetric, (9.16), 
a variational principle exists and the functional is given by (9.19). When the 
FrCchet derivative is not symmetric, no variational principal exists, at least 
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for the equation in the form assumed. We see below that sometimes the 
equation can be transformed into a form which has a symmetric Frkhet 
differential, or a variational principle applies to the equation and its 
“adjoint.” 

9.2 Variational Principles for Non-Self-Adjoint Equations 

Given a linear differential operator, we define the adjoint operator 
(Courant and Hilbert, 1953). When the adjoint operator is the same as the 
original operator the operator is self-adjoint, and (9.42) holds. A variational 
principle exists, using (9.43), provided the boundary conditions are appro- 
priate. When the operator is non-self-adjoint and (9.42) does not hold, we 
formulate a variational principle for the original operator and its adjoint, 
as has been done by Roussopolos (1953) and Morse and Feshbach (1953). 
Finally, we extend the concepts to nonlinear equations to illustrate how to 
derive a variational principle for any nonlinear equation and its adjoint. 

Consider the linear boundary-value problem, 

Lu= f in V,  (9.44a) 

Biu=O on S,  (9.44b) 

where L(u) is a linear differential operator in the domain V with a piecewise 
smooth boundary S.  Note that the boundary conditions are homogeneous. 
If the problem is originally stated in the form 

Lw = h  in V ,  Biw = g i  on S,  (9.45) 

we assume that it is possible to  find a function u which satisfies the non- 
homogeneous boundary conditions Biu = gi and which can be extended into 
the region V.  Then the new function u = w - u satisfies equations of the 
form of Eq. (9.44). Such a transformation implies certain conditions of 
smoothness on the boundary conditions which we assume are satisfied. 

For the problem (9.44) define the adjoint operator in the following way. 
The inner product is 

(u, u ) 3  uudV (9.46) 

for any piecewise continuous functions u and u.  To obtain the adjoint operator 
take the inner product of u and Lu; successive integration by parts yields 

s 

(u,  Lu) = (u, L*u) + B(u, u), (9.47) 

where L* is called the adjoint operator to L. The term B(u, u) is a boundary 
term, defined by the integration by parts used to obtain (9.47), and has the 
following property. B(u, v) = O  for all u satisfying Biu = O  on S implies 
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Bj*u = 0  on S .  Comparison of this equation to (9.16) shows a variational 
principle exists if L = L* and Bi = Bi*. For example, if Lu = du/dx, then 

b 

v i i '  dx = /ub(uu)' d x  - J b u d  dx  

(9.48) 

Consequently, L* = -d/dx.  The following pairs of operators are adjoints. 
n d'u 

i = o  dx' 
L(u)  = c q ( x )  -, 

L*(U) = 1 ( -  1)' 
n d'(a.  v) 

r = O  dxi  ' (9.49) 

To determine the last equation we must integrate over V and t .  
The adjoint boundary conditions are determined from Eq. (9.47). For 

example, in (9.48) when the boundary condition is u(a)=0, the adjoint 
boundary condition is v(b) = 0. A general formula for the boundary terms 
for partial differential equations is given by Morse and Feshbach (1953, 
p. 874). The inner product can be defined in a more general way than (9.46) 
and this proves useful for boundary conditions of the third kind for diffusion 
problems, as is illustrated in Section 7.2. 

When the adjoint operator and boundary conditions are the same as the 
original operator and boundary conditions, the system is said to be self- 
adjoint. For a self-adjoint system (9.47) yields 

( t ) ,  Lu) = (u, LU) (9.50) 

for all functions u and u satisfying the boundary conditions Biu = O .  A 
physical interpretation of the self-adjoint property is given by Courant and 
Hilbert (1953, p. 354). I f  the force A applied at the point x produces a result 
B at the pointy, then in a self-adjoint system the force A applied at y produces 
the result B at the point x. The physical situation has a certain symmetry 
which is retained in the mathematical representation, exhibited in (9.50) as 
well as the Green's function, which is symmetric. In matrix theory, the analog 
of a self-adjoint differential operator is a symmetric matrix, and this analogy 
is exploited particularly well by Lanczos (1961). 
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Consider the possibility of transforming an apparently non-self-adjoint 
equation to a self-adjoint form. There are three ways to transform a linear 
second-order ordinary differential equation of the form 

Lu = azu” + alu’ + a,u, (9.51) 

where ai = ai(x). Table 9.1 says the operator is symmetric and has a vari- 
ational principle if 

da2 a,  - - = 0. 
dx 

(9.52) 

If this condition does not hold, we try to find an integrating factor and write 

f = g(x)Lu.  

Then Table 9.1 gives the condition 

for a symmetric, or self-adjoint, form. Solving for g we obtain 

(9.53) 

(9.54) 

(9.55) 

The operator (9.53) is then self-adjoint. This transformation can be affected 
in several ways (Courant and Hilbert, 1953, p. 279): ( 1 )  multiply Lu by g(x),  
as in Eq. (9.53), (2) introduce the new independent variable x’ = jg(x) dx, 
or (3) introduce a new dependent variable v = ug(x). The resulting self- 
adjoint form is 

Lw = (p(x)w’)’ + q(x)w. (9.56) 

For equations with constant coefficients, even derivatives are self-adjoint 
whereas odd derivatives are non-self-adjoint. 

Next we derive a variational principle for (9.44) and its adjoint: 

L*v = g  in V, (9.57a) 

Bj*v = 0 on S, (9.57b) 

where g is, for the present, an arbitrary function. By the definition of the 
adjoint, (9.47), 

(u, Lu) = (u, L*o) (9.58) 

for functions u and v satisfying Biu = 0, Bj*v = 0. The variational principle 
is then the following. 



310 9 VARIATIONAL PRINCIPLES FOR HEAT AND MASS TRANSFER 

dI(u + E q )  

dE 

Make the functional I (u ,  v) stationary among functions u and u satisfying 
Biu = 0 and Bj*v = 0: 

I(u, v) = (u,  L*v - g)  - ( v , f ) .  (9.59) 

To determine the Euler equations we consider Z(u + q, u + ~ t ) ,  where r]  

and < satisfy the boundary conditions (9.44b) and (9.57b), respectively. 
Then the Euler equations are determined from 

''1 = 0 -+(6u, L*u - g) = 0, 
& K = t = ~  

(9.60) 

21 (?K K = c = o  
= 8 + (u,  L * ~ o )  - ( 6 0 , f )  = ( 6 ~ ,  LU -f) = 0. 

The last relation holds because of Eq. (9.58). Thus when the functional is 
stationary to variations in u and v the Euler equations are (9.44) and (9.57). 
The second variation is 

= 0 + 2(6u, Lu - f )  = 0. 
E = O  

(9.61) 

dI(u + E q )  

dE 

which can be either positive or negative; consequently the variational prin- 
ciple is not a minimum principle. 

Suppose the system is self-adjoint. Then the above relations collapse 
into the following form, taking g =f, 

= 0 + 2(6u, Lu - f )  = 0. 
E = O  

I(u,  0 )  -+ I (u )  = (u, Lu - 2f) ,  
(9.62) 

A variational principle thus exists for a linear boundary-value problem if 
the system is self-adjoint. For non-self-adjoint systems a variational prin- 
ciple exists for the system and its adjoint. The necessary condition that 
(9.62) give a minimum principle is 

(6u, L 6u) 2 0 (9.63) 

and apparently a sufficient condition is 

(624, L 6u)  2 y2(6u, 6u), y z  > 0. (9.64) 

This is the requirement at least for second-order differential operators. 
We have formulated a variational principle for a general linear boundary- 

value problem. One of the advantages of variational principles is that the 
functional is approximated more closely than is the solution. In the case of 
adjoint variational principles the functional can sometimes be related to a 
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quantity of interest physically, as suggested by Lewins (1965). Suppose we 
wish to calculate an average of the solution 

J = (g,u) ,  (9.65) 

where g is known, The problem is Eq. (9.44) and the adjoint problem is 
Eq. (9.57). Then the variational integral 

I(u, v) = (u, L*v -g) - (0, f )  
= (v, Lu - f )  - (u, 9). (9.66) 

Thus when u satisfies Eq. (9.44), Z = - J.  Furthermore first-order errors in u 
contribute second-order errors in Z. 

Another approach to finding a variational principle for Eq. (9.44) is 
closely related to the least-squares method. The least-squares method mini- 
mizes the mean-square residual 

J(u)  =l (Lu - f ) ’ d V  
v 

among functions satisfying Biu = 0. The variation is 

6 J =  2 (Lu--f)L6u d V =  2 s  6u (L*Lu - L*f )  dV 
U U 

(9.67) 

[see Eq. (9.47)] 

+ B ( ~ u ,  LU -f) (9.68) 

Thus the Euler equation and natural boundary conditions are 

L*Lu = L*f in V,  Bj*Lu = Bj*f on S.  (9.69) 

Given the problem (9.44), we can form the self-adjoint, higher-order system 

Biu = 0 (essential BC)) (9.70) 

Mikhlin (1964, p. 495) discusses the conditions under which the solution of 
this problem reduces to the solution to (9.44). I f  (9.44) is soluble and the 
inequality 

(u, u)  I K(Lu, Lu) (9.71) 

holds, then the least-squares method, using (9.67), is equivalent to the varia- 
tional method applied to (9.69). If the adjoint problem is unique, that is 

L*v = 0, Bj*v = 0 (9.72) 

implies u = 0, then solving (9.70) is equivalent to solving (9.44). Using the 
adjoint operator to change the problem to a form easier to solve has been 
used by Southwell (1956) in relaxation methods. To change u, = u,, to a 
jury problem, he operates on it with the adjoint u, + u,, to obtain wIl = w,,,, , 
a jury problem. 

L*Lu = L*f in V, 

Bj*Lu = Bj*f (natural BC) on S. 
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In Section 9.1 we determined that if a linear operator is self-adjoint, 
Eq. (9.42), then a variational principle exists. In this section we considered 
linear, non-self-adjoint operators and constructed variationat principles for 
the system of equations: the original and adjoint equations. For nonlinear 
operators, we determined that a variational principle exists if the Frtchet 
differential is symmetric, Eq. (9.16). The corresponding generalization-a 
variational principle for a nonlinear operator and its " adjoint "-has 
apparently not been developed. We do that here in a formal fashion. 

For the prob!em 
N(u)  = A  Bi(u) = 0, (9.73) 

N*(u, u) = &u. (9.74) 

we define the "adjoint" by integration by parts, as in (9.23), 

Assume that the boundary terms in (9.23) vanish whenever Biu = Bi4 = 0 
and Bj*u = Bj* t,b = 0. Then the variational principle is the following. 

Make stationary the functional Z(u, v) among all functions u, u satisfying 
the appropriate continuity requirements and Biu = 0, Bj*v = 0: 

Z(u, u) = j [uN(u) - ug - of] dV. 

The Euler equations are 

s u :  N(u)  -f= 0, 
su:  r7"'U - g = N*(u, v) - g = 0. 

(9.75) 

(9.76) 

Consequently we can derive a variational principle for any operator, linear 
or nonlinear, provided we are willing to treat a system of equations and allow 
operators of the form (9.74). These are purely mathematical constructs and 
may have no physical meaning. Example applications are in Sections 8.6 
and 9.5. The variational principle (9.75) is very similar to that presented by 
Slattery (1964) for the equations of motion and energy, although (9.73)- 
(9.76) give a systematic way to derive the variational principle. In this book 
whenever we say a variational principle does not exist, we mean that one 
does not exist for the problem as stated, usually in the form of conservation 
equations of mass, momentum, and energy. If  the problem is expanded to 
include its " adjoint " a variational principle exists. 

9.3 Variational Principles for the Transport Equation 

The formalism of Frechet differentials and non-self-adjoint operators can 
be applied to the transport equations (1.5) and (1.6), to see when variational 
principles exist. Consider in turn the various complications : unsteady state, 
convection, nonlinear, diffusivity and chemical reaction. 
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Take first the unsteady state equation with no convection and constant 
diffusivity. Let x4 = t : 

f ( c . 4 ;  C , j j )  = c,4 - g c , j j .  (9.77) 

Table 9.1, Eq. (9.B), gives af/lac,, = 1 # 0, so that a variational principle 
does not exist. Consider the possibility of an integrating factor 

f = s ( c , ~  ; c,jj)(c,4 - g C , j j ) .  (9.78) 

Table 9.1 gives the restrictions for a variational principle: 

with q an arbitrary function of time. The solution is 

9 = (c,4 - g C , j j ) - ' >  (9.80) 

which makes f = 1 and gives no useful result. Thus no integrating factor 
exists. 

Consider next the convective term, 

f ( c , j ;  c,,,) = ujc,j - gc , l r .  (9.81) 

Table 9.1 gives af//ac,j = u, # 0 so a variational principle does not exist. 
Assume an integrating factor of the form g(c; c,J: 

f = dc; c , k ) ( u j  c , j  - g c , l l ) .  (9.82) 

Table 9.1 gives the following condition: 

Since g does not depend on c, j j  this reduces to 

(9.83) 

(9.84a) 

guk + g g , k  = 0. (9.84b) 

Equation (9.84b) can be solved to give uk = -(9 In g),k which means the 
velocity is a potential function. A variational principle exists only when the 
velocity is 

u =  -vn. (9.85) 

The integrating factor is 

g = exp(n/g). (9.86) 
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The fact that the problem can be cast into a self-adjoint form when the 
velocity is of the form (9.85) was pointed out by Ames and de la Cuesta 
(1963). The variational integral is given by (9.19): 

(9.87) 

This is integrated by parts and a boundary term is added to give 

F(c) = -+j9 exp(fi/9) V c  - V c  dV - $jexp(R/g)k(c - c,)* dS. (9.88) 

The Euler equation and natural boundary conditions are 

V - (exp(fi/9) Vc) = 0 in V, 

eRiD[9n - Vc + k (c  - c,)] = 0 on S. (9.89) 

A variational principle similar to this has been presented by Krajewski 
( 1 964). 

Consider next the nonlinear steady-state heat conduction equation : 

f ( T ,  ‘ , I 1  T,kk) = ( k ( T ) T , l ) , f  = ET,f  ‘,I + k T , k k .  
dk 

(9.90) 

Table 9.1 gives 
dk dk 
dT d T  

2T,l- - - T,, = 0, 

which is satisfied only if dk/dT = 0. Next try an integrating factor 

The condition for a variational principle is then 

(9.91) 

(9.92) 

(9.93) 

which is satisfied if g = k .  The variational principle for f = k (kT,  k), is the 
same as presented in Section 7.2. The use of an integrating factor to find 
variational principles for several k ( x ,  T )  relationships was first illustrated by 
Li (1964), and the treatment above, Eqs. (9.92) and (9.93), was given by 
Tonti (1969). Wang (1970) derives conditions similar to these for the existence 
of a “ thermokinetic potential ” and hence a variational principle. 

For the combined problem take 

(9.94) 
d k  

f =dT, T , k ) ( p C p u j T , j  T , l  - kT,kk) 
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with pC, constant. Table 9.1 gives 

(9.95) 

This requires 

Clearly Eq. (9.96) is seldom satisfied so that no variational principle exists 
for the combined problem (9.94). 

Consider the steady-state diffusion equation with a chemical reaction 
term : 

v2c + R(c) = 0. (9.97) 

Thus with f = c , j j  + R(c), conditions (9.B) in Table 9.1 are satisfied. The 
variational integral is 

1 

F ( ~ ) = j [ - ~ V c ~ V c + e j ~ R ( l c ) d A ]  d V .  (9.98) 

The last term can be rearranged to give 

1 

c Jo R ( k )  dA = [R(c ' )  dc' 
0 

(9.99) 

in which case 

F(c)  = j [ -4Vc - VC + J;R(c') dc'] d V .  (9.100) 

When the reaction rate is a polynomial expression, R = c", this becomes 

F(c)  = J [ - p c .  v c  + - c " + ' ]  d V .  
n + l  

(9.101) 

In summary, for the transport equation, a variational principle exists for 
steady state when k = constant and u = -VR or for steady state with no 
motion and k = k(T).  

For more general situations we define variational principles using the 
adjoint operators, restricting attention here to the linear transport equation : 

- + U'VC - v .  9 vc = 0. (9.102) 
ac 
at 
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The adjoint variational principles presented here were first derived by Morse 
and Feshbach (1953, p. 313), Washizu (1955) and Schmit (1956) for the 
unsteady-state heat conduction equation, and Nichols and Bankoff (1.965) 
for the same equation including convection terms. The variational principle 
is the following. 

Make stationary Z(c, c*) among functions c(x, t ) ,  c*(x, t )  which have 
continuous first derivatives in time and continuous second derivatives in 
space, and satisfy c = c,, c* = c,* on S, ,  c = co at t = 0, c* = co at t = tf: 

I (c ,  C * )  = s" J [Lnvc - vc* + 
0 

- c Vc*)] d V  d t  + J: js,[(/3 + +u - n)cc* 

ff 

0 
- (c + c*)g] d s  d t  + + j [c,(c* - c)] dV (9.103) 

The Euler equations are 

ac 
at 
- + u * vc - v * (9 VC) = 0, (9.1044 

ac* 
at 

u vc* - v * (9 Vc*) = 0, (9.104b) 

and the natural boundary conditions are 

on S , .  I 9 n  * Vc + Pc = g 

9 n * V c * + P c * + u * n c * = g  
(9.105) 

The functional apparently has no physical significance and is only stationary 
so that some of the advantages of variational principles are lost. If calcula- 
tions are performed using trial functions 

N 

C*(X, t) = Bi(f)Ci*(X), (9.106b) 
i =  1 

where ci(x) is known and the Ai  and Bi functions are to be determined, the 
results are the same as if one applied MWR to Eqs. (9.104) and (9.105) 
using weighting functions cj*, cj , respectively. When the same trial functions 
are appropriate for both c and c*, that is, ci = ci*, the variational method 
is equivalent to the Galerkin method (Schmit, 1956). This is certainly the 
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case for heat conduction problems. Consequently, even though variational 
principles are obtained using the adjoint equations, we do not obtain new 
computational techniques. The variational method is more powerful than 
MWR only if the functional is used to monitor errors of successive approxima- 
tions or if the functional itself is a quantity of interest. This latter situation 
is seldom the case in heat and mass transfer problems. 

9.4 Applications to Heat Transfer 

Variational principles for heat transfer problems are discussed in several 
sections above. Steady-state heat conduction is treated in Section 7.2, 
unsteady-state heat conduction in Section 9.3 [see Eq. (9.103)], and entry- 
length problems, treated by separation of variables to reduce the problem 
to an eigenvalue problem, are discussed in Section 3.3 and 7.5. Here we 
examine variational principles for unsteady-state problems using convolution 
integrals and Laplace transforms. Both approaches are limited to linear 
problems and give identical results. We conclude with an application to 
radiative heat transfer. 

Gurtin (1964) used convolution integrals to reduce an initial-value 
problem to an integral equation, for which he formulated a variational 
principle. The convolution of two functions u and v is defined as 

/;*v dV = J” /Iu(? - 7, X)U(Z, x) dz d V .  (9.107) 

The convolution satisfies a commutative relation u*u = u*u, as may be seen 
by transforming the variables in Eq. (9.107), q = t - 7 :  

Jlu(? - Z, X)V(Z, x) d T  = f ~ ( t  - i ] ,  x)u(q, x) dq. (9.108) 
0 

We also define 

VU* VV =J:Vu(t - Z, X) - VV(Z, X) dz. (9.109) 

Gurtin’s variational principle is for the problem 

aulat = K v 2 u  in V, (9.1 1Oa) 

u = uo(x) at t = 0, (9.1 lob) 

u = u,(x) on S. (9.1 1Oc) 

Make the functional @ stationary for each t and all functions u which 
have continuous second derivatives in spatial coordinates and continuous 
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first derivatives in time and satisfy u = us ,  a given function of x, on the 
boundary S :  

q u ;  t )  =J [u*u + K* vu* vu - 2u0*u] dV. (9.111) 
u 

The first variation gives 

6@ = 2 6u*[u - K* v2u - u,] dV. (9.112) 

The term in brackets is the Euler equation. If Eq. (9.1 10a) is integrated with 
respect to time we obtain 

U - U o =  1; K v 2 U ( Z ,  X) d7 = K* v 2 U ,  (9.113) 

which is the same as the Euler equation in (9.112). Thus the variational 
principle (9.1 1 1) applies to (9. I lo). 

Consider applications of this principle. Assume a trial function of the 
form 

J" 

N 

UN(X, t )  = u,(x) + c Ai(t)Ui(X). 
i =  1 

(9.1 14) 

Then 6u = duN/aAi and (9.112) is 

j: j;i(x) [ u ( ~ )  - s' K V2u(x, s )  ds - uO(x) dV dz = 0. (9.115) 
0 1 

Differentiate twice with respect to t to get 

/ y i ( x ) K  - IC V2u dV = 0 1 (9.116) 

as the equations governing the approximate solution derived from the 
variational principle. These equations, however, are also derived by the 
Galerkin method so that the variational method applied to (9.1 11) using 
the trial function (9.1 14) is equivalent to a Galerkin method. If more general 
trial functions are used uN = uN(Ai, x, t )  additional terms appear in (9.1 16) 
and the Galerkin method is not equivalent. Rafalski and Zyszkowski (1969) 
apply the same procedure (9.114) for a coupled system of equations, the 
transient energy equation and constitutive relation. Wilson and Nickell 
(1966) use the variational principle (9.11 1) to apply the finite element method 
to transient heat conduction. 

Next consider the Laplace transform method of solving (9.1 10). Taking 
the Laplace transform [see Eq. (3.66)] gives 

Sii  - u,, = K v2ii. (9.117) 
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Divide by s, take the inverse Laplace transform, and use the fact that multi- 
plication in the Laplace transform domain is equivalent to convolution in 
the time domain (Churchill, 1958, p. 37): 

9-"iiv]= u* u = u(t - 7)v(7) d7, 

(9.118) 
- uo z 9 - I  - v z C  = K* vzU. [s" 1 

This is just (9.1 13) so the ideas are very similar. O'Toole (1967) applied this 
idea to time-dependent transport processes. He pointed out that the func- 
tional (9.1 19) provides a means for comparing trial functions, for various s. 
Similarly the functional (9.11 1) serves the same purpose, except as a function 
of t. The variational principle for (9.1 17) is the following. 

Make the variational integral Q, stationary among functions ii(s, x) which 
have continuous second spatial derivatives, are continuous functions of s, 
and satisfy ii = U J S  on S.  

(9.119) 

The Euler equations are easily seen to be Eq. (9.1 17), and the first variation 
is equivalent to Eq. (9.112). Similar ideas were applied to entry-length 
problems by Savkar (1970). 

We conclude that a variational principle for the Laplace transform of an 
initial-value problem is equivalent to the variational principle for the con- 
voluted problem. Applications of either method are equivalent to the Galerkin 
method, provided the trial function is of the form (9.114). 

Variational principles also govern heat transfer by radiation. These 
problems are usually formulated as integral equations, which have not been 
discussed thus far in this book. All the approximate methods are equally 
applicable, of course, and variational methods are applicable to a problem 
of the type 

.b 

(9.120) 

provided the kernel K is symmetric in y and x. This corresponds to the self- 
adjointness property for differential equations. Examples of radiation 
problems are given in the literature by Sparrow (1960), for two finite parallel 
plates, Sparrow and Haji--Sheikh (1965), and Usiskin and Siege1 (1960) for a 
cylindrical enclosure with specified wall heat flux. We present a simple 
example treated by Sparrow (1960). 
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Consider two plates of width L and infinite length placed a distance h 
apart. Each plate is maintained at the same temperature T and the system 
loses energy by radiation through the sides, which are e,xposed to black 
bodies at zero temperature. Then the radiation flux is only to the surroundings 
and none is returned. The governing equation is an integral equation with a 
symmetric kernel : 

Here E is the emissivity, a is Stefan’s constant, p = I - E is the ref,ec’;vity, 
y is the coordinate perpendicular to the surfaces, and x is the coordinate 
parallel to the surfaces. The center of the coordinate system is at the midpoint 
between the surfaces. B(x)  represents the total radiation flux leaving area 
dA due to emission and reflection. In dimensionless form this is, with y = h/L, 
the aspect ratio, 

(9.122) 

The variational principle is the following. 

Make stationary the variational integral I among all continuous functions 
B :  

(9.123) 

Sparrow does calculations using a trial function which is symmetric in x 
and y ,  since the problem obviously has that symmetry. A simple power series 
is used: 

(9.124) 

For the third approximation some of the integrals arising in Eq. (9.123) 
must be computed numerically. The solution depends on the reflectivity and 
the aspect ratio. Shown in Table 9.2 is the heat transfer to the surroundings 
per unit width: 

(9.125) 
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TABLE 9.2 

RADIANT HEAT TRANSFER; VALUES OF Q/L&oT4 

y = 0.5 y = 0.1 
& v = l  

N = 2  
N = 2  N=3 N = 2  N=3 

0.1 0.9338 0.8576 0.8576 0.4434 0.4423 
0.3 0.8246 0.6687 0.6690 0.2294 0.2277 
0.5 0.7382 0.5490 0.5455 0.1607 0.1598 
0.7 0.6686 0.4667 0.4662 0.1257 0.1239 
0.9 0.6070 0.4104 0.4031 0.1048 0.1059 

Comparison of the successive approximations suggests that the variational 
approximation is very adequate. 

9.5 Applications to Mass Transfer 

The transport equation (1.5) applies equally as well to heat and mass 
transfer. Variational principles applicable to heat transfer are obviously 
applicable to mass transfer. For that reason we discuss here only situations 
which are unique to mass transfer. One complication is that a system may 
include many different chemical species, thus necessitating the treatment of 
systems of equations. In addition the reaction rate term is important. Both 
these complications will be discussed. 

If one considers isothermal, isobaric, multicomponent system with a 
first-order chemical reaction, the equations are (Toor, 1964; Fitts, 1962) 

N N aci 
- at i- U ' VCi - j =  1 1 v * (Di j  V c j )  - j =  1 1 K i j  c j  = 0. (9.126) 

Focus on the multicomponent aspect and assume steady-state and no motion. 
Then introduce a matrix notation to simplify the equations 

v - (6 VC) = KC. (9.1 27) 
The equations adjoint to these are found by Eq. (9.47) extended to systems 
of equations: 

v * ( 6 T  VC) = KTC. (9.128) 

Clearly the system is self-adjoint and a variational principle exists only if 
D i j  = D j i  and Kij  = K j i .  In that case the variational integral is a simple 
extension of those used previously : 

N -  

I(?) = 1 1 [ D i j  VC, * vcj + Ki, ci C j ]  dV. 
i ,  j = l  

(9.129) 
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Consider next the material balance for tubular reactors with axial diffusion, 
Eqs. (5.87) and (5.88),  

1 d 2 c  dc  
Pedz’ d z  

R(c) = 0, 
(9.130) 

The variational principle for this problem was first derived by Pakes and 
Storey (1967). We know from (9.86) that the first derivative can be eliminated 
by an integrating factor. The chemical reaction term always has a symmetric 
FrCchet derivative [see Eq. (9.98)] so that term presents no problem. The 
variational integral can be derived by analogy from (9.88), (9.89), and (9.98). 

Make stationary the integral I among all functions c with continuous 
second derivatives: 

2 

I = J~’ [k e - p e z  (g) + 2eCPez J:R(c’) dc’ ]  d x  + [c(0) - 11’. (9.131) 

The Euler equation and natural boundary conditions are 

Pakes and Storey (1967) present calculations for two special cases. First 
they treat the linear equation for Pe = 1 ,  R = 2c: 

C” - CI - 2c = 0 (9.133) 

and take trial functions of the form 

c = A + B exp a,x + a, exp a3 x. ( 9.1 34) 

They require the boundary conditions to be satisfied and make the integral 
stationary among the remaining parameters. Even though the problem is 
linear, the parameters enter in a nonlinear fashion so that the set of algebraic 
equations derived from the variational principle is nonlinear and has multiple 
solutions. This was indeed found to be the case and two such solutions, 
obtained with different initial guesses, are shown in Table 9.3. Note that the 
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TABLE 9.3 

FIRST-ORDER REACTION I N  TUBULAR 
REACTOR' 

Case 1 Case 2 

a1 2.00000 -0.40867 
a2 0.50626 0.74374 
a3 - 1.00010 0.46378 
I -0.78315 -0.78313 

Values of c(z) 

z = 0.0 0.51895 0.5 1959 
0.2 0.43337 0.43337 
0.4 0.36749 0.36662 
0.6 0.3 1977 0.31905 
0.8 0.28998 0.29049 
1 .O 0.27945 0.28095 

a Pakes and Storey (1967). Used by 
permission of the copyright owner, the 
Institution of Chemical Engineers. 

solutions are very close to each other even though the parameters are different. 
These results reflect the insensitivity of exponential approximations. 

The second example treated by Pakes and Storey has a second-order 
reaction and Pe = I : 

C" - c' - 2c2 = 0. (9.135) 

The same trial function was used and the results are shown in Table 9.4. 
Note that the third approximation is close to the second approximation so 
that higher approximations are not considered. The third approximation is 
also very close to the numerical solution, and in fact the error in the third 
approximation is much less than the difference between the second and third 
approximation. These results can be compared to the results in Table 5.10 
for the orthogonal collocation method. The orthogonal collocation method 
is much simpler to apply since the integral (9.131) need not be calculated. 

Consider the same problem except with another reaction, A e B + C, 
where the reaction rates are given by R,(A, B) ,  RB(A,  B). The mass balance 
on the reactor then takes the form 

d 2 A  dA 
dxz dx 

d 2 B  dB 

dx  dx  

DA - - u - - RA(A, B )  = 0, 
(9.136) 

D B 7 - u -  - R g ( A , B )  =0 .  

d 2 A  dA 

dxz dx 
DA - - u - - RA(A, B )  = 0, 

d 2 B  dB 
dx  dx  

D B 7 - u -  - R g ( A , B )  =0 .  

(9.136) 
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TABLE 9.4 

SECOND-ORDER REACTION I N  TUBULAR REACTOR" 

Second Third Finite difference 
approximation approximation solution 

0. I7271 0.20826 - 
0.00569 - 0.06296 - 
- 0.03390 - 

a1 

a2 

0 3  

I -0.54553 -0.54554 -0.54554 

Values of c(x) 

0.0 0.63754 0.63678 0.63678 
0.4 0.52255 0.52335 0.52336 
0.8 0.46610 0.46547 0.46548 
1 .O 0.4591 5 0.45759 0.45759 

Pakes and Storey (1967). Used by permission of the copy- 
right owner, the Institution of Chemical Engineers. 

We examine whether a variational principle exists for these equations. We 
know how to treat the first derivative, so concentrate on the reaction rate 
terms. From Eq. (9.38b) the Frechet derivative is symmetric and a variational 
principle exists if 

aR, aR, 
as a A '  
-- -- (9.137) 

This clearly places restrictions on the reaction rate expressions for which 
variational principles exist. For example if 

(9.138) 

then Eq. (9.137) is satisfied only if k - ,  = k ,  , and this clearly would be a 
special case. Consequently a variational principle exists only rarely for the 
coupled set of equations (9.136). 

Non-isothermal diffusion and reaction in a catalyst is governed by 
Eq. (5 .55) .  We consider a first-order irreversible reaction with an Arrhenius 
temperature dependence and general boundary conditions at  the surface of 
the catalyst: 

(9.1 39a) V 2 y  = &'Y exp[y(z - 1)/zl, 

V2z = -p&'y exp[y(z - l)/z], (9.139b) 
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Sh 9 
2 9  

2 k  

-n.Vy=--(y- 1) 

-n.Vz=--’(z- 1 ) )  
1 ” -  1. Nu k, i‘ - 

(9.139c) 

(9.139d) 

Here Sh = k,’D/9,, Nu = hD/k,, where k,‘ and h are the mass and heat 
transfer coefficients, D is the particle diameter, 9, and k, are the diffusivity 
and thermal conductivity of the gas, and 9 and k are the effective diffusivity 
and thermal conductivity of the catalyst. 

First examine the possibility of a variational principle for the system of 
equations. Equation (9.38b) requires 

(9.140) 

This is not satisfied, so that no variational principle exists for the system of 
equations. 

The equations can be combined by multiplying (9.139a) by p and adding 
it to (9.139b) to get V2(z + by) = 0. Integrate once to obtain V(z + py) = Kl. 
At r = 0 the value of V(z + fly) is zero, so that K ,  = 0. Integrate once again 
to obtain 

z + fly = K2. (9.141) 

a 
42Y exp[y(z - 1>/Zl = -M2 exp[y(z - l)/Zl. 

Next multiply (9.139~) by f l  and add it to (9.139d): 

’ Sh gg (y(1) - 1)) = 0. -n * V(z + fly) = - 2 (z(1) - I)) + - - 2 k  2 9  (9.142) 
N u k  

Thus 
S h 9 ,  k 

z(1) = 1 + p 6(1 - y(  l)), 6 = - - 
52 Nuk, 

(9.143) 

Combination of (9.141)-(9.143) gives z(r) as a function of y(r). Thus (9.139a,c) 
can be solved for z(r) and a variational principle exists, Eq. (9.98). 

It is of interest to form a variational principle for the system of equations 
(9.139), and their “adjoint” equations, as discussed in Section 9.2. Define 

(9.144a) 
(9.144b) 
(9.144~) 
(9.144d) 

The variational principle is then a generalization of (9.75) to systems of 
equations. Consider the variational integral 

I(T, c, T*, c*) = s,[T*N(T, c) + C*M(T,  c)] dv. (9.145) 

N(T, c) = c1’ V2T + P’R(c, T )  = 0 . 
M(T, c) = c1 v2c + PR(c, T)  = 0 1 In v, 
-n * VT = Nu(T - T,) 
-n - Vc = Sh(c - c,) 

) on S. 
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Taking the first variation gives 

8I = J  [6T* N(T, C )  + 6c* M(T, C )  + T*NT' 6T + c*MT' 6T 
v 

+ T*N,' 6c + c*M,' 6c] dV (9.146) 

=ju[6T* N + 6c* M + GT(NT'T* + AT'c*) + 6c(RC'T* + Ac'c*] dV. 

This suggests we define the adjoint equations as 

- n  - VT* = Nu(T* - T,) 
- n  * Vc* = Sh(c* - c,) 

]on s. 
(9.147c) 

(9.147d) 

To obtain the correct boundary conditions from (9.145) take T* times 
(9.144~) and c* times (9.144d), integrate over the surface and add to (9.145). 
Integration by parts gives the following variational integral : 

I(T,  c, T*,  c*) = J [-a' VT* . V T  - CI VC* . VC + T*P'R + c*PR] dV 
v 

[u' Nu(T* - T,)(T - T,) 

+ CI Sh(c* - c,)(c - c,)] dS. (9.148) 

Make the integral I stationary among functions T,  c, T*,  c*, which have 
continuous second derivatives, and T, T* or c, c* take prescribed values on 
any portion of the boundary which has an infinite Nusselt or Sherwood 
numbers. 
It is easily verified that the Euler equations are (9.144a,b) and (9.147a,b) and 
the natural boundary conditions are (9.144c,d) and (9.147c,d). This is an 
example of the procedure to form a variational principle for any set of 
nonlinear equations. 

Finally we consider the question of whether the solution to (9.139) is 
unique. Let us rewrite (9.139) to be in terms of the temperature function, z, 
rather than the concentration, y ,  and write the equations allowing a more 
general dependence upon concentration and temperature : 

V'Z + d2f (z )  = 0 in V,  

z =  1 onS.  
(9.149) 

Luss and Amundson (1967) show how to use enclosure theorems for eigen- 
value problems (see Section 7.6) to give sufficient conditions for uniqueness. 
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Suppose there are two solutions, z1 and z2 .  The difference u = zI - z2 must 
satisfy 

V2u + 4’A(x)u = 0 in  V, 
u = O  on S, 

The first expression for A(x)  comes from rearrangement of 

(9.150) 

the equations 
which z1 and z2 satisfy (subtract them to get an equation for u) and the 
second expression for A ( x )  follows from the mean-value theorem for some 
z*(x). 

Consider the comparison equation: 

V2v+IA(x)u=0  in V,  

v = O  o n S .  
(9.15 1) 

If (9.151) has only negative eigenvalues or if the smallest positive eigenvalue 
is larger than 42 then the only solution of (9.150) is the null solution and 
(9.149) is unique. This follows from the maximum principle (see Theorem 
11.30 for a related version of the maximum principle). From Application 4 
in Section 7.6 we know that if A(x) is increased everywhere the eigenvalues 
of (9.1.51) decrease. Thus define the problem 

V2v + I*Bv = 0 in V, 

v = O  on S, 

B = (  Maxf’(z)2 A(x), 
(9.152) 

I I z 5 1  + p. 

Combining all conditions gives as a sufficient condition for uniqueness 

I2 A* 2 4 2  (9.153) 

The eigenvalues I* are known for simple geometries, giving the sufficient 
condition for uniqueness 

(9.154a) 
(9.154b) 
(9.154c) 

n2/4 slab, R is half-thickness, 
(2.405)2 cylinder, (9.154d) 
n2 sphere. 
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Luss and Amundson also point out that among catalyst particles of the same 
volume V,  the eigenvalues of (9.152) are lowest for the sphere. Thus if R 
in (9.154) is regarded as the radius of a sphere of equivalent volume, the 
result holds for catalyst particles of arbitrary configuration. Luss and 
Amundson also treat several simultaneous reactions. Comparison with 
numerical solutions to (9.149) shows that the criterion (9.154a) is within a 
factor of two of the exact point of bifurcation, where multiple solutions 
occur. Thus (9.1 54a) gives a convenient, and reasonably accurate, criterion 
for uniqueness. 

9.6 Upper Bound for Heat Transport by Turbulent Convection 

We discuss here the problem of heat transport between two flat, infinite 
plates whose temperature is fixed. In Chapter 6 we treated the onset of con- 
vection when the temperature difference across the layer is large enough. 
Here we consider even larger temperature differences and attempt to provide 
bounds for the heat flux across the fluid layer. The bounds are provided by a 
\;;iational principle of a very special kind. The Euler equations are not the 
governing equations but rather are averages of the governing equations. 
Furthermore, the maximum principle must be solved exactly, which is a 
difficult task. The solution to the maximum principle exhibits features that 
closely resemble actual measurements of heat flux by turbulent convection 
and this makes the results of great interest. The detailed results are found in 
Howard (1963), Busse (1969) and, for a similar problem, Nickerson (1969). 
Here we only outline the results. 

The basic equations are the Navier-Stokes equations and energy equation 
using the Boussinesq approximation. The temperature T* is divided into 
two parts, T(z )  which is the horizontal average, and the remaining fluctuating 
part 0. An overbar denotes a horizontal average and brackets denote the 
average over the layer: 

+ 112 

- 112 
f = J- f (x ,  y ,  Z )  d x  dy  d x  dy ,  ( f )  = 1 f(z) dz. (9.155) 

The equations are then, in dimensionless form, 

V2v + kO - (9.156a) 

v - v = o ,  (9.156b) 

aT - ao 
v20 - w - = v vo - v * vo + -, aZ at 

(9.156~) 
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(9.156d) 
a2T a - aT 

a z 2  aZ at 
- w e + - - ,  w = k . v .  

The last equation is derived by taking the horizontal average of the energy 
equation. We further assume that the horizontal averages are time indepen- 
dent. This permits an integration of (9.156d) to obtain 

_ - _  - 
dT 

dz 
- R  -(we) + z. (9.1 57) 

The constant of integration, R + ( w e )  is the dimensionless heat flux across 
the layer and is determined by the boundary conditions. 

We derive from (9.156) two integral equalities. Multiply (9.156a) by v 
and (9.156~) by 0 and integrate over the layer. Apply the boundary conditions, 
v = 0, T*(-  3) = T o ,  and T*(+) = TI, and use the fact that the fluid is 
incompressible. This gives two equations, called “ power integrals ” by 
Howard : 

( I V x v l 2 )  = (we) ,  (9.1 58a) 

( I v e l ’ ) = R ( ~ e ) - ( ( ~ - ( w O ) ) ~ ) .  (9.158b) 
Consider the following variational problem. Maximize the quantity 

(we) for a given R among all functions v and 8 which vanish on the boundary, 
have zero horizontal averages, satisfy the continuity equation and Eq. (9.158). 
Note first that R is given so that the principle corresponds to maximizing 
the dimensionless heat flux across the layer, N = R + ( w e ) .  There is a most 
important difference between this maximum principle and those treated 
earlier. The functions v and 6 which solve the variational principle may not 
be solutions to (9.156), since they are not the Euler equations for the principle 
[see (9.161)]. The variational solution provides an upper bound for the exact 
heat flux, given by the solution to (9.156), because it provides the maximum 
heat flux from a class of functions which includes the solution to (9.156) but 
includes other functions as well. Consequently, the variational principle gives 
a heat flux which is at least as large as the exact solution and perhaps larger. 
Furthermore, for the principle to be of use in deriving rigorous upper bounds 
we must actually find the maximum. Approximations will not suffice since 
they may give heat fluxes below the exact solution. 

The actual problem solved by Howard and Busse is inverse to that stated, 
which will be given. 

Given v > 0, find the minimum R(p)  of the functional 

~ ( v , e , p )  = [ ( I v  x v 1 2 ) ( ~ v e 1 2 )  +&Z- ( W W > I / ( W ~ ~ ) ~ .  (9.159) 
among all fields v, 0 that vanish at z = ++, satisfy the equation of con- 
tinuity, and have zero horizontal averages. 
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The functional is homogeneous of degree zero with respect to Y and 9 so that 
the amplitude of both quantities is left undetermined. We therefore impose 
the conditions, 

(w4) = p ,  ( I V  x v 1 2 )  = p .  (9.1 60) 
This ensures that (9.158a) is satisfied, and (9.158b) is contained in the func- 
tional, (9.159). 

The first step in the solution of the variational principle is to remove one 
of the constraints-the continuity equation. This enlarges the class of com- 
parison functions, and hence increases the maximum heat flux. The bound is 
therefore worse, but it is easier to find. Howard (1963) shows that the Euler 
equation can be reduced to 

where f is a function on the interval (0, 1). Howard solves this equation to 
provide the bound denoted by H in Fig. 9.1. 

Nu 

log Ra 

Fig.9.1. Upper bound for heat transport by turbulent convection (Busse, 1969; reprinted 
from the Journal o / F / / / i d  Mechonics with permission of the copyright owner, Cambridge 
University Press). 
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We next consider the variational principle (9.159). With the continuity 
equation as a constraint the class of functions is smaller and the maximum 
is expected to be lower (or at least the same). Howard derives the Euler 
eauations, - 

( I v x v 1  2 )  v20 + [ ( R  + p ) ( w e )  - p ~ ~ e l w  = 0, 
(9.162) 

( I VO I 2 ,  V2v + [(R + p)( we) - p&]Ok - p( wO)’ Vp = 0. 
Busse (1969) shows that the velocity field can be represented 

v = V x (V x k)v. (9.163) 

The structure of the equations (9.162) suggests that the solutions can be 
written in terms of functions with a periodic structure in the x y  plane. 
Busse writes 

where 4n satisfies 

(9.165) 

Howard (1963) earlier had solved the equations using N = I ,  assuming that 
this gave the maximum flux. This assumption was later proved false, since 
for some range of R the heat flux for N = 2 or 3 is above that for N = I .  
Busse (1969) used boundary-layer methods to solve the variational problem 
in the limit when p tends to infinity. The solution is then not strictly a 
maximum for finite p although this is assumed. The problem without the 
multiple boundary layer structure has not been solved. 

Additional constraints could be imposed as well. In  that case the maximum 
nature of the principle would have to be verified. The maximum, for a fixed 
R, would decrease or stay the same compared to solutions with fewer con- 
straints. Consequently, we would expect that as more constraints are imposed 
the class of admissible functions would eventually be restricted to the solution 
to (9.156). There is no assurance that this is true, however, and the more 
complicated variational problems with more constraints might be insoluble. 
Consequently, this method of getting upper bounds does not lead to a 
convergent process in a practical sense. The solutions, however, do contain 
features which are observed in experiments. 

The solution derived by Busse (1969) is plotted in Fig. 9.1. Notice that 
as the Rayleigh number is increased the maximum heat transport curve 
corresponds first to N = 1 ,  then to N = 2 and 3. (The curves for N > 3 are 
very close to those for N = 3.) This leads to kinks in the curve of heat trans- 
port versus Rayleigh number. The same phenomenon is observed experi- 
mentally (Malkus, 1954; Willis and Deardorff, 1967). Apparently as the 
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Rayleigh number increases, more modes of convection are activated succes- 
sively and the heat transport increases with discontinuities in the slope of the 
curve. Other features of the experiments are not so well modeled by' the 
bounding solution. As R approaches infinity the bounding solution predicts 
that the Nusselt number should depend on R1I2 rather than on R 1 / 3  as 
observed. It is possible that the experiments have not been done for large 
enough Rayleigh number to include the region where the asymptotic analysis 
is valid. In  spite of these quantitative deficiencies, the variational principle 
gives useful qualitative information. 

The energy method has also been applied to study stability of natural 
convection between flat plates and in spherical shells. As discussed in Section 
8.7 the best bounds ensuring stability are derived from a variational principle. 
We d o  not give details of the method here, but note that the details are 
similar to those in Section 8.7. The fluid layer problem has been treated by 
Joseph (1965, 1966), who shows that for Couette flow heated from below the 
flow is stable, provided 

Re2 + R < 1708, (9.1 66) 
where Re = dV/v,  and the upper and lower plates have velocities V. In 
particular, for the problem with no  imposed motion on the surfaces (Re = 0) 
subcritical, nonlinear instabilities cannot occur. Joseph and Shir (1966) 
study the same problem with heat generation, while Joseph and Carmi 
(1966) study spherical shells and Joseph (1970) studies buoyancy-driven 
convection with both heat and mass transport. 

EXERCISES 

9.1. Verify Eqs. (9.A), ( 9 . Q  and (9.D) of Table 9.1 as is done for (9.B) in 

9.2. Determine the conditions on u j (x )  so that the operator 
( 9.23)-(9.26). 

d'u 4 

L(u)  = c q(x) -. 
i = o  d.~'  

is set f-adjoi n t. 
Answer: a: - u2'+al  = 0, 2a,' = u3 

9.3. Consider the following problem, 

where ui are known constants andf(x) is known. Find the adjoint problem 
(differential equation and boundary conditions). Formulate a variational 
principle for the original problem and its adjoint. 
Answer: L*u =c:=o( - I)'ui d'vldx', ~ ( 0 )  = u ( l )  = ~ ' ( 1 )  = 0. 
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9.4. Apply the variational principle (9.103) using the trial functions (9.106). 
Then apply the Galerkin method to (9.104a) using (9.106a). Compare the 
equations governing A i ( t ) .  

Answer: 
9.5. Determine if a variational principle exists for (5.94). 

Only if Pe, = Pe, and dRldT = p aRldc. 
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Chapter 

10 
On the Search for Variational Principles 

10.1 Introduction 

The variational principles presented in the previous two chapters show 
that there are problems in fluid mechanics and heat transfer for which vari- 
ational principles exist. In special cases the variational integral is a minimum 
or maximum. Often the variationa! integral is only stationary, and in the 
general case no variational principle exists at all, except after inclusion of the 
adjoint problem. The goal of describing processes in terms of maximum and 
minimum principles is an alluring one which has occupied scientists for 
centuries. The first such principles were Fermat’s principle of least time in 
optics and Maupertuis’ principle of least action in mechanics (see Yourgrau 
and Mandelstam, 1968). In 1744 the mathematician Euler expressed the 
hope : 

As the construction of the universe is the most perfect possible, being the 
handiwork of an all-wise Maker, nothing can be met with in the world 
in which some maximal or minimal property is not displayed. There is, 
consequently, no doubt but that all the effects of the world can be 
derived by the method of maxima and minima from their final causes as 
well as from their efficient ones. 

335 
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I t  is clear from Chapters 8 and 9 that this hope is not to be realized. 
The theorem of minimum rate of entropy production has sometimes been 
advanced to serve for this general minimum principle and we examine its 
validity below. As Kaplan (1969) remarks “.  . . this is one expression of the 
desire for unity and simplicity which motivates all scholars.” While the goal 
is admirable, we need to be explicit about what has been achieved. 

We use the term variational principle only for the classical formalism 
described in Section 7.1. To find a variational principle of the nonlinear or 
linear problem 

N(u)  - f = 0,  (10.1) 

wc use the “adjoint” equation using Frechet differentials, as in (9.75). The 
variational integral is? 

f ( u ,  c) = j [ o N ( u )  - zf- ug] dV,  (10.2) 

and the first variation is - 
61  = J{61-“(u) -f] + 6U“”’V - g ] }  dV = 0. (10.3) 

Thus we can define an “adjoint variational principle” for the problem 
(10.1) and its adjoint - 

N,’u - 9 N*(u, V )  - g = 0. (10.4) 

In  contrast we can write a variational equation 

SJ = J “(u) -f] 6u dV, (10.5) 

where the bar over 6J  indicates that J may not exist, that is, Eq. (10.5) is not 
necessarily the variation of any functional. Equation (10.5) is called a “quasi- 
variational principle.” It is a variational equation and a variational integral 
may not exist. Another approach is to write (10.2) as 

K(u, U O )  = J “ ( U O )  - f l u  dV. (10.6) 

Variations are made with respect to u while keeping uo fixed: 

6 , f  = “ ( U O )  - f ] S u  dV. i (10.7) 

t In time-dependent problems integration over time is included as well. 
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The notation 6,Z refers to variations only in u. After the variation we set 
u = uo and recover Eq. (10.1) as the “ Euler equation.” This type of principle 
is called a “restricted variational principle.” It differs from an adjoint 
variational principle because, in place of the Euler equation for the adjoint 
(10.4), we use u = uo. 

Clearly the adjoint variational principle makes the functional (10.2) 
stationary. In the quasi-variational principle there is no variational integral 
to be made stationary. For the restricted variational principle the functional is 
not stationary unless 

N*(u, u) - g = 0, 

which results from setting = u = uo in (10.4). 
The variational approaches of Rosen, Glansdorff and Prigogine, and Biot 

are examined in the light of these definitions after the entropy balance equa- 
tion is introduced. 

(10.8) 

10.2 Entropy Production 

Begin with the Cauchy momentum equation (1.13), the continuity equa- 
tion of Eq. (1.15) and a total energy balance: 

dP _ -  - - p v - u  
dt 

d(+U* + U )  
= -V * Q  + pu .P + V * (U - T) - V * (up). 

dt 

(10.9a) 

(10.9b) 

(10.9~) 

We leave completely free the choice of constitutive relations and equation of 
state necessary to completely specify a particular material. Implicit in the 
equations is the assumption of local equilibrium, that is, the internal energy 
function can be defined at each position and time even though the system is not 
in thermodynamic equilibrium, and the same equation of state is valid for 
equilibrium situations as for nonequilibrium situations. 

The kinetic energy equation is derived by taking the scalar product of u 
into the momentum equation. This is then subtracted from the energy balance 
to  give the internal energy equation : 

dU 
p - = dt 

- 4 .  . - 
1.1 Puj,j + ui,jTij. (1 0.10) 
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The entropy balance is derived from the First Law of Thermodynamics in the 
form 

dU = T dS - p dV. (10.11) 

By definition V = I / p  and we assume that (10.11) is valid in a convected 
coordinate frame : 

dC' dS p dp _ -  - T - + - - .  
dt d t  p2 d t  

(10.12) 

Substitution of (10.12) into (lO.lO), and use of the continuity equation 
(10.9b) gives 

(10.13) 

The last term in the equation is the viscous dissipation and is denoted by a. 
The entropy balance can be rearranged to give the form of a balance equation: 

d S  @ 
p z =  - v -  (;) + q . v ( f )  +-. T 

This is in the general form of a balance equation, 

dS 
dt 

p - = V * j + CJ. 

(10.14) 

(10.15) 

When this equation is integrated over the volume dV, and when Reynold's 
transport theorem (Aris, 1962) and the divergence theorem are applied, then 
the equation takes the formf 

- / t S d V = / n * j d S +  d 

dr S 

(10.16) 

The terms can be identified as the rate of change of entropy, the rate of trans- 
fer of entropy between the surroundings and the system, and the rate of 
entropy production. Thus we can call the last two terms in (10.14) the rate of 
entropy production per unit volume, 

CJ = q * V ( I / T )  + @/T. (10.17) 

For an incompressible, Newtonian fluid in an isothermal situation when 
inertial terms are negligible and body forces are conservative, the variational 
principle (8.102) means that the viscous dissipation, @, is minimized. Since 

t The symbol S denotes both entropy and surface area. The usage is clear from the 
context. 
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the dissipation differs by only a constant factor from the rate of entropy 
production, we can also interpret this physical situation as one which mini- 
mizes the rate of entropy production. Possible extensions to more general 
situations are discussed in Section 10.4. 

The Dirichlet integral is minimized for the steady-state temperature 
distribution (see Section 7.2) under assumptions of no motion, Fourier's law, 
and constant thermal conductivity : 

D(T) = + J k  VT - VT dV. ( 10.1 8 )  

This integral differs slightly from the rate of entropy production for the same 
situation 

(10.19) 

Here Trepresents the absolute temperature, and for small temperature changes 
near room temperature the factor T-' is approximately constant. Then the 
governing variational principle (10.18) can be interpreted as minimizing the 
rate of entropy production. 

10.3 Heat Transfer 

We consider here variational principles for heat transfer which have been 
motivated by the principle of minimum rate of entropy production. The vari- 
ational principle for steady-state heat conduction (Section 7.2) simplifies 
under assumptions of no heat generation, thermal conductivity a function of 
position only, and the temperature is specified on the boundary S. 

Minimize @(T) among all functions satisfying T =  TI on S which are 
continuous and have continuous second derivatives : 

@(T) = /+k(x)VT * VT dV. (10.20) 

The Euler equation is V * (kVT) = 0. In applications the energy equation is 
thus satisfied approximately, whereas the constitutive relation q = - kVT is 
satisfied exactly. This situation is reversed for the reciprocal variational prin- 
ciple. 

Maximize Y(q) among functions q which have continuous first derivatives 
and which satisfy V - q = 0 in V,  

1 
Y(q ,  T )  = 1 (- q - q)  dV - I n  * qT, dS.  

u S 

(10.21) 
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The restriction is handled using a Lagrange multiplier and adding AV - q to 
the functional. The Euler equations and natural boundary conditions are then 

q/k + VT = 0 in  V ,  

T - T , = O  onS ,  
(10.22) 

where the Lagrange multiplier has been interpreted as the temperature. 

of entropy production. Define the three integrals 
Onsager (193 I )  presented similar variational principles based on the rate 

s(q) = - [(V * d/TI d V ,  s*(q,,) = I ( n  - q/T) dS, 
(10.23) 

O(q) = j (q - R * q/2T) dv, 

which can be identified as the entropy accumulation [see (10.13)], the entropy 
outflow [see (10.16)] and a dissipation function which is one-half the rate of 
entropy generation [related to (10.17)]. R is assumed to be symmetric and 
positive definite. The first principle is the following. 

Maximize the functional A(q, T) among vector functions q which have 
continuous first derivatives and satisfy V - q = 0 in V. The temperature is a 
prescribed function in V which satisfies the boundary condition T = f o n  S :  

The first variation is 

6.4 = 1 [(V - 6q)/T] dV + [ 6q - [V(I/T) - R * q/T] dV. (10.25) 

Since the equation V * q = 0 is satisfied by the variation, too, the Euler equa- 
tion becomes 

V(I/T)= R-q/T.  (10.26) 

For an isotropic media with R i j  = dij/kT this reduces to Fourier’s law, 

- k V T = q .  (1 0.27) 

Consequently the Euler equation is the constitutive relation. The second 
variation is negative definite and hence satisfies the necessary condition for a 
maximum principle: 

f i 2 A  = - (6q * R * dq/T) dV 2 0 .  (10.28) I 
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For the exact solution S* = 2 0  so that the function A becomes just @ and the 
principle corresponds to maximizing the rate of entropy production. 

Onsager also gives a principle which is reciprocal to this, except for different 
boundary conditions. 

Minimize @(q) among vector functions q which have continuous first 
derivatives and satisfy 

V * q = O  inV, n - q = f  onS.  (10.29) 

The first variation and Euler equations are 

S s [q * R * q/2T + ,I V * q] dV = 0, 

6q: R . q/T - VA = 0, 

62: v .  q = 0. 

( 10.30a) 

(10.30b) 

( 1  0.30~) 

Identifying the Lagrange multiplier 2 = 1/T gives Eq. (10.26). The second 
variation satisfies the necessary condition for a minimum principle : 

v 

6 ’ ~ = s [ S q . R . 6 q / T ] d V ~ O .  (10.31) 

Thus the rate of entropy production is being minimized. 
Comparing the principle based on entropy production (10.29) to the 

variational principle (10.21) [or (7.59) for the same boundary conditions] 
reveals an important difference. The principle (10.29) requires that the tem- 
perature be a known function of position, whereas this is not required in 
(10.21) or (7.59). Consider Eqs. (10.29) and (10.30) for the case when R = 

U/kT. Then the solution to the variational principle satisfies 

V * (kT2 VA) = 0. (10.32) 

This is valid when T is any arbitrary, known function of position, and the 
variational principle makes q satisfy (10.30b) and ,I satisfy (10.32). Only if T 
is the exact solution to V * (k VT) = 0 can we make the identification i = 1/T 
to have Eqs. (10.30b), (10.30c), and (10.32) correspond to V - (k VT) = 0. 
Thus we can interpret the variational principle (10.29): when the temperature 
is known, the heat flux which corresponds to the minimum rate of entropy 
production is the heat flux satisfying Eqs. (10.30b) and (10.30~). 

Another form of the theorem of minimum rate of entropy production is 
the following. 

Minimize the functional Z(T) among all functions Twhich have continuous 
second derivatives and satisfy T = f on S :  

Z(T)= JLV(I/T)*V(I/T)dV= J(L/T4)VT.VTdV. (10.33) 
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If  L is independent of temperature this yields the Euler equation 

V . [LV( l /T)]  = - V * [(L/T2)VT] = 0. (10.34) 

Clearly this reduces to the heat conduction equation only when L/T2 = k.  
When kTZ is not constant the theorem of minimum rate of entropy production 
does not correspond to steady-state heat conduction. When 1/T2 is approxi- 
mately constant the rate of entropy production for the actual temperature 
distribution is not much different from the actual minimum. 

Rosen ( I  953) manipulated Onsager’s results in order to apply them to the 
unsteady-state heat transfer. The equations are now 

(10.35) 

The generalization to (i0.29) is the following. 

Minimize @(q) among vector functions q which have continuous first 
derivatives and satisfy -V - q = pC, dT/dt in V and n q = f on S :  

0 = J- (q * q/2k) d v. (10.36) 

The Euler equation is derived using Lagrange multipliers: 

q = k V I E  - k VT. (10.37) 

Notice that again T (or rather dT/dt) must be known throughout the region 
and the functional is also a function of time. Rosen also presented another type 
of variational principle. 

Make the functional I(T, dT/dt) “stationary” to variations in T with 
continuous second derivatives while keeping aT/at fixed and requiring T = f 
on S :  

(1 0.38) 

Rosen calls this a restricted variational principle because the time derivative 
is fixed while the temperature is varied. Rosen’s treatment is clearly outside 
the framework of the calculus of variations. To see this let us calculate the 
variation by substituting T(x, t )  = T*(x, t )  + E ~ ( x )  into the integral of Eq. 
(10.38). The T* refers to the “stationary” solution (stationary with respect 
to the variational principle, not time) and q is restricted to be a function of x 
because the time derivative cannot be varied. We get 

(10.39) 
dQ, aT* 
ds l e z 0  = jq[PC. dt - V ‘ ( k  VT*)  
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The next step in calculus of variations is to invoke the fundamental lemma. 
Here, however, we run into a difficulty. The term in brackets is a function of 
time and the q(x) is a function only of x. Pick a time t and suppose the term 
in brackets is nonzero for some x. Since q is arbitrary it can be chosen such 
that the integral is positive, which violates the condition that the result be 
zero. Thus the term in brackets must be zero at that time. Next assume the 
term in brackets is not zero for some other time. Now q is not arbitrary because 
it is not a function of time and the same q must be used for all time. Thus it 
is not possible to conclude that the term in brackets is zero. Consequently 
in this type of restricted variational principle the integral is not stationary. 
When the restricted variational principle is used for computations we might 
expect that the results are equivalent to those derived by the Galerkin method, 
since this is also the case for problems with true variational principles. 
This has been shown by Finlayson and Scriven (1965, 1966, 1967), and the 
reader can easily verify it by taking T = T(ai(t), x, t )  and applying the two 
methods. In the Galerkin method the weighting function is aT/aai [in place 
of q in (10.39)]. 

Gyarmati (1969, 1970) employs similar variational principles. In Gyarmati 
(1969) he takes the variation of 

= I [J  * X  - & X *  L * X  - &J * R * J] dV (1 0.40) 

with respect to X and J (the forces and fluxes) subject to the balance equation 
pa' + V * J = J . X .  (10.41) 

The time derivative a', is held constant in the variation,? just as aT/& was 
held constant in (10.36). Thus this principle is a restricted variational principle, 
too. 

Another extension of Onsager's approach is the local potential method 
(Glansdorff and Prigogine, 1964; Prigogine and Glansdorff, 1965; see also 
the symposium volume, Donnelly et al., 1966). We outline their approach for 
the following nonlinear problem: 

aT 
pC, - - V * ( k V n  = 0 in V ,  

kn * VT + h(T - T,) = 0 on S, 

at 
(1 0.42) 

T =g(x) in V,  t = 0. 

t This is explicitly pointed out in Gyarmati (1970, p. 165). Furthermore, if the constraint 
(10.41) or (10.35) is incorporated into the functional by means of Lagrange multipliers and 
variations taken without keeping a' or aT/at fixed, incorrect results are obtained; e.g., 
a(hp)/at = 0. The h must be h(x, t )  and arbitrary, however, to recover the constraint (10.35), 
(10.41) for all time, as we found in (10.39). 
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The initial temperature field g and the external temperature T, are given. The 
density p. heat capacity C,, thermal conductivity k ,  and heat transfer co- 
efficient h are all functions of temperature. We obtain the local potential by 
multiplying Eqs. (10.42) by a variation 6T and integrating over the volume 
and surface, respectively. Combination of the equations gives 

l?T 

c?t 
( ’ jk  S(VT)2 dV + [(dT)pC” - dV + 6 ( T -  T,)’ dS = 0. (10.43) 

Clearly there is no functional and this is a quasi-variational principle. The 
quasi-variational principle can be converted into a restricted variational 
principle by introducing an alias To (x, t )  for temperature and setting 

k = ko  3 k(TO), h = h,, 

(10.44) 

/’ = Po,  c, = c o ,  

In any variation To is held fixed so that the variations in (10.43) can be taken 
outside the integral sign, and the result integrated with respect to t to give 
the local potential : 

1 
@(T, To) = \‘ 1 [2 li,(VT)’ + po Co T 

‘ 0  L’ 

. r  . 1 + I ! - ho(T - T,)’ tlS cl t  
‘ 0  .s2 

(10.45) 

The restricted variational principle is the following. 

Make the local potential @(T, To) “stationary” with respect to variations 
in T while holding To constant. After the variation set To = T. 

We derive the Euler equations by considering &T + EZ, To + cOZO). Since 
the functional depends on two variables the first variation is 

(10.46) 

The Euler equations and natural boundary conditions are, after the subsidiary 
conditions T = T o ,  Z = Z ,  are invoked, 

(10.47a) 
(7 T 
d t  

/)C,- - V * ( k V T ) = O ,  

lin - V T  + /i(T - T,) = 0, (10.47b) 
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( T  - T,)’ = 0 on S ,  pC, 6T = 0 at t = t .  (10.47d) 

Clearly these cannot all be satisfied and the variational integral is therefore 
not stationary when only Eqs. (10.47a) and (10.47b) are satisfied. Com- 
putations using this “principle” are also equivalent to the Galerkin method 
(Finlayson and Scriven, 1967). 

Next, assume we know the solution to Eqs. (10.47a) and (10.47b), which 
we call T*. Then set To = T* in the local potential (10.43, which is then a 
functional of T alone. The variation of @ is easily found: 

1 dh 

2 dT 
_ -  

d ( ~ )  = @(T + E V ,  T*), 6 0  = E - . 2 /r_O 

The Euler equation and natural boundary condition are 

aT 
p*C* - - V . (k*VT) = 0,  

at 

(10.48) 

( 1  0.49) 
k*n.  V T  + h*(T - T,) = 0. 

The solution to Eqs. (10.49) is the solution to Eqs. (10.47a) and (10.47b), too. 
Thus we obtain the correct Euler equations. Furthermore, the functional 
@(T, T*)  is a minimum for the T which solves Eqs.  (10.49), since 

E 2  

We have the somewhat puzzling situation that if the exact solution is known 
we can find a variational principle for it, but if it is not known the functional 
(10.45) is not even stationary. The local potential was interpreted as an evo- 
lutionary criterion by Prigogine (1966). It is clear that if w’e take To = T*, 
u,here T* is the known exact solution to (10.47a) and (10.47b), then the local 
potential @(T, T*) is a minimum \vhen T satisfies (10.47a) and (10.47b).t v, 
however, To is not known, and the oariational principle ( 1  0.45) is applied, 
Icith T = To after the cariation, then the functional is not stationary, or a 
minimum. This has been proved by Finlayson and Scriven ( 1  967), and follows 
from Eqs. (10.47a)-(10.47d). Despite this, advocates of the local potential 

t This means that during the evolution towards a steady state the local potential O(T, T*) 
is above its value achieved at steady state, since the transient solution to Eqs. (10.47a,b) is an 
admissible function and the minimum of @(T, T*)  occurs for the steady state. This is not 
true of the rate of entropy production. See Li (1962) for an example. 
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method continue to say that CI in (10.45) is minimized with respect to the 
variational parameters. This is not true if the principle is applied as described 
in  (10.45). 

There is still a third approach for the same problem-the Lagrangian 
thermodynamics advanced by Biot (1957, 1959, 1962, 1967, 1970). This 
approach is a quasi-variational principle-there are no variational integrals 
and the principle is stated in terms of a variational equation. Consider a heat 
transfer problem with convection: 

p ~ ,  rg + u .  VT) = v - (k  vT)  in V ,  

kn * V T  + /i(T - T,) = 0 on S, 
(10.51) 

T = g ( x )  in  V ,  t = 0. 

For convenience here we take the physical properties to be functions of po- 
sition but not of temperature. Several auxiliary functions are introduced: 
a total heat, h, and a heat flow vector, H, defined (not uniquely) by 

11 = ITpC, 0 dT, (10.52a) 

h = - V . H  in V ,  (10.52b) 

3H 

dr  
n - - = k n - V T  onS.  ( 1  0.52~) 

The thermal potential, V .  and variational invariants, 6D and 6 D , ,  are 
introduced (note that D and D, are not defined): 

d V = / " T d h i l V =  - T V - h H d V ,  
(10.53) s I.' = J,, d h  d V, 

The '' variational principle " is then expressed as a quasi-variational principle: 

t j v + G D + S D , =  - ~ , n . d ~ c i ~ .  (10.54) 

By means of the divergence theorem, (10.54) can be written to show the 
Euler equation and natural boundary condition : 

Js 

(10.55) 
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The divergence of k times the first term in brackets gives the original equations 
(10.5 1). 

This quasi-variational principle does reproduce the original equations, 
but it is unduly complicated. Note that Eqs. (10.52b) and (10.52~) must be 
solved exactly. Since it is usually easy to make good guesses for trial functions 
for the temperature, we must then solve a partial differential equation exactly 
before proceeding to apply the quasi-variational principle. For two- or three- 
dimensional problems this is a serious disadvantage. Since no variational 
integrals are made stationary, that common advantage of variational principles 
is lost. The Galerkin method has been shown to give the same approximate 
solution, if formulated in terms of the same variables, H and h, so that the 
quasi-variational principle gains no advantage in applications (Finlayson 
and Scriven, 1965, 1967). The Galerkin method applied in terms of temper- 
ature alone, without the introduction of “ total heat ” and ‘‘ heat flow 
vectors,” is much simpler and certainly would be preferred in computations. 
The examples solved by Biot do provide an illustration of approximate 
solutions useful in a variety of one-dimensional problems (see Biot, 1970; 
Hiraoka and Tanaka, 1968). 

Biot attempts to interpret his quasi-variational principle in terms of 
minimum rate of entropy production. As shown elsewhere (Finlayson and 
Scriven, 1967) the interpretation applies only to the approximate solution, 
not necessarily to the exact solution, so that the physical meaning of the 
principle is somewhat vacuous. 

In summary: steady-state heat conduction with constant thermal con- 
ductivity is governed by the Dirichlet principle. This is approximately the 
same as the minimum rate of entropy production. If  the thermal conductivity 
varies as k = constant/T2 then the theorem of minimum rate of entropy 
production governs the problem. The entropy production theorem is not 
valid for other k(T)  or when convection or transient effects are included. 
Computations based on the principles of Rosen, Gyarmati, Glansdorff and 
Prigogine, or Biot are equivalent to those based on the Galerkin method. 

10.4 Fluid Mechanics 

The concept of a minimum rate of entropy production has also been 
applied to fluid mechanics. Onsager felt the principle governed all fluid 
flow. He reports (Onsager, 1969) “. . . for all the complications of hydro- 
dynamics a ‘ principle of least dissipation ’ derived by Helmholtz assured the 
symmetry.” The results of Chapter 8 indicate that this is an oversimpli- 
fication. Millikan (1929) was unsuccessful in deriving a variational principle 
for the full, steady-state Navier-Stokes equations, non-Newtonian fluids 
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often do not have minimum principles, and the inertial terms are not included 
in any of the variational principles involving dissipation. We see below that 
both inertial and dissipation terms are included in variational principles 
only by means of restricted variational principles, in which case the variational 
integral is not stationary, or by including the adjoint equation as in Chapters 
8 and 9. 

I n  heat transfer problems we faced a similar problem. We could formulate 
a variational principle for the steady-state part of the equation but not the 
time derivative. In a restricted variational principle the time derivative was 
held fixed during variation. In fluid flow we can do the same thing-formulate 
a variational principle for the viscous part of the equation and hold the 
inertial terms fixed during the variation. Restricted variational principles 
similar to this were presented by Miche (1949), (and criticized by Gerber, 
1 %O), and Herivel ( 1  954a,b). We discuss here the approach taken by 
Schechter (1962), which is based on the Local Potential, and contrast it with 
other variational principles for non-Newtonian fluids. 

We consider the steady-state momentum balance for an incompressible, 
Reiner-Rivlin fluid in a volume V ,  and take boundary conditions as velocity 
specified on the boundary S: 

,. 
p u . ~ .  . = p F .  - p  .+ T.. . 

(10.56) 
Tij = Gl(lI, Ill)dij + G2(l l ,  l l l ) d i k d k j .  

(See Section 8.4 for the notation.) When the inertial terms are negligible we 
have the variational principle of Eq. (8.102). The restricted variational 
principle given by Schechter (1962) includes the inertial terms and permits 
more general functions GI and G 2 .  

I 1 . J  1 . I  J 1 . J ’  

Make “stationary” the integral I(u, u”) among functions u which satisfy 
the boundary conditions, u = f on S and are solenoidal. After the variation 
set u = uo: 

The partial first variation is 

(5, I = /:[puyug - Gydij - G:dikdkj],j 6ui - + pp i ]6u i }  dV = 0. 

(10.58) 

After setting up = ui we obtain (10.56) as the Euler equation. The first 
variation with respect to uo does not vanish, however, so that the integral 
is not stationary. 
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It is perhaps worthwhile to summarize the situations when a theorem of 
minimum rate of entropy production is valid. Beginning with the full momen- 
tum equations, if time-dependent terms or inertial terms are included then 
the theorem is not true. If these terms are absent, but the fluid is non-Newtoni- 
an, the theorem is true only if the forces are conservative, S, = 0 (the velocity 
is specified on the boundary), and dijTi j  in (10.13) is proportional to r in 
(8.102). As revealed by Eqs. (8.131) and (8.132) this is true for the power 
law fluid, or a special case of it, the Newtonian fluid. In more general cases 
the variational principle which reproduces the equations of motion does not 
involve an integral which is proportional to the rate of entropy production, so 
that the theorem of minimum rate of entropy production is not valid. The 
restricted variational principles and quasi-variational principles are equivalent 
to a Galerkin method. An adjoint variational principle, the Galerkin method, 
or another criterion of MWR, is then preferred due to its simplicity and 
generality. 

EXERCISES 

10.1. Consider heat transfer in a slab with constant thermal conductivity: 

-- -0 ,  T(0) = 1, T(l) = 1 + a, a 2 0 .  d2T 
dx2 

The solution is T = 1 + ax. The variational principle governing this 
problem is Eq. (7.48). Minimize 

dT 2 d x  
= Jo (z) 

among continuous T(x) with continuous second derivatives and which 
satisfy T(0) = I ,  T(l) = 1 + a. 

The local potential for this problem is 

and @(T, T )  is the rate of entropy production. Find the Euler equation 
for the local potential (vary T-’ but not To;  after variation set T = To) 
and solve it subject to the boundary conditions on T. This T then “mini- 
mizes ” @(T, To) among all T satisfying the boundary conditions. 
Calculate the value of Q, for this T (and To = T ) ;  call it Q1. 

Next find the minimum of @(T, T )  among functions satisfying the 
boundary conditions; call it 02 .  Prove Q2 I O1. Thus the lowest 
value of the rate of entropy production does not occur for the solution 
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to the steady-state heat conduction equation. The principle of minimum 
rate of entropy production does not hold. 
Answer: T = I + nx “ minimizes ” @(T, To) if To is held fixed during 
the variation and T = To after the variation; = @(I + ax, 1 + ax) 
= n z / ( I  + N ) ;  In T = x In (1 + a )  minimizes @(T, T )  and Q2 = [in 

10.2. Consider the Exercise 3.15, to be solved for small time with a trial 
( 1  + u > y .  

soliltion of the form of Eq. (3.20), with c = (1 -- ~ 1 ) ~ .  

(a) First apply Lagrangian thermodynamics. Show that with this c, 
Eqs. (10.52) gives 

H = ’  3 q  - x + x 2 / q  - x3/ (3q2) .  

Why must €1 = 0 at x = q? Next calcu!ate SH and dH/dt,  and 
substitute into Eq. (10.54). The variation SH is taken with respect 
to 4 :  

Solve for q(t) .  

trial functions for c and H. 

Which Galerkin method is easier to apply, b or  c? 

(b) Next apply the Gdlerkin method to Eq. (10.55), using the same 

(c) Finally, apply the Galerkin method as done in Chapter 3, Eq. (3.23). 

Answer: (a) q2 = 11.3t ,  (b) q2 = 11.3t, must be the same as in (a), 
( c ) q 2  = 13.3t. 

REFERENCES 

Aris, R. (1962). ’’ Vectors, Tensors, and the Basic Equations of Fluid Mechanics.” Prentice- 

Biot, M. A. (1957). New Methods in Heat Flow Analysis with Applications to Flight Struc- 

Biot, M.  A. (1959). Further Developmentsof New MethodsinHeat-Flow Analysis,J. Aerosp. 

Biot, M. A. (1962). Lagrangian Thermodynamics of Heat Transfer in Systems Including 

Biot, M. A. (1967). Complementary Forms of the Variational Principle for Heat Conduction 

Biot, M. A. (1970). “Variational Principles in Heat Transfer.” Oxford Univ. Press (Claren- 

Hall, Englewood Cliffs, New Jersey. 

tures, J .  Aero. Sci. 24, 857-873. 

S C ~ .  26, 367-381. 

Fluid Motion, J .  Aerosp. Sci. 29, 568-577. 

and Convection, J .  Franklin Inst. 283, 372-378. 

don), London and New York. 



REFERENCES 351 

Donnelly, R. J., Herman, R., and Prigogine, I. (eds.) (1966). “ Non-Equilibrium Ther- 
modynamics, Variational Techniques, and Stability.” Univ. of Chicago, Chicago, 
Illinois. 

Finlayson, B. A., and Scriven, L. E. (1965) The Method of Weighted Residuals and Its 
Relation to Certain Variational Principles for the Analysis of Transport Processes, 
Chem. Eng. Sci. 20, 395404. 

Finlayson, B. A., and Scriven, L. E. (1966). Galerkin’s Method and the Local Potential, 
in “ Non-Equilibrium Thermodynamics,Variational Techniques and Stability,” (R. J. 
Donnelly, R. Herman, and I. Prigogine, eds.) pp. 291-294. Univ. of Chicago, Chicago, 
Illinois. 

Finlayson, B. A., and Scriven, L. E. (1967). On the Search for Variational Principles, Znt. 
J. Heat Mass Transfer 10, 799-821. 

Gerber, R. (1950). Observations sur un Travail Recent de M. Miche, J. Math. Pures Appl. 

Glansdorff, P., and Prigogine, I. (1964). On a General Evolution Criterion in Macroscopic 

Gyarmati, I. (1969). On the “Governing Principle of Dissipative Processes” and its 

Gyarmati, I. (1 970). “ Non-Equilibrium Thermodynamics.” Springer-Verlag, Berlin. 
Herivel, J. W. (1954a). A General Variational Principle for Dissipative Systems, Proc. Royal 

Zrish Acad. 56A, 3744. 
Herivel, J. W. (1954b). A General Variational Principle for Dissipative Systems. 11, Proc. 

Royal Zrish Acad. 56A, 67-75. 
Hiraoka, M., and Tanaka, K. (1968). A Variational Principle for Transport Phenomena, 

Part 2, Applications to Several Problems (in English), Memoirs Far. Eng., Kyoto Uniu. 
30, 397-418. 

Kaplan, S. (1969). Variational Methods in Nuclear Engineering, Aduan. Nucl. Sci. Tech. 
5 ,  185-221. 

Li, J. C. M. (1962). Caratheodory’s Principle and the Thermokinetic Potential in Irreversible 
Thermodynamics, J. Phys. Chem. 66, 1414-1420. 

Miche, R. (1949). Sur la Reduction a un Principe Variationnel du Mouvement non Lent des 
Fluides Visqueux, J. Math. Pures Appl. 28, 151-179. 

Millikan, C. B. (1929). On the Steady Motion of Viscous Incompressible Fluids; with 
Particular Reference to a Variation Principle, Phil. Mag. [7] 7, 641-662. 

Onsager, L. (1931). Reciprocal Relations in Irreversible Processes. I, Phys. Rev. 37,405426. 
Onsager, L. (1969). The Motion of Ions: Principles and Concepts, Science 166, 1359-1364. 
Prigogine, I.  (1966). Evolution Criteria, Variational Properties, and Fluctuations in “ Non- 

Equilibrium Thermodynamics, Variational Techniques, and Stability,” (R. J. Donnelly, 
et al., eds.), pp. 3-16, Univ. of Chicago, Chicago, Illinois. 

Prigogine, I., and Glansdorff, P. ( I  965). Variational Properties and Fluctuation Theory, 
Physica 31, 1242-1256. 

Rosen, P. (1953). On Variational Principles for Irreversible Processes, J. Chem. Phys. 21, 
1220-1 22 I .  

Schechter, R. S. (1962). On a Variational Principle for the Reiner-Rivlin Fluid, Chem. Eng. 
Sci. 17, 803-806. 

Yourgrau, W., and Mandelstam, S. (1968). “Variational Principles in  Dynamics and 
Quantum Theory,” 3rd ed. Pitman, London. 

[9] 32, 79-84. 

Physics, Physica 30, 351-374. 

Extension to Non-Linear Problems, Ann. Phys. 23, 353-378. 



Chap t e I' 

I1  
Coilvergerice arid Error  Bouizcls 

We have postponed the question of convergence and error bounds 
because those subjects require special notation and mathematical background. 
In  the previous chapters we considered only numerical convergence of the 
successive approximations. This is sufficient for many purposes, but more 
detailed mathematical justification is often available. We present a summary 
of results to acquaint the reader with the scope of information available. The 
theorems are stated in as much detail as space permits, and the mathematically 
inclined reader is referred to the original references for complete details. 

11.1 Definitions 

These definitions serve merely to identify the terminology, which is 
presented in more detail in standard references on analysis (cf. Courant and 
Hilbert, 1953, Mikhlin, 1964, Collatz, 1966a). 

We take x = (x l , .  . . , x,) as a point in n-dimensional Euclidian space 
E n ,  V is a bounded domain in E n ,  S is the boundary of V ,  v =  V u S,  
Q = V x (0, T ) ,  where T is a positive number, 0 5 t I T. 

The class of functions which is k-times continuously differentiable is 

352 
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denoted by Ck( V) .  The class of functions that are square integrable over Q is 
denoted by Yz( Q), with the scalar product and norm 

(u, u) = /;u dx dt, I(u(1 = (u, u)'". (11.1) 

A sequence of functions 4k is said to  be orthonormal if (&, $,,J = d k m .  
W'( V )  is the Hilbert space of functions u(x) such that u and du/dxi E Y2( V ) ,  
with scalar product 

(11.2) 

The space W ' * ' ( Q )  is the Hilbert space of functions u(x, t )  for which u, du/ 
dxi , and du/dt E Yz(Q) with the scalar product 

( U , U ) , , ~  d x d t .  (11.3) 

A subscript zero, Wo( V) ,  means that the functions vanish on S, and for Wo( Q) 
the functions vanish on S x (0, T).  

Consider the linear operator L with a field of definition D, ,  that is, Lu is 
defined for u E DL. The inner product is 

(u, u ) L  = (u, Lu) = J ULV dx. 
U 

(1 1.4) 

The operator is symmetric if for elements u and v in D ,  

(u, Lu) = (u,  Lu). (11.5) 

The operator is positive definite if for any function in DL, not identically zero, 

(24, Lu) 2 0, (11.6) 

and is positive bounded below if for any u E D, 

(u, Lu) 2 y(u, u), y > 0. ( I  1.7) 

Take the functional F(u) and a sequence of functions {u,}. If 

lim F(un) = d, where A = inf F(u), (11.8) 

then the functions {u,} constitute a minimizing sequence for the functional F. 
The infimum (or inf) is the greatest lower bound. Even though the functional 
converges to d, the minimizing sequence may not converge to a function in the 
space, as is illustrated in Section 11.2. There may be no function in the space 
which gives the minimum value. 

n - t m  

If we wish to solve 
L u - f = Q ,  (11.9) 



354 1 1  CONVERGENCE AND ERROR BOUNDS 

the solution is called a classical solution if Eq. ( 1  1.9) is obeyed everywhere in 
V. A generalized solution is one which obeys 

(4. Lu -f> = 0 (1 1.10) 

for all possible 4 in a given class. 

E > 0 we can find an t j  such that 
There are several types of convergence. Uniform convergence : given 

l4x> - ufl(x> I < &. ( 1  1.1 1) 

Convergence in the mean implies 

/ I  u 

I U  

The energy is defined 

- uflll < &. (11.12) 

= (u ,  Lu) (11.13) 

and consequently involves derivatives of u. Convergence in energy requires 

111 - u , l <  E .  (11.14) 

With convergence in the mean the converging sequence may not approach the 
limit function at every point in the domain, but the regions in which the 
converging sequence differs from the limit function become vanishingly small 
as n + m. Convergence in energy permits similar things to  happen to  deriva- 
tives of the sequence. The corresponding error bounds are pointwise error 
( 1  1. I I ) ,  mean square error (1 1.12) and energy error ( 1  1.14) bounds. A 
sequence u, converges weakly to an element u of a space if 

(11.15) 

holds for all 4 i n  the space. The Galerkin method sometimes yields sequences 
which converge weakly to a generalized solution. 

A set of functions is said to be linearly independent if the only solution to 
n 

1 Cifi = 0  
i = O  

(11.16) 

is Ci == 0. If a set of functions is linearly dependent, then one function, say 
j f l ,  can be written in terms of the other functions. Inclusion off, in a series 
of approximating functions then represents needless duplication. 

The most important property (with respect to convergence) of a set of 
trial functions is that they form a complete set of functions. A set of functions 
is complete in a space if any function in the space can be expanded in terms of 
the set of functions: 

(11.17) 
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A set of functions complete for one space need not be complete for another 
space, so that it is necessary to specify the space, or class of functions. For 
example in Eq. (1 1.4) the class of functions is u E D, or those functions for 
which Lu is defined. The following theorem (Mikhlin, 1964, p. 66) holds: 

THEOREM 11.1. If an orthonormal set of functions {di} is complete in the 
sense of convergence in the mean, with respect to some class of functions, then 
the Fourier series of any function u of the given class 

(11.18) 

converges in the mean to this function. 

A system of functions is said to  be complete in energy if, for n sufficiently 
large, 

n 

i =  1 I 11- C C i b i  < E .  (11.19) 

One method to  prove a set of functions is complete is to show that the 
only function orthogonal to each member of the set is the null function 
(Courant and Hilbert, 1953, p. 110). We d o  not prove completeness here, but 
summarize some known results. Mikhlin and Smolitskiy (1967, p. 237) state 
the following theorem: 

THEOREM 11.2. Let dn E D,, where L is a positive definite operator and 
suppose that the sequence {Ld,} is complete in the given Hilbert space H .  The 
sequence {&} is complete in the energy space H L .  

Completeness in energy is required of trial functions, and Theorem 
1 1.2 means that trial functions must be capable of representing functions 4 
as well as derivatives L4.  

If L and N are positive definite operators and the spaces HL and HN 
contain the same members, any system that is complete in HL is complete in 
H N  and vice versa. This is useful for proving completeness. Consider the 
problem 

Lu = - (p(x)u’)’ + q(x)u = f ( x ) ,  

u(0) = u(1) = 0, (1 1.20) 

p ( x )  2 y > 0, q(x)  2 0. 

If we define 

Nu = - U” ~ ( 0 )  = U( 1) = 0, (1 1.21) 
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then the spaces H ,  and H N  consist of the same elements: functions for which 
u(0) = u( 1) = 0 and 

~o'[u'(x)]2 dx< co. ( 1  1.222) 

Functions which are complete for Eq. (11.21) are then complete for Eq. 
( 1  1.20). Examples are (Mikhlin and Smolitskiy, 1967, p. 238; Collatz, 1966a, 
P. 70) 

4" = xn ( 1  - x), 4" = sin nnx. (11.23) 

Weierstrass's theorem (Courant and Hilbert, 1953, p. 65) says that any con- 
tinuous function on a I x < b can be approximated uniformly bypolynomials. 
The derivatives can be approximated as well, which is a special case of 
Theorem 11.5. Collatz (1966a, p. 74) shows also that once we have an ortho- 
normal system of functions it is possible to generate new systems by means of a 
weight function p(x) which is positive and continuous on (a, 6) and lies 
between positive bounds m and M .  Similarly the polynomials used in ortho- 
gonal collocation are complete (see Theorem 11.19). 

For the problem 

the following system is complete in H ,  (assuming p Z m  > 0 and the pi are such 
that Lu is positive definite): 

4" = xn+Zm(l - X)*m. (1  1.25) 

For the two-dimensional problem 
2 

+ Cu = f ( x )  in V, 

u = O  onS,  (1 1.26) 

any system which is complete in the energy of the operator -V2 is also 
complete in the energy of the operator L. Two such systems for rectangular 
and circular geometries are 

(1  1.27) 
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where yj,i is the nth positive root of the Bessel function Jj (x)  and Ci,j is 
chosen such that l / c j i , j l l =  1. Babusko et al. (1966) discuss optimal approxi- 
mations to give guidance to the choice of trial functions. They find, for 
example, that both sets of trial functions (1 1.23) are optimal. The calculations 
using polynomials are unstable for large n( > 7) because the functions are 
“ almost ” linearly dependent. This result suggests that for high-order 
approximations the polynomials must be orthogonal, as in the orthogonal 
collocation method. 

Eigenvalue problems provide a convenient source of complete sets of 
functions, according to the theorem by Courant and Hilbert (1953, p. 424). 

THEOREM 1 1.3. Consider the variational problem 

(1 1.28) 

where H(u) is positive definite. Then the corresponding eigenfunctions, 
& i ,  are complete in the space of functions for which H(u)  = llull is defined. 

Many of the theorems which follow are for nonlinear problems. An 
operator is linear if, for any elements u, u in its field of definition and con- 
stants a, 6 ,  

L(au + bv) = aLu + bLv. (11.29) 
An equation is semilinear if the nonlinearities occur only in the function, 
but not its derivatives, for example, 

Lu = f ( x ,  u). (11.30) 
For these problems we need the concept of a Lipschitz constant K ,  

I f ( x ,  u)  - f ( x ,  u) I < KI - 0 I . (1 1.31) 

11.2 Boundary-Value Problems 

The power of theorems on convergence and error bounds depends upon 
the type of problem: the number of dimensions, the existence of a variational 
principle, and the effect of boundary conditions. Courant (1943) pointed out 
that convergence is improved as the order of the highest derivative increases 
and convergence becomes worse as the number of independent variables 
increases. The theorems below follow this pattern : pointwise convergence is 
established for ordinary differential equations and two-dimensional problems, 
whereas convergence in the mean holds for three-dimensional cases. Error 
bounds are available for problems with variational principles whereas few are 
available for nonlinear or non-self-adjoint problems. 
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We first consider convergence of a minimizing sequence, that is, one which 
makes the variational integral converge, I(u,) + I(u). It is tempting to  say 
that the minimizing sequence converges to  the solution, u,+u. This is 
correct for certain second-order ordinary differential equations, but is not 
necessarily true for partial differential equations, as is illustrated by the 
following example from Kantorovich and Krylov (1958, p. 337). 

Minimize I(u)  among all continuous functions u(r, 0) which have piece- 
wise continuous first derivatives and which satisfy u = 0 on r = 1 : 

1 2n  

I ( u )  = 1 [ur2 + ( ~ ~ / r ) ~ ] r  dr  do. 
0 0  

( 1  1.32) 

I(u) represents the Dirichlet integral, and the obvious solution is u = 0, 
giving I ( u )  = 0. Consider the following sequence of functions: 

2 O I r < a , ,  

a, I r I 1 .  
u, = Inr/lna,  - 1 ,  a, 2 5 r 2 a,, (11.33) 

This presents a surface which is one at  the center and falls rapidly to zero 
as r increases. For this function the integral (1 1.32) converges to zero as a, 
approaches zero. The function itself does not converge to the solution, since 
un(O, 0) = 1 for all n. Thus convergence of the functional does not necessarily 
imply uniform convergence of the function itself. In this case, however, 
convergence in the mean obtains since f(un - u)’r dr d0 + 0 as a, + 0. 

ib: 

Three- Dimensional Heat Conduction; Rayleigh-Ritz Method 

governed by the equation 
Steady-state heat conduction with a constant thermal conductivity is 

(1 1.34) u,,+ uyy + u,, = f ( x ,  Y ,  z). 

Mikhlin (1964, Chapter 3) proves Theorem (1 1.4). 

THEOREM 1 1.4. Consider the equation L(u) = f and assume that there is at 
least one solution with finite energy and that the operator is positive bounded 
below. The variational integral is F(u) = (Lu,  u)  - 2(u,f). Then 

( 1 )  There can be only one solution. 
( 2 )  Any minimizing sequence for the functional converges in energy 

and in the mean to the solution. 
(3) When the Rayleigh-Ritz method is applied, using coordinate 

functions which are complete in energy and linearly independent, the approxi- 
mate solution constitutes a minimizing sequence for the functional and hence 
converges in the mean to the solution. 
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To use this theorem it is only necessary to prove that the operator in question 
is positive bounded below and that the coordinate functions are complete. 
Mikhlin (1964, Section 22) does this for Eq. (1 1.34) under a variety of 
boundary conditions. It is positive bounded below for the set of functions 
which are continuous together with their first and second derivatives in 
the domain V and satisfy the boundary conditions 

or 
u = 0, (1 1.35a) 

&/an + DU = 0 on s, (1 1.35b) 

where u is a nonnegative function, not identically zero. For the Neumann 
problem, with boundary condition 

du/& = 0, (11.36) 

Eq. ( 1  1.34) is positive bounded below for the set of functions satisfying the 
same continuity requirements, and boundary condition (1 1.36)and suds = 0. 
For the Neumann problem to be unique it is also necessary that SfdS = 0. 

To prove the completeness of a system of functions we can use the 
following theorem, which is a generalization to two dimensions of Weier- 
strass's theorem in one dimension (Kantorovich and Krylov, 1958, p. 275). 

THEOREM 1 1.5. If the function u(x, y )  is continuous in a closed bounded 
region V ,  together with its partial derivatives, u, and u y ,  then for E > 0 one 
can find a polynomial P ( x , y )  such that in the region V the following in- 
equalities will be satisfied : 

I ~ x , Y )  - p ( x , ~ ) I  < E ,  ID, - pXl < E ,  Ivy  -pyl < E .  (11.37) 

Kantorovich and Krylov (1958, p. 276) construct such a polynomial for the 
boundary condition of the first kind. Assume there is a function w ( x , y )  
which is continuous and has continuous, bounded derivatives, w, and w,, , and 
satisfies 

w(x, y )  > 0 in V,  w(x, y )  = 0 on S.  (1 1.38) 

The following system of functions is then complete: 

& = w, fjl = wx, & = wy, & = wxy ). . .  . (11.39) 

Kantorovich and Krylov then describe various ways to construct the function 
w. Oftentimes the bounding contour is of the formf(x, y )  = 0 and it may be 
possible to take w = +f. For convex polygons with n boundaries aix + biy  + 
c ,  = 0, a possibility is 

w = n (six + biy + Ci ) .  (1 1.40) 
n 

i =  1 
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More difficult cases are also discussed by Kantorovich and Krylov. For 
boundary conditions of the third kind the following polynomial is complete: 

u, = a ,  + a2x + a 3 y  + a,xy +a,x* + ... . (11.41) 
The constants can be chosen to satisfy Eq. (1 1.35b) or the boundary con- 
dition can be satisfied as a natural boundary condition. Schultz (1969~) 
proves convergence and estimates the error (in energy) when the approximat- 
ing functions are spline functions. Theorems (1 1.4) and (1 1.5) imply conver- 
gence of the Galerkin and Rayleigh-Ritz methods applied to the linearized 
form of steady-state heat conduction [Eqs. (2.48), (2.50), and (7.47)]. They 
also imply convergence of the same methods applied to laminar flow through 
ducts [Eqs. (4.1), (7.62), and (7.63)]. 

Error bounds are less available. Kantorovich and Krylov (1958, p. 342) 
prove a theorem on error bounds for the following equation: 

which has the corresponding variational integral 
(a uJX + (b  uY),, - cu + f ( x ,  ,v), a, b > 0,  c 2 0, (1 1.42) 

I (u)  = 1 [a ux2 + b uy2 + cu2 - 2fu] dx dy. (1 1.43) 
S 

Under many assumptions they prove 

which means that uniform convergence obtains. To calculate the error bound 
it  is necessary to know a lower bound for I (u) ,  and this can be obtained by 
means of the reciprocal variational principle. Generally the kind of additional 
assumption which results in uniform convergence rather than convergence in 
the mean is that the derivatives of the approximate solute do not increase 
too rapidly by comparison to E , ,  for example 

1 u,(x, y )  - u(x,  Y )  1 S C [ E ,  In (~/~,)11", E, = I(u,) - I (u) ,  (1 1.44) 

lim E, In K, = 0. (1 1.45) 
Ja0(Un): dY K ,  5 n-m 

The interested reader is referred to Kantorovich and Krylov (1958) for 
additional details. In the proofs of these results the existence of a variational 
integral plays an indispensible role. Yasinsky and Kaplan (1968) have applied 
reciprocal variational principles to estimate the error in approximate solu- 
tions. The variational principle gives I(u,) and the reciprocal variational 
principle gives a lower bound for I(u). 

Transport Equation, Galerkin Method 

The steady-state transport equation 

(1 1.46) 
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is non-self-adjoint unless Bi = 0. There is no variational principle so that we 
consider convergence of the Galerkin method. Assume there exists a constant 
p o  such that for any point in Vand real numbers t i ,  

3 3 

Ai j  ti ti 2 p o  2 ti2. 
i , j = l  i =  1 

(1 1.47) 

The coefficients A ,  and their first derivatives are continuous in V and the 
coefficients Bi and C are continuous in i? We assume the problem has a 
unique solution. Mikhlin (1964, Section 24) proves that the operator 

(1 1.48) 

is positive bounded below for the set of functions which vanishes on S.  The 
convergence proofs are done in terms of the operator Lo and the remaining 
terms in the differential equation are bounded in terms of this operator and 
its inverse. Mikhlin (1964, p. 480) proves the following theorem. 

THEOREM 11.6. Assume the problem (1 1.46) is unique for the boundary 
conditions 

u = 0 on S , ,  au/an = 0 on S ,  , au/an + (TU = 0 on s, . (1 1.49) 

Apply the Galerkin method using trial functions which are complete in 
energy of L o ,  are linearly independent, and satisfy u = 0 on S, .  Then the 
approximate solution u, converges in energy of Lo to the solution. 

Since the operator Lo is positive bounded below, convergence in energy also 
implies convergence in the mean. A similar theorem was proved earlier by 
Keldysh (1942). 

These theorems are not directly relevant to the heat and mass transfer 
problems in Sections 2.2, 2.5 because the theorems do not allow infinite 
domains. Theorem 11.6 would be applicable to heat and mass transfer 
problems with known convection in a finite domain. When (1 1.46) is nonlinear 
because the coefficients A , ,  Bi, and C depend on u, convergence of the 
Galerkin method follows from theorems stated below. 

Mean-square error bounds for the Galerkin method (as well as other 
schemes of MWR) can be derived in terms of the mean-square residual 
(see Section 1 1.6). Pointwise error bounds can sometimes be constructed 
using the maximum principle (see Section 1 1 S). 
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Sturm-Liouville Equation 

Consider the ordinary differential equation of the Sturm-Liouville type: 

(11.50) 

p > o ,  420, 0 5 x 5 1 .  

If the boundary conditions are instead u(0) = u o ,  u(1) = u l ,  then the problem 
can be transformed into the form of Eq. (1 1.50), 

(11.51) 

The problem ( I  1.50) is self-adjoint and the variational integral is 

K!J) = j' + 4Y2 + 2ufl dx. (11.52) 

Kantorovich and Krylov (1958, p. 241) prove that a solution exists and is 
unique. Then they prove (p. 262) the following theorem. 

THEOREM 11.7. If the Rayleigh-Ritz method is applied to Eq. (1 1.52) 
using a set of trial functions which is complete, the functions and their first 
derivatives are continuous in [0, 11, then the variational integral and the 
function converge to the solution, 

I(YA -+ I(Y)? Y" -+ Y .  (11.53) 

As trial functions we can use sine functions or polynomials (1 1.23). 
Error bounds have been established by Kantorovich and Krylov (1958, 

p. 327). Using the sine functions and 
p = 1 they show that the error is 

the Rayleigh-Ritz method for the case 

~ ' 2  max q max q 

rr3"(n + 1)3'2 ( I  +4[6rr(n + 1.Y- Ynl 5 

(1 1.54) 

For the special case of q = f =  1 the values of the error are tabulated in Table 
1 1 .1 .  When compared to the actual error, the error bound is quite conserva- 
tive. 
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TABLE 11.1 

ERROR BOUNDS FOR STURM-LIOUVILLE PROBLEM. VALUES SHOWN ARE 
FOR IY(a> - Y.(*) 1 

n 1 3 5 9 99 

Actual error 0.004 0.00077 0.00026 O.oooO58 - 

Error bound 0.094 0.033 0.018 0.008 0.00025 

The form of the equation so far is suitable for planar geometry, but not 
cylindrical or spherical geometry, since then the coefficients become un- 
bounded at  x = 0. For spherical geometry the transformation y = u/x will 
reduce the equation 

( 1 1.55) 

to the form u” + qu = xffor which the theorems are applicable. For cylindrical 
geometry there is apparently no similar transformation which results in an 
equation of the form of (1 1.50) with bounded coefficients and bounded 
domain. When spline functions are used, error bounds are provided by 
Birkhoff et al. (1968), who use piecewise Hermite polynomials in each 
interval, (xi-l, xi). 

Non-Self-Adjoint Ordinary Diflerential Equations 

Non-self-adjoint ordinary differential equations must be solved with the 
Galerkin method (or another MWR) and convergence proofs are known 
(Mikhlin, 1964). Consider the problem, 

( -  l )m~(2m)  - KU =f(x), (11.56a) 
at x = O ,  1. (1 1.56b) 

Here, Ku is a linear differential operator of order 2m - 1. We use coordinate 
functions which are from the field of definition of Lou = (- I )m~(2m)  and which 
are complete in a space Ho with inner product (Lou, 0). The proof of con- 
vergence depends essentially on showing that the operator Lo is positive- 
bounded-below and using the consequences of that fact. Mikhlin (1964, p. 
477) proves the following theorem. 

= U’ = . . . - - U ( m - l )  = 0 

THEOREM 11.8. The Galerkin method applied to Eqs. (1 1.56) g’ ives a 

(1) the problem has a unique solution: 
(2) the coordinate functions are in the field of definition of Lo and 

convergent sequence in Ha provided : 

satisfy the boundary conditions (1 1.56b). 
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For sufficiently large n the following inequalities hold : 

I u r ) ( x )  - u'"(x) I < E ,  

/ol[u~'")(x) - ~( ' " ' (x ) ]~  d x  < E .  

k < m, 

(1 1.57) 

Thus pointwise convergence holds for the function and its first m - 1 deriva- 
tives, whereas the mth derivative converges in the mean. Trial functions can 
be taken as polynomials, such as 

u,=x"(l - x ) m C U , x ' - ' .  (1 1.58) 

Szalek (1970) provides bounds for the functional arising in non-self-adjoint 
nuclear engineering problems. 

For semilinear problems we have (Schultz, 1969a, b) the following theorem. 

i =  1 

THEOREM 11.9. The problem 

- D'u + ~ ( x ) D u  + q(x)u =f(x,  u(x)), 
u(0) = u(1) = 0, 

(1 1.59) 

where 

has a unique generalized solution. The trial functions must form a complete 
set of functions in W,' on [0, 11. The Galerkin solution and its first derivatives 
converge in the mean to the solution and its first derivative. 

Error bounds are given for the mean-square error. Ciarlet et al. (1967) study 
the problem 

Lu =m, u(x)), (11.61) 

where L is an nth order, self-adjoint ordinary differential operator. The 
problem thus has a variational principle, which is used to calculate mean- 
square error bounds when using piecewise cubic Hermite polynomials. 
Shampine (1 968) uses reciprocal variational principles to derive bounds for 
the same problem. Leipholz (1965) studies a similar problem and proves 
uniform convergence of the Galerkin method when the trial functions are 
taken as the eigenfunctions to the adjoint problem Lu = - lu .  He considers 
the case when the trial functions do not satisfy the natural boundary con- 
ditions as well (Leipholz, 1967a, b). 
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Theorems 11.7-1 1.9 specify such simple boundary conditions that they are 
not applicable to many engineering problems. For example, the reactor with 
axial diffusion [Eqs. (5.87), (5.88)] has boundary conditions of the third 
kind. 

Visik (1961a, 1962) uses the Galerkin method to prove the existence of 
weak solutions to the following nonlinear, elliptic, system of equations : 

c (- l)'"'D,A,(x, D,u) = h(x), 
1.1 

(11.62) 

where 
1 u = (MI,, . . , UN), A,  = (A,  , . . . , A / ) ,  . . . . 

The detailed statement of the theorem is similar to that given for initial- 
value problems in Section 11.3. Since the Galerkin method is used to prove the 
existence of solutions, the convergence is guaranteed. 

Finn and Smith (1967) construct a generalized solution to Oseen's 
equation using the Galerkin method: 

vzu - ug - vu - vp = 0, v * u = 0. (1 1.63) 

The trial functions must form a complete system of functions, be infinitely 
differentiable and solenoidal. Dubinskii (1967b) and Heywood (1970) prove 
the Galerkin method converges for the steady-state Navier-Stokes equation. 

Least Squares Method 

Consider the linear equation 

L u = f  inV,  u = O  o n S  (11.64) 

and its solution by the least-squares method. We minimize the functional 

If the approximation solution is represented in the form 
n 

(1 1.65) 

(11.66) 

we obtain the equations governing the approximate solution : 
n 

Mikhlin (1964, Chapter 10) proves the following theorem. 
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THEOREM 11.10. When the homogeneous equation Lu = 0 has only a 
trivial solution (i.e., the inverse operator exists) approximate solutions can be 
constructed by the least-squares method and they are unique. The method 
gives a sequence of approximate solutions which converge in the mean to the 
exact solution if 

(1) the sequence of coordinate functions is L-complete, 
(2) Eq. (1 1.64) is soluble, 
(3) there exists a constant K such that for any u in the field of definition 

of the operator L the following inequality holds: 

llull 5 KIILull. (1 1.68) 

The term L-complete means that for any E > 0 it is possible to find a positive 
integer n and constants {ak} such that 

lILu - Lu,I( < E .  (11.69) 

For a second-order operator it must be possible to approximate second 
derivatives in the mean, whereas in the Rayleigh-Ritz method it was only 
necessary to approximate first derivatives. For bounded operators, however, 
ordinary completeness implies L-completeness : 

IlLu - LunII IIW - u,>II 5 IlLll IIu - %ll  < E .  (1 1.70) 

If the sequence is complete, then IIu - u,jl can be made arbitrarily small and 
if the operator is bounded ( 1  LIJ is bounded, giving L-completeness. 

For the two-dimensional heat conduction equation the results can be more 
specific. Mikhlin (1964, p. 503) considers the problem 

uxx + u y y  = f k  Y )  (11.71) 

and proves the inequality, 

where G is the Green's function. The first integral is bounded and the second 
integral is the quantity minimized by the least-squares method. Thus Eq. 
( 1  1.72) provides uniform convergence of the approximate solution as well as 
pointwise error bounds. Furthermore, the error bounds are improved when 
more terms are included in the approximate solution. Despite this advantage 
of the least-squares method, the convergence is slower than the Rayleigh- 
Ritz method. Consider the two methods applied with the same trial functions, 
and let u, denote the solution by least squares, and v, the solution by Rayleigh- 
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Ritz. Since the Rayleigh-Ritz method minimizes the variational integral 

I(un) 2 I ( u n ) .  (11.73) 
(1 1.43), 

This implies, however, that 

lun - uol 2 I o n -  uo l ,  (11.74) 

which means that the Rayleigh-Ritz method converges faster, since it has the 
smallest energy norm. 

Nitsche (1969) considers the Sturm-Liouville boundary-value problem 
(11.50) and compares the convergence of two methods. The Rayleigh- 
Ritz method is at least as good as the least-squares method when measured in 
terms of the asymptotic behavior of the error norms, and the convergence of 
the Rayleigh-Ritz method is better when using trigonometric polynomials. 
Similar error bounds for nonlinear problems are treated in Section 11.6. 

Collocation Method 

Kadner (1960) applies the collocation method to the following non- 
self-adjoint ordinary differential equation. 

II 

L(Y) = c fV(X)Y'"'(X) = +I, 

u,(Y) 

(11.75) v = o  

n-  1 

C [aCK ~'" ' (a )  + PpK y'"'(b)I = 0, CL = 1 ,  . . . , n, 
K = O  

under the assumptions thatfv(x) are real and n-times continuously differentiable 
in [a, b] ,  the forcing function r ( x )  is real and continuous and not identically 
zero, the homogeneous problem ( r  = 0) has only the trivial solution, and the 
boundary conditions have real coefficients and are linearly independent. The 
proofs of convergence and error bounds require use of the adjoint operator to 
convert the problem to self-adjoint form of order twice as high: 

n -  1 

( 1 1.76) 
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The self-adjoint problem has a symmetric Green's function denoted by 
G(x, s). Kadner proves the following theorem. 

THEOREM I 1.1 1 .  The solution is expanded 
boundary conditions 

in a polynomial satisfying the 

( 1  1.77) 

the uj are complete in Y,(a, b), and the collocation points are arbitrary, 
except that the corresponding quadrature weights must be positive. Then 

(1 1.78) 

where sk is the residual. This theorem gives error bounds and where a < ( < by 
uniform convergence of derivatives up to order n - 1 and convergence in the 
mean of the nth derivative. 

Vainikko (1965) proves similar results for ordinary differential equations 
without converting the problem to a higher-order equation. He considers 

m- 1 

u ( ~ )  + C e j ( x ) u ( j )  = J'(x), 
(11.79) j = O  

i n -  I 2 [Kij  u ( j ) ( a )  + pij  u"'(b)-j = 0. 
j = O  

The approximate solution is expressed in polynomials &(s) of order m + k 
which satisfy the boundary conditions. The collocation points are taken as the 
roots to the (n + l)st polynomial of a system of orthogonal polynomials on 
[a, b] with respect to a weighting function p(x )  which satisfies 

(11.80) 

THEOREM 1 1.12. Suppose e j ( x ) , f ( x )  are continuous on [a, b] and suppose 
Eq. (1 1.79) has a unique solution. Then for n sufficiently large the approxi- 
mate solution is unique and a sequence of approximate solutions u,(s) to- 
gether with derivatives up to m - 1 inclusive converge uniformly to u(s) and 
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its derivatives, while the mth derivative converges in the mean with respect to 
P(S) 

(11.81) 

max 1 u y ) ( x )  - u(j)(x) I I C E , , ( U ( ~ ) ) ,  j = 0, . . . , m - 1, 
a s x s h  

where C is a constant not depending on n orf(a)  and En(dm))  is the best 
uniform approximation to d m ) ( s )  by a polynomial of degree not exceeding n. 

To use this theorem to obtain error bounds it is necessary to estimate En(dm)) ,  
which can sometimes be done using the Jackson Theorems (see Cheney, 1966, 
p. 139). Vainikko continues to prove that the collocation method is stable if 
and only if the sequence 4im)(x) is strongly minimal. The condition of strongly 
minimal means that matrix 

i ,  k = 1, ..., n ( 1 I.  82) 

is positive bounded below. Stability of the computations means that errors in 
the solution grow no more rapidly than the norm of the error of the co- 
efficients. He notes that instability can occur only through errors in the 
matrix, whereas in the Rayleigh-Ritz method instability can occur through 
errors in the matrix or the forcing term. 

Karpilovskaya ( 1963) proves convergence for the partial differential 
equation on the square region u :  0 < s, t < n, 

(11.83) uxx + u y y  + M x ,  v) = f k  Y>* 

He expands the solution in a series of sines and cosines 
m n  

urn, = C akl sin k x  sin ly. 
k = l  I = 1  

( 1 1.84) 

THEOREM 11.13. If q(x, y )  and f ( x ,  y )  are continuous in v, ;1 is not an 
eigenvalue of Eq. (1 1.83), and the collocation points are (n(2k - 1)/(2m + l), 
421  - 1)/(2n + I)), k = 1, .  . . , m ;  I = 1,. . . , n ;  the approximate solution and 
its first derivatives converge uniformly to the exact solution and its first 
derivatives. 

The order of convergence is also established. Karpilovskaya also considers the 
expansion 

n 

(11.85) 
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and proves that the collocation method, applied at the points y = n(2k - 1)/ 
(2n + 1 )  gives an approximate solution which converges uniformly to the 
solution. 

In summary, the general conditions needed to prove convergence are that 
the system of expansion functions is complete. Other conditions depend on the 
problem. Many types of linear, ordinary differential equations can be handled 
using Green’s functions to convert the problem to an integral equation. For 
partial differential equations, convergence in energy is valid if the operator 
is positive definite, convergence in the mean is valid for positive-bounded- 
below operators. For non-self-adjoint operators it is sometimes possible to 
separate the problem into a self-adjoint, positive-bounded-below part and 
bound the remaining non-self-adjoint part. The error bounds are specially 
derived in each case and usually make use of some special property of the 
equations, such as a variational integral, a Green’s function etc. Convergence 
theorems do not appear to be available for boundary layer problems (Sections 
4.2 and 4.3), problems in infinite domains (Sections 2.2 and 2.5), boundary 
methods (Section 2.3), or for non-Newtonian fluids (Section 8.4). 

11.3 Initial-Value Problems 

Convergence proofs for the Galerkin method have been proved for a 
variety of linear and nonlinear initial-value problems, including the transport 
equation m d  the Navier-Stokes equation. 

Galerkin Method, Linear Equations 

Green (1953) considered the problem, 

W )  = u,, - u, - Ax, t)u =f(x,  t ) ,  

u(x, 0) = u(0, t )  =1 u(z, t )  = 0. 
(1  1.86) 

The functions f and g are continuous in Q, together with their first partial 
derivatives. In  addition f ( 0 ,  0) = f ( n ,  0) = 0. The approximate solution is 
written in the form 

n 

un(x, t )  = 1 Cnk(t) sin kx 
k =  1 

(1 1.87) 

and determined as the solution to the set of ordinary differential equations: 

J [ ~ ( u , )  -f1 sin j x  dx = 0, j = I ,  2, .  . . , n, (1 1.88) 

c&(o) = 0. 

Green proves the problem is unique and then proves the following theorem. 
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THEOREM 11.14. The sequence u, converges uniformly to the solution u 
and the first derivatives u,, and u,, converge uniformly to u, and u,, re- 
spectively. The function u,,, converges in the mean to u,, . The mean-square 
error satisfies (1 1.89) where F,*(t) -+ 0 as n -+ co : 

S(u, - u ) ~  dx I t2F,*’(t), 
(1 1.89) 

The error bound is thus given in terms of the mean-square residual. Note that 
when g = constant the method is just an expansion in the eigenfunctions of the 
spatial operator, or a Fourier series method. 

A more general transport equation is treated by Il’in et al. (1962): 

u(x ,  0) = +(x), u Is = 0. 

The functions B i ,  C,  and Fare continuous in Q, and A ,  is continuous and has 
continuous first derivatives. The initial function 4 ( x )  E W0’( V ) ,  and the 
coefficient A i j  satisfies (1 1.47). The boundary of V is in the class A’ which 
means it can be expressed in the form x1 = g(x, , . . . , x,) in the neighborhood 
of any of its points and g E C2. Il’in el a/. first prove the following theorem. 

THEOREM 11.15. If the boundary of V belongs to the class A 2 ,  then there 
exists an orthogonal system of functions X,(x) in 2‘,(V) with the following 
properties : 

(1) The X,(x) are twice differentiable with continuous derivatives in V 
and are zero on the boundary S of V ;  

(2) For every function 4 E Wo’(V) and E > 0 there is a linear combina- 
tion 4N = cF= C, A‘, such that 

I14 - 4NII1 < 8 ;  (11.91) 

(3) For the function v(x,  t )  in C” (Q) that is zero in a neighborhood of 
the boundary of Q and for any E > 0 there is a linear combination uN(x, t )  = cF=, C,(t)X,(x) so that 

(1  1.92) 
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The approximate solution to Eq. (1 1.90) is found in the form 
N 

(1 1.93) 

with the functions CNk(t)  determined by the ordinary differential equations 

lU[L(uN) - F]X,(x)  dx = 0, k = 1,. . . , N .  (1 1.94) 

The initial conditions are determined by CNk(0) = (4 ,  X,)  and +(x) = l sO is 
required. Il'in et a/.  prove the following theorem. 

THEOREM 1 I .  16. The approximate solution u,(x, t )  converges in the mean 
to a function u(x, t )  E W ' - ' ( Q )  which is a generalized solution to (1 1.90).The 
first spacial and time derivatives converge weakly to the corresponding 
generalized derivatives. 

A suitable choice of expansion functions are the eigenfunctions for the 
Laplacian operator for the domain in question. For boundary conditions of 
the third kind, convergence follows from Theorem 11.18 for nonlinear 
problems. Anderssen (1969) proves for the adjoint variational method applied 
to initial-value problems [hence also for the Galerkin method for Eqs. (9.104)] 
that the necessary and sufficient condition for stability of the process is that 
the system of functions be strongly minimal Eq. (1 1.82). 

Visik (1963) considers the linear problem for u(x, t ) ,  

aZll  du  
at at 

A --y + B -  + c u  = h, (1 1.95) 

where A.  B, C are spatial operators and proves that the Galerkin method 
converges. Veliev (1964) deduces the stability of the Galerkin calculations in 
the following circumstances: 

( I )  A = O , B = I .  
(2) A = I, B = %I, 2 > 0. 
(3) A = I ,  B = 0. 
(4) A ,  B, C positive definite, self-adjoint. 
( 5 )  A = 0, B, C, positive definite, self-adjoint. 

The trial functions must be linearly independent, complete in a space Ho 
(which depends on the problem), and normal in the space H,, , that is strongly 
minimal with a bounded matrix (I I .82). 
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Galerkin Method, Nonlinear Equations 

Many existence theorems are proved using the Galerkin method: Visik 
and LadyBenskaya (1958), Dubinskii (1967a), LadyEenskaya el al. (1968), 
and Douglas and DuPont (1970). A simplified statement of Theorem 6.7 in 
LadyZenskaya et al. (1968) is the following theorem. 

THEOREM 11.17. The problem 

a 
axi 

u, - - q ( x ,  t ,  u, u,) + a(x, t, u, u,) = 0, (1 1.96) 

UJ,, = 0, 4x9 0)  = g(x),  

for any g(x)  E Y2( V )  has at least one generalized solution u if the following 
conditions are satisfied : 

(1) The functions ai and a satisfy the inequalities 

Iai(x,t ,u,p)I ~+l(x,t)+cluI~'/~ + c I P I ,  ( 1  1.97) 
la(x, t ,  u , p ) )  I &(x, t )  + clulq'/qr + clplrn*/q',  

where q* < q = 2(n + 2)/n, q' = q/(q - l), m* < 2. 
(2) For any function u(x)  from Wol( V )  

j Ja i (x ,  t ,  u ,  u,)u,, + a(x ,  t ,  u ,  u,)u] d x  2 v JIJl u,I dx - c ( t )  J(1 + u 2 )  d x ,  
lJ 

( 1  1.98) 

v > 0, JOTc(t) dt  I C. 

(3) A monotonicity condition is valid 

(11.99) 

where v(t,, f , )  is a continuous positive function for t ,  2 0 and t ,  2 0, while 
u and u are arbitrary elements of Wol( V ) .  

(4) Galerkin's method is applied using a complete system of functions 
{ $ k ( X ) )  in Wo'(V> such that ( $ k ,  $ i )  = 6 k i  and maxlJII $ k  $ k x l  1 = c k  < 00. 
The approximate solution determined from the equations 

(ut 9 $ k )  + ( a i  9 $ k x i )  + (a, $ k )  = O, CkN(o) = (9, $ k ) >  l.loo> 

converges weakly in V and uniformly in (0, T )  to the solution to (1 1.96). 
First derivatives u:i converge weakly to uXi . 
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The theorem can be extended to systems of equations and boundary con- 
ditions of the third kind (Ladyienskaya et al. 1968; Finlayson, 1971). In this 
case u = (ul(x, t ) ,  . . . , u,(x, t ) )  and [ ZI I = xE ui2 .  

THEOREM 11.18. The problem 

a L l j ( X ,  t )  
~- O ( ~ V ~ U ~ ( X ,  t )  + Rj(u, X, t )  = 0, 

at 
(1 1.101) 

[n - V u j  + dj(s,  t )uj] , ,  = i+hj(s, t ) ,  s E S, 

U j l , = O  = $jO(X), j =  I ,..a, M, 

has at least one generalized solution if t+kj,, E p2( V ) ,  

I R(u, X, t )  I 5 4(x,  t )  + c I uI 4*'4', 4 E L4'( QT),  ( 1 1.102) 

and for any functions u E W'(V) ,  

M 
u j R j  2 -c(l)(l + luI2) ,  JOTc(I, d t  5 C. (11.103) 

j =  I 

The Galerkin method is applied using a complete system of functions 
{t,bk(x)} in w'(v)  such that ( $ k ,  t+bL) = d,, and max,[l $ k l ,  I $kxl  I = ck < 00. 

The approximate solution determined from the equations 

+ j U u j 4  dx  - j $ j o 4 ( x ,  0 )  dx + c i j  Is ( h j u j  - $j )4  ds d t  = 0 (11.104) 
U r 

for any smooth 4 E W'.'(Q,), converges weakly in V and uniformly in(0, T )  
to the solution to Eqs. ( 1  1.101). First derivatives u:i converge weakly to u x i .  

This theorem applies to several problems arising in chemically reacting 
systems, Eqs. (5.53 and 5.98), with the following reaction rate expressions 
(see Finlayson, 1971): 

R = cK(T).  R = cK(T)/[l + I C I  K(T) ] ,  

K ( T )  = exp[IJ(l - ( I /  I TI ))I> ( I  1.105) 

R = (1 - c ) W )  - KC expb - ( Y z / l ~ l ) l .  
For the orthogonal collocation method we need the following theorem. 

THEOREM 1 I .  19. The orthogonal collocation method applied to (1 1.101) 
converges if the Galerkin method converges. 
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As discussed in Section 5.6 the orthogonal collocation method can be re- 
garded as a discrete form of Galerkin's method, which causes a quadrature 
error in evaluating integrals involving the nonlinear function Rj(u, x, t ) .  
Yet as the number of terms in the approximation solution is increased, this 
quadrature error goes to zero, so that the collocation and Galerkin solutions 
become identical. Thus if the Galerkin method converges, the orthogonal 
collocation method converges, too. The Jacobi polynomials used in the 
orthogonal collocation method are complete in W'(0, 1) (Courant and 
Hilbert, 1953, Chapter 2). 

These theorems also apply to steady-state problems, assuming that a 
steady state exists. Thus the Galerkin and orthogonal collocation method 
converge for the nonlinear heat conduction problems [Eqs. (2.3) and (2.48)]. 
Since the Rayleigh-Ritz method is equivalent to a Galerkin method, the 
variational methods applied to (7.47) converge. If the heat transfer coefficient 
depends on temperature, the theorems must be generalized. Theorems 
1 1.18 and 1 1.19 imply convergence of the Galerkin and collocation methods 
applied to the steady-state chemical reaction problems [Eqs. (5.58) and (9.139)]. 
For transient heat and mass transfer and entry-length problems convergence 
also follows (Sections 3.2-3.4, 5.2, and 7.5). 

We illustrate the application of the theorems by considering the non- 
h e a r  transport equation, in which all physical properties are temperature 
dependent and the velocity is a known, bounded function of position and 
time : 

aT 

at (11.106) 
p C -  - V * (k VT) + pCu - VT = f ( x ,  t ,  T )  in V,  

T(x, 0) = To(x), T = f ( x , )  on S.  

The theorem requires homogeneous boundary conditions. Suppose there 
exists a function T,(x) which satisfies T, = f o n  S, T, E Y 2 ( V ) .  Consider the 
new function u = T - T,.  We also must divide the equation by pC, which is 
assumed positive; the positivity is a consequence of the second law of thermo- 
dynamics. After rearrangement, the problem is 

N U  - u , - V . ( C C V U ) - Y V U . V U  - ( CC- 5;" + 2 $) V U  - VT, 

+ u - vu - g(x, t ,  u )  = 0, 

1 dk 1 
g ~ C C V 2 T , + - - V T s . V T s + -  f - u . V T , ,  

pC dT PC 

cc = k/pC,  y = cx d 111 pC/dT, 

u = 0 on S ,  u(x, 0) = 4(x) = To - T,.  

( 1  1 A07) 
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In  the notation of the theorem we define 

( 1 1.108) 
a ~ - y V u * V l l -  V U  * VT,  + U S  VU - 9. 

The theorem is satisfied if the following conditions hold, 

O < c c , I c c i M , ,  I y I s y , ,  

191 I C , + C ~ ~ U ~ ~ ,  1 - u d ( l n p C ) / d T 2 c 3 > 0 ,  (11.109) 
-gu 2 - Cq( 1 + u2) ,  ( l /pC)dk/dT I c g  , 

where r l ,  x Z ,  y 2 ,  ci are constants. Basically this puts restrictions on the rate 
of growth of the function g and the temperature dependence of the physical 
parameters. The satisfaction of these inequalities is aided by use of the 
maximum principle, discussed in Section 11.5. If we can find values of z and Z 
in Eq. ( 1  1.140) the temperature can be bounded a priori and the physical 
parameters can be easily bounded. Thus we have the following theorem. 

THEOREM 1 I .20. A generalized solution to the problem ( 1  1.106) exists 
provided the conditions (1 1.109) are satisfied. Galerkin's method converges in 
the mean when the trial solution is taken in the form 

(1 1.1 10) 

where {$,} satisfy the conditions of Theorem 11.17 and the functions of time 
c i ( t ) ,  are determined from Eqs. ( 1  1 .  IOO), ( I  1.107), and ( 1  1.108). 

Quasilinear Parabolic Systems 

Quasilinear parabolic systems are also treated by Visik (1961b). The 
equation in Q is 

where 

h = (h ' ,  . . . , h'), D, = a ' " / d ~ , ,  , . . . axmn, 

= M I  + ... + M n .  M = ( a * , .  . . )  an), 

The initial and boundary conditions are 

u(x, 0 )  = $(x) ,  u = $(x, r ) ,  . . . , D,u = $,,,(x, t )  ( I  1.112) 
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for x E S x (0, T) ,  ( w I  2 m - 1. The main condition on the nonlinear 
operator is the semiboundedness of L(u): 

A ( w ;  0 , u )  = c (A&, t ,  DY,P, 0, D, 0) 
lal. I S l i m  

where A,, = aA, /aDp ,  w,  and u are arbitrary sufficiently smooth functions 
and u satisfies the homogeneous boundary conditions (1 1.1 12) with 4j = 0. 
The constants c2 and K do not depend on w,  u, or t .  

By a solution we mean a function u(x, t )  satisfying (1 1.112) and 

loT [(:, u )  + c (A,(x,  t ,  D , u ) ,  D,u) u )  d t  (11.114) 
14. IYI i m  

for any function u satisfying the homogeneous boundary conditions. Visik 
proves the generalized solution is unique. 

THEOREM 11.21. The Galerkin method with uN =f+ 1 CNiXi (x )  con- 
verges weakly to the generalized solution. The first time derivative and 
spatial derivatives I CL I 2 m converge weakly to the corresponding derivatives 
of the generalized solution. The complete system { X i ( x ) }  is capable of ap- 
proximating in the mean derivatives up to order m. The function f satisfies 
the nonhomogeneous boundary conditions. 

Navier-Stokes Equations 

For the Navier-Stokes equations, Serrin (1963) gives an excellent review 
of the existence theorems, which have been proved using the Galerkin 
method. Taking p = 1, p = 1, the equations are: 

u, + u ' vu  = -vp + v2u, 

v . u = o ,  

u(x, 0) = u,(x), x E v, (1 1.1 15) 

u(x, t )  = 0, x E s, t E (0, T).  

Hopf (1950, 1951) was the first to prove that a generalized solution existed. 
Kiselev and Ladyienskaya (1963) proved the same result under weaker 
assumptions about the initial data (uo) and showed, in addition, that the first 
spatial and time derivatives are uniformly bounded until a time T, which is 
infinite for a two-dimensional problem or a three-dimensional problem with 
small enough initial data. In addition it has been shown when the weak 
solution has a certain regularity, it is unique and a classical solution exists 
almost everywhere. Since these results are proved using Galerkin's method 
they imply weak convergence of the Galerkin method. 
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11.4 Eigenvalue Problems 

Consider the eigenvalue problem, 

Lu - la = O  in V ,  u = O  on S. ( I  1.1 16) 

Define the inner products A(u ,  u)  = (u, u ) ~ ,  B(u, u)  = (u ,  u), for elements u and 
u in F which vanish on Sand are twice continuously differentiable. We assume 
that the operator is self-adjoint, such that the bilinear form A is symmetric, 
A(u, u)  = A(u,  u) ,  and that the quotient A(u, u)/B(u, u)  is bounded below 
by a positive constant for all functions u in 9. The quadratic function 
B(u, u )  is called completely continuous with respect to A(u, u) if every 
uniformly bounded sequence {u,} contains a subsequence {u,'} such that 
B(tr,' - u, , u, - urn') --f 0 as n, m -+ co. Weinberger (1962) proves the follow- 
ing theorems. 

I ,  

THEOREM 11.22. If the positive definite quadratic functional B(u, u)  is 
completely continuous with respect to A(u, u)  then a minimizing vector 
exists such that the Rayleigh quotient (11.117) assumes its minimum value 
for some vector u in the space 9: 

I = A(u, u)/B(u, u). (1 I .  1 17) 

THEOREM 11.23. Consider the square region D = (0 _< x, y 5 I} and the 
space 9: 

A(u,  u )  = j ( V u  * V u  + u z )  dV,  B(u, u)  = su' dV. (11.1 18) 

Then B(u, u )  is completely continuous with respect to A(u, u). 

These theorems mean that there exists a minimizing function ; otherwise the 
eigenvalue defined by (11.117) may not actually be attained for a function 
u in F. Convergence of the Rayleigh-Ritz method also holds. 

THEOREM 11.24. Let X , ( x )  be a system of linearly independent functions 
which are complete in energy. Then the Rayleigh-Ritz approximate eigen- 
values 2;") converge to the true eigenvalues A j  as n approaches infinity. 

A corresponding theorem on eigenfunctions is more difficult to establish. 
Indeed it sometimes happens (for the Galerkin method) approximate eigen- 
functions do  not converge to the true eigenfunctions (see Mikhlin, 1964, 
p. 476). 
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Consider the eigenvalue problem 

u = O  onS,  
where A ,  satisfies (11.47). Mikhlin (1964, p. 480) proves the following 
theorem. 

THEOREM 11.25. If the Galerkin method is applied to Eqs. (1 1.1 19) using 
a system of functions which is complete in energy and linearly independent, 
then the approximate eigenvalues converge to the true eigenvalue. 

This proves convergence of the Galerkin method in Section 3.1 when applied 
to (11.119). 

Ordinary Diferential Equations 

The following general theorem holds. 

THEOREM 11.26. Consider the problem (1 1.120) where f is continuous, 
af lay and af/ay‘ are bounded, 

Let Xi(x) be a system of functions satisfying the boundary conditions such 
that for any E > 0 it is possible to find an n and constants ci such that u, = c;= 1 ci xi: 

Iy - u,I < E ,  ly’ - V,’l < E .  (1 1.121) 
Then 

(1 1.122) 

Thus the eigenvalues converge. For the Sturm-Liouville system a stronger 
result is valid (Gelfand and Fomin, 1963, p. 198). 

THEOREM 1 1.27. For the problem 

( 1  1.123) 

apply the Rayleigh-Ritz method using the trial functions Xi(x) = sin inx. 
Then the approximate eigenvalues converge to the true value and the approxi- 
mate eigenfunctions converge uniformly to the exact eigenfunctions. 

(PWY’)’ - M X l Y  = 0, Y(0) = Y O )  = 0, 
0 I x _< 1, p(x) > 0, q(x) 2 0, 
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Error bounds for the case p = 1 are available (Kantorovich and Krylov, 
1958, p. 336): 

Mikhlin (1964, p. 477) also proves convergence of the Galerkin method for the 
eigenvalue problem given by (1 1.56) withf= 0 under the same conditions as 
in Theorem 11.8. Birkhoff et al. (1 966) and Johnson ( 1  969) prove convergence 
and provide error bounds when the trial functions are piecewise cubic functions. 
Leipholz (1967) proves convergence of the Galerkin method when the trial 
functions satisfy only the essential boundary conditions and certain boundary 
terms are added to the residual to account for the natural boundary condi- 
tions. 

Stability Problems 

Convergence proofs exist for several of the stability problems treated in 
Chapter 6. DiPrima and Sani (1965) prove the following theorem. 

THEOREM 11.28. Apply the Galerkin method to the Taylor-Dean problem 
(11.125): 

( 0 2  - a')'u =.f(x)o, (0' - a2)u = - a T g ( x ) u ,  
(1 1.125) 

u =  D u =  u = O  at x=0, 1, 

for continuous functions f and g and trial functions u, = (1 - X ) ~ X " + ' ,  

u, = (1 - X)X" or the Reid and Harris functions [Eqs. (6.8) and (6.9)]. The 
approximate eigenvalues converge to the exact eigenvalues. The eigen- 
functions converge in the Hilbert space with the norm 

Sani (1968) proves convergence when u is expanded in a complete set of 
functions in T2 (0, 1) (such as u, given above), the second equation is solved 
exactly for u , ,  and the first equation is solved approximately by the Galerkin 
or variational methods. Petryshyn (1965, 1968) provides a general theorem 
which is useful for proving convergence of the Galerkin method. 

The completeness of the trial function is most important. Petrov (1940) 
claims to prove convergence of the Galerkin method applied to plane 
Couette and plane Poiseuille flow Eq. (6.1 80). The trial functions are f, = 

4,5" - C X ' ~ ~ ,  where 4s is an eigenfunction of 

41V - 224' '  + u44 1- p ( 4 "  - 2 4 )  = 0,  

4 = 4 ' = 0  at x = 0 ,  1. 
(11.127) 
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Gallagher (1969) recently showed that Petrov’s results were in error because 
the expansion functions are not complete in Y , ( O ,  1) for all values of CI. 

For nonlinear stability problems Eckhaus (1965) and DiPrima (1967) have 
applied a method which can be related to MWR. The eigenfunctions to the 
linear stability problem are used as expansion functions with time-dependent 
coefficients in the nonlinear equations. The nonlinear equations are then made 
orthogonal to the adjoint eigenfunction, leaving a set of ordinary differential 
equations in the expansion coefficients. These can be solved using either an 
initial-value approach, as in Section 6.3, or solutions asymptotic in some 
parameter, such as T - T,, can be found. While formal convergence theorems 
have not been established, DiPrima and Habetler (1969) proved completeness 
of the eigenfunctions to the linear Taylor problem [time-dependent form of 
(1 1.125)], convective instability (Section 6.2), and Orr-Sommerfeld equation 
(Section 6.6). 

THEOREM 11.29. The eigenfunctions of the operator 

( L  - AM)+ = 0 (1 1.128) 

are complete when either 

(1) L = (D’ - - iaRe[U(D’ - a2)  - U ” ] ,  

M = - (D2  - a2) ,  

+ = + ’ = O  at x=O, 1 ,  

or 

M =  ( - ( D D i  - a’)’ 0 )  
9 

V 

(1 1.129) 

(1 1.130) 

+1 = D41 = +2  = 0 at x = 0, 1 .  

Eisenfeld (1968) has also proved completeness of the normal modes for 
(11.125). 

11.5 Error Bounds Using the Maximum Principle 

Many elliptic and parabolic differential equations obey a maximum 
principle: the maximum of the solution occurs on the boundary. Another form 
of the maximum principle transforms an inequality on the differential opera- 
tor to an inequality on the function itself. We outline here a few of the results 
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discussed in the excellent book on maximum principles by Protter and Wein- 
berger (1967). The theorems are followed by applications to problems of 
physical interest. 

THEOREM 11.30. Let u(x) be a solution of the boundary-value problem 

u'' + H ( x ,  u, u ' )  = 0, 

E,(u) E -u'(a) cos 8 + u(a) sin 6 = yl, 

E2(u) 5 u'(b) cos 4 + u(b) sin 4 = y 2 ,  

where 0 5 0, 4 5 n/2, and 0 and 4 are not both zero. Suppose that H ,  
dHldu, and dH/du' are continuous and that dH/au I 0. If Z and z satisfy 

a < x < b, 

(1 1.131) 

Z" + H(x ,  z, Z')  I 0, 

4 ( Z )  2 Y 1  2 B,(z), 

z" + H(x,  z ,  z ' )  2 0, 

B2(Z) 2 Y 2  2 &(Z), 

(1 1.132) 

then the solution u obeys the inequality 

Z I U < Z .  (11.133) 

This theorem gives error bounds for the solution, provided functions Z and 
z can be found with the requisite properties. Notice that the main condi- 
tion on Z and z is that the differential operators have a particular sign. We 
take a function and compute the residual. If it is everywhere positive (or 
negative) the function is an upper (or lower) bound. Approximate solutions 
are of course candidates for Z or z .  Usually, however, approximate solu- 
tions do not satisfy the inequalities on the residual unless they are especially 
constructed using some of the methods outlined below. 

We next consider the problem 

Lu + hu = f(x) in V, (1 1.134a) 

(1 1.134b) 

u = g 2 6 )  on s, 3 (1 1.134~) 

EU = dujall + M ( X ) U  = g,(x) on s,, 

We assume L is uniformly elliptic [aij satisfies the inequality (11.47)], that 
S = S1 u S,, au/dn is an outward directional derivative, and u > 0. Each 
point of S, lies on the boundary of a ball contained in V,  and V is bounded. 
Protter and Weinberger (1967, p. 78) prove the following theorem. 

THEOREM 1 1.31. Suppose there exists a function w >O on V u S such that 

Lw + hw I 0  in V, (dwldn) + CIW 2 0 on S1, (11.135) 
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under the stated assumptions (if h 5 0 then w = 1 has the desired properties). 
We assume that the following three conditions do not all hold: (1) dw/dn + 
aw = 0 on S, ,  ( 2 )  Lw + hw = 0 in D, (3) S ,  is vacuous. If Z and z satisfy 

(11.136) ( L  + h)Z 5f1 (L  + h)z in V, 

BZ2g1 2 Bz on S, Z l g 2  2 z  on S,,  

then the solution u to Eqs. (11.134) satisfies 

Z S U I Z  inV.  (11.137) 

An immediate consequence is that the solution is unique. Suppose there were 
two solutions, u and ul ,  satisfying Eqs. (11.134). Then u1 is a candidate for 
both Z and z ,  so that u1 I u < ul,  or u = ul .  The theorem also can be used to 
prove the following theorem. 

THEOREM 1 1.32. The solution to Eqs. (1 1.134) with h, f ,  a, and g1 equal to 
zero takes its minimum and maximum value on S 2 .  

Define the constants a = min, 11, b = max, u. Then u 2 a, b 2 u on the 
boundary. But a and b satisfy the differential equation and (1 1.136) is satisfied. 
Then (1  1.137) follows so that a I u I b in V.  A similar result exists for non- 
linear elliptic operators, but it is obtainable from the theorem for parabolic 
operators which we discuss next: 

L(U) 3 F(X, t ,  U, duldx,, d2u/dxi ax,) - &/at =f(x, t ) ,  
(11.138) 

u(x, 0) = gl(x) in V, u(x, t )  = g2(x, t )  on S,. 

We assume that F is elliptic in the domain Q, which means that 

holds for each point in Q and for any u. In particular we need (1 1.139) for all 
functions of the form Bu + (1 - B)w, with 0 I 0 1. The operator L is 
parabolic whenever F is elliptic and assume that V is bounded. Protter and 
Weinberger (1967, p. 187) prove the following theorem. 

THEOREM 11.33. Suppose u is the solution to (11.138). Let Z and z be 
functions satisfying the inequalities 

L ( Z )  sf I L(z) in V, z(x, 0) I g, I Z ( x ,  0 )  in V,  

z s g , I Z  onS,, 
(11.140) 
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and assume that L is parabolic and dF/du is bounded for the functions 
Ou + ( I  - 0)z and 8u + (1 - O)Z, 0 I 8 I 1.  Then 

z < u < Z  i n Q .  (1 1.141) 

For the nonlinear elliptic case we must also assume dF/au < 0. This theorem 
says that the approximate solution is a lower bound on the exact solution if 
it satisfies the initial and boundary conditions and the residual is everywhere 
positive in Q. The theorem for infinite domains and linear parabolic operators 
has been proved by Il'in et a/. (1962) under the added restriction that the 
coefficients in the operator satisfy certain growth conditions. For the system 
of linear equations 

k 

L , ( U i )  + c hijUj = f i ,  
j =  1 

(1 1.142) 

Protter and Weinberger (1967, p. 188) prove a maximum principle under the 
assumption 

hij  2 0 for i # j .  (11.143) 
Kastenberg (1970) proves a theorem for a system of nonlinear equations. 

Finlayson and Scriven (1966) use the maximum principle to obtain syste- 
matically improvablepointwise bounds for solutions to the transport equation. 
Consider a linear problem (1 1.133) with F given by Eq. ( 1  1.134d). The trial 
solution and residual are 

N N 

u = u0 + C c i u i ,  L(u)  - J' = R, t C ci R i .  (11.144) 
i =  1 i =  I 

We wish to choose the constants such that the residual is negative every- 
where, and formulate the problem, 

N 

minimize c iu i (xI ,  t r> ,  
i =  I 

subject to the conditions 

(11.145) 

N 

Ro(xk, 1,) + 1 CiRi(Xk, t k )  I -&, k = 1 , .  . . , M .  ( 1  1.146) 
i = l  

This represents a linear programming problem which can be solved with 
known techniques. For E = 0 the inequality ( 1  1.146) is violated for points 
between the collocation points, while for E large it should be possible to have 
( 1  1.146) valid for all x and t .  The result is an upper bound. Naturally we want 
to choose E as small as possible in order to obtain the best bound (it can be 
shown that the bound is monotone increasing with E ) .  

For a sample application, Finlayson and Scriven (1966) consider 
dT 
r3t 

V2T-2Peu .VT- -  = 0 ,  
(11.147) 

u = (xi - zk), T(x, 0) = 0, T(z = 0, t )  = 1. 
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The solution is independent of x (see Chan and Scriven, 1970). The problem 
can be transformed using a similarity transformation : 

T(Z, t )  = 4(v]), v] = z / W ) ,  
da2 
- + 4 Pe d2 = a, 
dt 

CI 4” + - v]4’ = 0, 4(0) = 1, 4(Co) = 0. 2 

Trial functions are taken in the form 

for the lower bound, and 

( I  1.148) 

(11.149) 

(1 1.150a) 

or 
N 

4 = 1 c i e - ( i + l k .  (1 1.150b) 

for the upper bound. Appropriate restrictions on the ci are necessary to insure 
that the function and all derivatives appearing in the differential equation are 
continuous in the domain (particularly at v] = K )  and that Eqs. ( 1  1.150a) and 
(1  1.150b) give a residual which is negative as v]  + co. The flux at the boundary 
is also bounded, since there the upper and lower bounds agree and are 
continuous. The flux has the form 

i =  1 

Nu = A Pe”’[I - exp(-4 Pe t ) ] - ’ ’ 2  (1 1.151) 

with 0.864 5 A 5 1.145. The exact value is 1.128 (Chan and Scriven, 1970). 
The upper and lower bounds for temperature are compared with the exact 
solution in Table 11.2. The lower bound is obtained using Eq. (11.149) with 
N = 9 and the upper bound comes from Eq. ( 1  1.150b) with N = 2. Other 
solutions are tabulated elsewhere (Finlayson, 1965). 

The lower bound ( E  = 0.0078) is very close to the exact solution. The 
upper bound is further away because of the severe restrictions necessary to 
ensure that the residual remain negative as v]  --* co. The approach is more 
useful in finite domains if close bounds are desired. 
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TABLE 11.2 

COMPARISON OF U P P E R  A N D  LOWER BOUNDS 
FOR TEMPERATURE 

7 + lower + exact + upper 

0.0 1 .Ooo 1.000 1 .Ooo 
0.25 0.719 0.724 0.778 
0.50 0.472 0.480 0.552 
0.75 0.279 0.289 0.373 
I .oo 0.146 0.157 0.245 
1 S O  0.022 0.034 0.099 
2.00 0.000 0.005 0.039 

We next consider the nonlinear heat transfer problem. Boley (1964) obtain- 
ed bounds for a similar problem, except that he did not require his trial 
functions to have continuous second derivatives as is required by the theorem : 

" [ k ( T ) E ]  - p C - - 0 ,  dT 
ax dt  

pC = constant, 

(11.152) 

(1  1.153) 

T(x, 0 )  = 0, T(0, t )  = T o .  (11.154) 

We first use the solution to a linear problem and show that it is a lower 
bound. Take k = k ,  and call TI the solution to 

(11.155) 

under the same initial and boundary conditions ( 1  1.154). The solution is 
known : 

We check the conditions of the theorem 

d k  dT, d2Tl 
NTI = ~ - + [k(T, )  - k,]  - 

dT, ( dx 1 ZX2 . 

( 1 1 . 1  56)  

( 1  1.157) 

For heating, dT,/dt 2 0 so that a2T,/dxz 2 0. Suppose a is positive, then 
k(T,) 2 k ,  and dk/dT, 2 0 so that NT, 2 0. Thus TI  is a lower bound by the 
maximum principle. 

We next find an approximate solution by the integral method. Assume a 
trial function of the following form, which is one at the boundary, reduces to 
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zero further into the domain, and has continuous second derivatives every- 
where : 

_ _  - 
X 

I n 

- ' 2 3  

q = - .  ( 1  1.158) T 

Take 

and determine c( by the integral method 
44' = "ko/PC (1 1.159) 

(1 1.160) 

For Q = 2.5 the result is c( = 70. The solution is then (1 1.158) with 
q = (70kot/pC)''2. (11.161) 

If the residual is evaluated we find that it is both positive and negative, so 
that it is not a candidate for an upper or lower bound. 

We next find the best bound of the form (1 1.158). Choose q as the solution 
to  Eq. (1 1.159) with tl unspecified, and the residual becomes 

(1 1.162) k0 N = 7 { 1 5 4  1 - v])4 + 6( 1 - v) - 3ct~(  1 - ~ 1 ) ~ ) .  
4 

For a = 2.5, N(u)  is positive for 0 i v]  I 1 if c( 5 2 2 .  Thus a lower bound is 

This is the best lower bound and is compared to the exact solution (derived 
using a numerical integration, Crank, 1956) in Table 11.3. Notice that T,, 
which is not an upper or lower bound, is both above and below the exact 
solution. 

TABLE 11.3 

TEMPERATURE UPPER AND LOWER BOUNDS 
FOR a = 2.5 

0.0 1.00 1.00 1.00 1.00 
0.25 0.72 0.71 0.87 0.83 
0.5 0.48 0.48 0.73 0.68 
1.0 0.15 0.18 0.43 0.44 
1.5 0.03 0.04 0.16 0.26 
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More accurate results are possible using a computer. Collatz (1966a, b) 
gives upper and lower bounds for several differential equations, including 

( I  1.164) 

The upper and lower bounds agree to five decimal places. Schroder (1966) 
solves the two-dimensional problem : 

-y f r  = 3x2 -e-y 3 Y(0)  = y(1) = 0. 

V2u=eu  in V, u = O  on S, ( I  1.165) 

and the bounds are very close. For example, 

- 1.127690 I ~ ( 0 ,  0) I - 1.127663. ( 1  1.166) 

Appl and Hung( 1964)and Hungand Appl(1967) study an ordinarydifferential 
equation describing heat transfer from thin fins with temperature-dependent 
thermal properties and internal heat generation. For a five-term solution the 
upper and lower bounds agree to four or five significant figures. Mangasarian 
(1963) derives bounds for the solution to V4u = 0, whereas Duncan (1932) 
provides bounds for the torsion of cylinders of symmetric cross section. See 
also Wetterling (1968). Rabinowitz (1968) surveys the applications of linear 
programming to derive bounds using the maximum principle and equations 
such as ( 1  1.146). 

Nickel (1962) has proved a maximum principle for the boundary layer 
equations: 

11 u, + L) uY - UU' - v uyy = 0,  u = uo(x) - /Iux(x, t )  dt, 

4 l  Y )  = I ( y )  0 I y <  m, (11.167) 

0 I x I XI, 
u(x, 0) = 0, 
u(x, y )  -+ U(x) as y -+ 00 

and constructs a lower bound for velocity. 

11.6 Error Bounds Using the Mean-Square Residual 

Some results above indicated the error was bounded in terms of the 
mean-square residual Eqs. ( 1  1.68), ( 1  1.72), and (1 1.78). Additional results are 
given below. For these problems, the mean-square residual provides a 
criterion for testing an approximate solution. 

Sigillito (1966, 1967a, b) proves inequalities which give pointwise and 
mean-square error bounds in terms of the mean-square residual. 
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THEOREM 1 1.34. Let u and u be functions which are continuous and have 
continuous first derivatives in x and t and continuous second derivatives in x. 
The function u satisfies (1 1.168) and f satisfies a Lipschitz condition in u :  

au 
at 

J(u) = (Qiju,i),j  - - = f ( x ,  t ,  u). (11.168) 

Then w = u - u and R = J(u) - f ( x ,  t ,  u)  satisfy 

JOT IVw2 dV dt  I u1 w 2 ( x ,  0)  dV + a2 h I w 2  d s  dt + c i s  

(1 1.169) 
T 

I w ( x ,  t)l  5 K J^ w2 dV d t  + 9 ( x ,  t ,  R 2 ) .  
o v  

The constants ai  can be determined from the bounded domain; K and 9 
depend on position in the domain and become infinite as the boundary is 
approached. 

The theorem is valid for boundary conditions of the first and third kind. An 
example problem is solved: 

Lu = u,, - u, = 0, 
(11.170) 

u(x, 0) = cos x, u(0, t )  = u(n, t )  = e-' .  

The error bounds given in Table 1 1.4 are clearly conservative. 

TABLE 11.4 

ERROR BOUNDS FOR HEAT CONDUCTION EQUATION' 

X 

0,0.8~ 
0,0.8~ 
0 
0.8~ 
0 
0.8~ 

t 

0.2 
1 .o 
2.0 
2.0 
4.0 
4.0 

Actual error 
x 107 

< 1  
< 1  
< I  

1 
1 

23 

Error bound 
x 107 

580 
72 

127 
620 
4000 

30,000 

a Sigilloto (1967b). Used by permission of the 
copyright owner, copyright 0 1967, Association 
for Computing Machinery, Inc. 

For many chemical reaction problems closer bounds can be obtained. 
Consider the semilinear problem 
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wheref(u, x) is a nonlinear function of the variable u but not of its deriva- 
tives. We formally find an inverse to L:  

U = L- ' f (u ,  x). (11.172) 

The approximate solution defines a residual, which can be manipulated to give 

(11.173) Lu, -f(u,,  X) = R , ,  U,  = L - l f ( u , ,  X) - L - ' R , .  

Combination of Eqs. ( 1  1.172) and ( I  1.173) gives the relation 

(11.174) 

where K is the Lipschitz constant 

ll.f(u, X) - . f (un 9 x)lI 5 Kllu - unll. ( 1  1.175) 

Equation ( 1  1.174) then gives the error in the solution in terms of the mean- 
square residual. The error applies to the Galerkin and other methods of 
MWR, although the least-squares method gives the minimim estimation of 

Similar bounds are valid for systems of equations. Ferguson (1971) 
I/ R"ll . 

considers the diffusion and reaction problem in a spherical catalyst pellet: 

V ' U ~  = f j ( ~ , , .  . . , u N ) ,  i = 1,. . . , N ,  

2 dui du . (11.176) 
Sh dx 

+zr i ( l )=gi  at X = I ,  - = o  d X  at x = O  _ _  

The error bound is 

where 
N N 

I Sl(u) - f , ( u )  I 5 c K,, I uJ - uJ I, K ,  = C K:, (1 1.178) 
J = I  J =  1 

and the mean-square Green's function is (for a spherical region) 

(11.179) 

The bounds are valid provided 1IL-l I / (  XkKk)l'' < I .  For a. single equation 
bounds are valid for the reaction rate expressions listed in Table 11.5. 
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TABLE 11.5 

CONDITIONS FOR ERROR BOUNDS IN TERMS OF 

MEAN-SQUARE RESIDUAL' 

Reaction rate Eq. (1 1.177) holds for 
expression restrictions 

f = 4% 
f = 4%" 

+z < (270)'/2 

< (270)'/'/n(l +&)"-I  

n > l ,  -&<a31 I + &  

+2 5 2701/'(1 - a&)' f=- P C  

1 +ac 
a&< 1 

Ferguson (1 97 I ). 

Bounds are calculated for the problems, 

C P ~ A P B ,  

dc, dc, 
dx dx 
- = _ -  - 0, at x = O ;  c, =cc  =0.05 at x = I ,  

k , = 0 . 1 ,  k2=1 .0 ,  k 3 = 0 . 2 ,  k 4 = 1 . 2 .  

The problem was solved using the orthogonal collocation method with two 
sets of polynomials: those corresponding to weighting functions w = 1 and 
1 - xz. The residual was evaluated to determine the bounds shown in Table 
1 I .6. Evident is the convergence as n increases and the residual becomes 

TABLE 11.6 

ERROR BOUNDS FOR CHEMICAL REACTION SYSTEM, POLYNOMIALS WITH w = 1" 

I 3.2 (-3)b 5.1 (-4) 2.8 (-3) 
2 1.8 (-4) 3.0 (-5) 1.6 (-4) 
3 8.9 (-6) 1.5 (-6) 7.9 (-6) 
6 6.6 (-10) 1.1 (-10) 5.8 (-10) 
8 9.3 (-13) 1.6 (-13) 8.2 (-13) 

a Ferguson (1971). 
For example, llREll = 3.2 x 
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smaller. The mean-square residuals for polynomials using w = 1 are from 12 
to 1400/ci less than those obtained using w = 1 - x2. The same problem was 
also solved for a boundary condition of the third kind (Ferguson, 1971). 
Error bounds such as these can be used to monitor an approximate solution, 
although their calculation increases the computer time (70 and 30 increase 
for I I  = 6 and 8, respectively). Ferguson (1971) also considers the noniso- 
thermal problem with an  irreversible first-order reaction: 

1 d dT 
--(x2-) = - 6 ~ 1  + p - ~ ] e x p  
x2 tlx nx 

(1 1.181) 

Calculations are done for 6 = 0.25, /? = + 0.3, y = 20, corresponding to  a 
unique steady state, and the convergence of the solution is shown in Table 
1 I .7 .  These results indicate that the mean-square residual provides an  error 

7'(0) = 0, T(1) = 1 .  

TABLE 11.7 

ERROR BOUNDS FOR NONISOTHtRMAL CHEMICAL 

REACTION, POLYNOMIALS WITH w 1" 

N I,RI 1 1 %  Ti1 bound i l f - -  T!!,, bound 

1 2.9 ( -3)h 3.1 (-4) 1.9 (-3) 
2 1.3 (---4) 1.5 ( -5 )  8.6 ( - 5 )  
3 4.7 ( - 6 )  5.1 ( G 7 )  3.2 ( -6)  
6 1 . 1  (-10) 1.2 ( - 1 1 )  7.0 ( - 1 1 )  
8 3.2 ( -14) 3.6 ( -  15) 2.2 (-14) 

10 4.0 (-17) 4.3 (-18) - 

12 6.2 (-19) 6.8 (--20) - 

' Ferguson (1971). 
For example, IIRIl = 2.9 A 

criterion. and the error decreases to zero as higher approximations are 
calculated. To calculate the results in Table 11.7 it was necessary to use 
double precision arithmetic for N 2 8 on a CDC 6400 computer. 

Ferguson (1971) has also converted these mean-square error bounds to  
pointwise error bounds. We define the maximum error as 

T- T li= max IT(x)- T(x)l .  ( 1 1 . I  82) 

The mean square residuals in Tables 11.6 and 11.7 can then be converted 
into pointwise errors [see Ferguson (1971) for the proof]. We emphasize 
that the exact solution need not be known to calculate these bounds. The 
pointwise errors are proportional to the norm of the mean-square residual, 

O S X 5 l  
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so that as this is decreased the pointwise error decreases. The pointwise 
errors in Tables 11.6 and 11.7 are so accurate that the orthogonal collocation 
method, combined with the error bounds, can be said to give the exact 
solution. Exact, analytic solutions to Eqs. (11.180) and (11.181) are not 
known, so that the results on pointwise error bounds represent a significant 
advance. 
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Entry-length problem, 48-57, 87-88, see 

283 

definition, 354 
example, 26, 70-71, 391-392 

Error distribution principles, 1 1  
Euler equation, 214, 249 

Euler method, modified, 1 18 
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232, 333, 343 
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Giiertler transformation, 77 
Growth rate, 161, 163, 203 

effect of Prandtl number, 163 
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Hamilton’s principle, 255 
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360, 375 
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of orthogonal collocation method, 
375 

error bounds, 366, 388, 392 
example, 16,21,37, I 14-1 17, 249, 349 
finite element method, 140-144 
variational principle for, 221-225, 

unsteady-state, 27, 47-54, 56, 143, 239 

convergence of Galerkin method, 
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restricted variational principle, 342 
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318 
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Heat transfer, see also Convective 
instability, Heat conduction, 
Mass transfer 

entry-length problems 
convergence of Galerkin method, 
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375 

105, 237-238 
phase change, 61 
radiation, 28, 48 

variational principle for, 319 
variational principles, 299-332 
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see also Entryrlength problems 

convergence of Galerkin method, 
361 

example, 73 
variational principle for, 313-314 

unsteady-state, 48-54, 80-81, 180-1 84 
convergence of Galerkin method, 

error bounds, 384-387 
example, 83-85 
quasi-variational principle, 346 
variational principle for, 31 3 

Helmholtz-Korteweg principle, 286 
Hilbert space, definition, 353 
Homogeneous boundary condition, 8 
Hydrodynamic stability, 196-202 
Hurtwitz determinants, 161 

371, 375 
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Incompressible fluid, 254 
Infimum, definition, 353 
Initial-value problem, 6, 11, 48-57, 136- 

137, 194, see also Heat conduction, 
unsteady-state; Heat transfer, 
unsteady-state; Mass transfer, 
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convergence of Galerkin method, 370- 
377 

error bounds, 371, 383, 389 
orthogonal collocation, 107 
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for use in Galerkin method, 154, 155, 
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Interior method, 11 
Internal energy, 258 

equation, 337 
Irrotational motion, 254 
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Kelvin principle, 256-257 
Kernel, symmetric, 319 
Kinetic energy equation, 337 
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Lagrange multipliers, 217, 219, 235 
Lagrangian, 256 
Lagrangian coordinates, 255, 261 
Lagrangian thermodynamics, 346-347, 

Laplace transform, 56-57, 110, 181, 318 
Laplacian operator, 4, 100 
Least action, principle of, 335 
Least squares-collocation, boundary 

method, 27, 88 
Least squares-collocation method, 26, 

28, 72 
Least squares method, 9, 90, 240-244 

350 

application, 22, 240-241 
boundary method, 25, 28 
convergence, 28, 365-367 
relation to Galerkin method, 135-1 37 

to orthogonal collocation method, 

to variational principle, 31 I 
135-1 37 

Least time, principle of, 335 
Legendre condition, 216, 249 
Legendre polynomials, 99, 228 
Legendre transformation, 220 
Lewis number, 121, 123 
Liapunov criterion, 122 
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Linear independence, 35 

definition, 354 
Lipschitz constant, 390 

definition, 357 
Local equilibrium, 337 

Local potential, 344 

Lower bounds, see Error bounds 
method, 343-346, 349-350 

M 

Magnetic field, 255 
Magnetic flux density, 255 
Magnetohydrodynamics, 265-270 

channel flow, 269 
plasmas, 267-268 
steady-state, 269 
unsteady-state, 270 

Magnetostatics, variational principles for, 

Marangoni number, 167 

Mass transfer, see also Heat transfer, 

entry-length problems, 58-60, 146 

steady-state, 324 

268 

effect of Nusselt number, 168 

Heat conduction 

convergence of Galerkin method, 375 

error bounds, 390-392 
example, 30, 11 1-1 17, 146 
variational principle for, 315 

convergence of Galerkin method, 

example, 44, 63-64, 107-1 10, 117- 

variations principle for, 3 I6 
variational principles, 299-332 

Maximum principle, 328, 382 
error bounds, 381-388 

Maximum-minimum principle, 234 
Maxwell’s equations, 254 

Mean square error, 25 
Mean square residual 

unsteady-state, 182-1 83 

374 

121 

variational principle for, 266 

example, 76 
use in error bounds, 388-393 

Method of integral relations, see Sub- 

Method of moments, 10, 90 

Method of Weighted Residuals (MWR), 

Minimizing sequence, definition, 353 
Minimum principle 

domain method, 

application, 18 
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eigenvalue problems, 234 
necessary condition, 216, 310 
sufficient condition, 216, 310 

convergence of Galerkin method, 364 
Mixed method, 1 I 

Multiple solutions, 114-1 15, 146 
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Navier-Stokes equation, 7, 88, 196, 328 
convergence of Galerkin method, 365, 

variational principles, 285-290 
377 

Neumann problem, convergence, 359 
Newton-Raphson method, 116, 129, 133 
Newtonian fluid, 6, 273, 276 
Non-Newtonian fluid, 82, 87, 91, 254, 

see also Bingham plastic, Dilatant, 
Ellis-model, Generalized 
Newtonian, Oldroyd, Powell- 
Eyring, power-law, Reiner-Rivlin, 
Sutterby fluids 

variational principles for 270-277 

convergence of Galerkin method, 363- 

effect of combining equations, 186-187 
importance of dimensionalization, 185- 

transformation to self-adjoint form, 

variational principles, 307-31 2 

Non-self-adjoint equation 

365 

186 

309 

Norm, definition, 353 
Nuclear engineering, 1 I ,  123, 212, 232 
Nusselt number, 50 

asymptotic, 5 I 

0 

Ohm’s law, 267 
Oldroyd fluid, 72 
Operator 

adjoint, 187, 307 
linear, definition, 357 
positive bounded below, definition, 

353 
positive definite, definition, 353 
potential, 302 

self-adjoint, 306 
semilinear, definition, 357 
symmetric, definition, 353 

Optimization, 212 
Orlando’s formula, 160 
Orr-Sommerfeld equation, 197, 200 
Orthogonal collocation method, 97-107 

application, 108-121, 123-124, 128-134, 

comparison to finite difference method, 
120, 129, 132-1 34 

convergence of, 374 
error bounds, 391-392 
matrices, 103, 106 
relation to Galerkin method, 135-1 37 

to least squares method, 135-137 
to Rayleigh-Ritz method, 135-1 37 

144-146 

roots, 102, 106 

definition, 353 

fluid 

Orthonormal functions, 8 

Ostwald-de Waele fluid, see Power-law 

P 

Peclet number, 31, 49 
Penetration depth, 4547 ,  60, 112 
Perfect fluid, 254, 255 

compressible 
steady flow, 258 
unsteady flow, 261 

incompressible, steady flow, 256 
variational principles for, 256-265 

Poiseuille flow, 196, 198, 199, 202 
Polynomials, orthogonal, 98, 144 
Powell-Eyring fluid, flow past a sphere, 

Power-law fluid, 64-65, 82, 87, 275-277 
284 

flow past a sphere, 282 
lubrication, 284 
past Newtonian fluid sphere, 284 

Prandtl number, 83 
Predictor-corrector method, 1 18 
Pseudoplastic fluid, 274 

Q 

Quadrature, 100-101, 11 1, 145 
Quasilinear equations, convergence of 
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Quasi-variational principle, 336, 346 

relation to Galerkin method. 347 

R 

Rayleigh number, 158 
critical, 158 
effect of boundaries with finite thermal 

conductivity, 169 

profile, 163-1 64 
of nonlinear initial temperature 

of oscillatory gravity force, 183 
of penetrative convection, 172 

Rayleigh quotient, 233 
Rayleigh-Ritz method, 184-194, 234 

application, 191-192, 236-238, 249-250, 

convergence, 358-360, 362, 378 
error bounds, 358-360, 362-363, 380 
relation to finite difference method, 231 

to finite element method, 229-232 
to Galerkin method, 223, 229-232, 

322-323 

333, 343 

equations, 20 
Reduction to ordinary differential 

Reiner-Rivlin fluid, 271, 275, 348 
Residual, 8 
Reynolds number, 31 
Rocket exhaust nozzles, 253 
Routh-Hurwitz criterion, 159-160 
Runge-Kutta method, 108, 130, 199 

S 

Scalar product, 8, 227 
definition, 353 

Schmidt number, 31 
Schwarz inequality, 227 
Schwarz quotients, 244 
Self-adjoint equation, 184, 203, 332 

convergence of collocation method, 

physical interpretation, 308 
367-368 

Self-adjoint system, 308 
Separation of variables, 21, 24, 44, 88, 

237 
Sherwood number, 31 
Shock waves, 90 

Similar solutions, 45 
Similarity transformation, 74 
Spline functions, 135 

convergence, 360, 364, 380 
error bounds, 360, 364 

Stability, 121-126, see also Convective 
instability, Instability 

asymptotic, 159 
energy methods, 290-294 
time-dependent states, 180-184 

Stability problems, convergence, 380-381 
Stokes flow, 30 
Stress tensor, 6, 271 
Strongly minimal functions, definition of, 

Structural analysis, 11, 144 
Sturm-Liouville equation 

369 

convergence for, 362-363, 367 
definition, 362-363 
error bounds for, 362-363 

application, 17, 22, 78 
convergence, 28 

Sutterby fluids, 277 

Subdomain method, 9, 74, 78, 83 

T 

Tchebychev polynomials, 9 
Temperature, mixing-cup, 50 
Time-dependent problem, see Initial- 

value problem 
Transport equation, 5 ,  328, see also Heat 

conduction, Heat transfer, Mass 
transfer 

multicomponent, 321 
variational principles, 3 12-32 I 

Trefftz method, 227 
Trial function, 8, 151-157 

discontinuous, 141, 231-232 
semi-infinite domains, 181 
transcendental, 35, 47, 48, 181, 322 
for velocity, 36, 171 

Turbulent flow, 81, 91, 294 
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Uniqueness, see also Multiple solutions 

Upper bounds, see Error bounds 
sufficient conditions, 326 



412 SUBJECT INDEX 

V 
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first, 215 
second, 215 

Variational equation, 336 
Variational method, see Rayleigh-Ritz 

transformation of equations to form, 
186-187, 325 

Viscous dissipation, 4, 273, 275, 338 
Viscosity, suspension, 281 
V ~ S - V ~ U J .  256 

method, Adjoint variational 
method W 

Variational principle, see also Adjoint 
variational principle 

272, 280, 339, 341 

Water waves, variational principles, 253 
Wave number, 158 
Weighting functions, 9 
Weierstrass’s theorem, 356 
Weinstein’s method, 240-244 

reciprocal, 219-221, 225, 226, 257, 260, 

use in error bounds, 360, 364 
restricted, 337, 342, 343, 344, 348 
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